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Minimum Spanning Tree

Figure 211 A minimum spanning tree for a comected graph. The veights on edzes are showr,
and the edges ana arinissuns spanning uee are stadad. The weal welghn of e wee shown s 37, This
MisiMum spanning tree is not mique: removing the edge b, ©) ad rep acing it with the edge (a, h)
yickds ancther spanning tree with weight 37,
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Figure 23.4  The execution of Kruscal's algorithm on the graph from Figure 23.1. Shaded edges
helong to the farest A heing groavn The edges are considered by the aliorith in sorted order by
weight. An arrow peints to the edge under consideration it each step of the algorithm. If the edge
jeins twe distind trees m the forest, itis added 10 the forest, thereby merging the 1wo Lrees.
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Minimum Spanning Tree

MST-KRUSKAL((F, w)
1. A0
for cach vertex v € V|G
do MAKE-SET(v)
sort Lhe edges ol I¢ by nondecreasing weighl w

pe g

e 010

h.  for esach edge (u,v) € F, in order by nondecreasing weigh
6. do if FIND-SE1(u) £ FIND-SE1{e)

T then 4 — AU {{w, o))

8. UNION (22, 27)

return 1

=
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Figure 135 The executica of Prim v algorithm an tho graph from Figere 23.1. The rost vortex is a.
Shadcd edgas are in the treo being grown, and the vertices in the troe wro shows in blach. AL cals
step of tho algoritym th vestives in the tree detamin a aut of 1o grash, aed alight wipe (S USRS
the et s added 10 tke two, Tn the srocnd step, “or exumple, the algosithm tas a choico of adding
exthor odpe (b, o) ar edge (o, &) to th: tecs since both ar light odges crossing the <,
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MST-KRUSKALIG, w)
1 A—40

S for encl verlex v 2 VI[G]

3, do MAKE-SET|v)

1, sort the =lges of I¥ by noadeceasire weizht 1o

3. for each ecge (u,v) € E, in arder by nondscreasing weigh
0. do if FinD-SEr{(y) £ FIND-Skliv)

7 Lhen A« AL {{w, )]

0

UNTON{2, )

.-

oL

return A

MST-PriMi G, )

| Dsee V- ‘.’_.'1

v

2 foresdiwe @

: do keylu| — o0

4. keyr|e—D

3. T +— NI

e while € 5

7. do 1 — HXTRACT-MIN(()

8 for eazh v & Adju

¥ do if v € G and wiu, v} < keylv

10. then 7 v| — u
11. key|v| — wiu.v)
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Proof of Correctness: MST Algorithms

Figure 232 Two way: of viewing acut {5,V — 51 of the graph [rom Fgure 23.1. {(a) The vertices
in the set £ are shown inblack, and thkse in V < S are shown in white. The edges crossing the cut are
those conrecting white vertices with back vertices, The edge (d, ¢ is the uniue light edge crossing
the cut. A subset A of $he odgss is staded; note that the eut (S, ¥ §) respedts A, dince no wige
of A crosses the cul. (b) The same greph with the vertices in the set 8 or the lelt and the vertices in
theset V = S on the right, An edge crasses the cut if it conxects avertex on the left with a veriex on
the nghl.
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Figure 24.6 The execution of Dijkstra’s algorithm. The source s is the lefimost vertex. The
shortest-path estimates are shown within the vertices, and shaded cdges indicate pradecessor val-
ues. Black vertices are in the set S, and white vertices are in the min-priority queve @ = V' — S,
(a) The situation just kafore the first iteration of the while loop of Lines 4-8, The shaded verles has
the minimum o value and is chosen as vertex u in line 3. (b}=(f) The sitvation after each successive
iteration of the while loop. The shaded vertex in cach part is chusen as vertex i in Line 5 of the next
iteration. The & and = values shown in part (f) arc the final values.
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Dijkstra’s SSSP Algorithm

DLIKSTRA{G, i, 8)
1. 7/ INITIALIZE-SINGLE-SOURCE{(F, 5

for cach vertex v € V||

do d v| — oc
o] «— NII.

dls| — N
2. S5+
3. Qe V@]
1. while ¢ £ 0
5 do « — EXTrRACT-MIN{(]
G, S — SU{u}
74 for cach ¢ € Adj u]
&, do // RELAX{u, v, w)

if d o] = dlu| | wlu, v
then d|e| «— da  wiw. v

Tl —
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DLIKSTRA{G, w, 8)
1./ INITIALIZE-SINGLE-SOURCE{(F, 8)

for cach vortex o € V(|

do d »| — oc
|| — NI

dls| N
2. S0
3. Q< VI[F]
1. while & £ ®
B do « — EXTrRACT-MIN{Q]
G, S — SU{u}
for sach v € Adj «
&, do // RELAX{u, v, w)

if d o| = dlu| | wlu,v)
then dlo| — da  wiw )

wle —u

MST-PRiMIG, w0

. GV

2. Toroach ws

4. do Seyn| — oc
4. Reyr| —1

[+« NIL

£ while Q£ 8@

(g}

T do 2w+  EXTRACT-MIN({()}
] for voch v o Alajw
5 o if » ¢ & and wit, ) < Key v

1 then wv] «

s 11 Regle] « twela, )
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Analysis of Dijkstra’s Algorithm

» O(n) calls to INSERT, EXTRACT-MIN
» O(m) calls to DECREASE-KEY

PQ in Arrays O(1) O(1) O(n) O(n2?)
Heaps O(logn) Oflogn) Oflogn) O((m+n)log n)

Floonacci Heaps Of1)* O(1)* O(log n)* O(mMm+nlogn)*

CAP 5510/ CGS 5166 4/2/19
* Amortized Time Complexity



SSSP Algorithms

» Dijkstra’s algorithm (only non-negative edges
allowed)
» Best: O(m + nlog n)

= Bellman-Ford algorithm (allows non-negative
edges, but less efficient)

=» O(mn) fime complexity




All Pairs Shortest Path Algorithm

» |nvoke Dijkstra’s SSSP algorithm n times.
= Or use dynamic programming. How?
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COT 5
Figure 254 The sequence of matrices D% and M®) computed by the Floyd-Wacshall dlgorithm ze

for the graph in Figure 25.1.




Figure 14.38
Worst-case running times of various graph algorithms

TYPE OF GRAPH PROBLEM RUNNING TIME COMMENTS
Unweighted O(E|) Breadth-first search
Waightec, no negative edges O(\E|log|V]) Dijkstra's algorithm
Waightad, negative edges O(E| - V) Balman-Ford algorithm
Waightac, acydic 2(1E]) Uzses topological sort
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