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Abstract

Due to complex nature of resonance region interactions, significant effort has been devoted to quantify the resonance parameter
uncertainty information through covariance matrices. Statistical uncertainties arising from measurements contribute only to the diagonal
elements of the covariance matrix, but the off-diagonal contributions arise from multiple sources like systematic errors in cross-section
measurement, correlation due to nuclear reaction formalism, etc. All the efforts have so far been devoted to minimize the statistical uncer-
tainty by repeated measurements but systematic uncertainty cannot be reduced by mere repetition. The computer codes like SAMMY
and KALMAN so far developed to generate resonance parameter covariance have no provision to improve upon the highly correlated
experimental data and hence reduce the systematic uncertainty. We propose a new approach called entropy based information theory to
reduce the systematic uncertainty in the covariance matrix element wise so that resonance parameters with minimum systematic uncer-
tainty can be simulated. Our simulation approach will aid both the experimentalists and the evaluators to design the experimental facility
with minimum systematic uncertainty and thus improve the quality of measurement and the associated instrumentation. We demon-
strate, the utility of our approach in simulating the resonance parameters of Uranium-235 and Plutonium-239 with reduced systematic
uncertainty.
� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Experimentalists of neutron cross-section measure-
ments and evaluators have been constantly striving to pro-
vide quality neutron cross-section data to the Reactor
Physics Community with the sole aim to mitigate uncer-
tainties in the neutron cross-section data. Although, the
accuracy of nuclear data has significantly improved, little
information exists on the various components of uncer-
tainties and their correlation (Leal et al., 2005; Larson
et al., 2006). We quantify the reactor parameter uncer-
tainty by the covariance matrix as per international rec-
ommendation (Shibata et al., 2002). Correlation between
the uncertainties can greatly influence the final uncertainty
in the resultant reactor parameters of interest (Fort et al.,
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2003; Kodeli, 2005). The covariance matrix is symmetric
and its diagonal and off-diagonal elements express, respec-
tively, the uncorrelated statistical and the correlated sys-
tematic uncertainties. Even though the total uncertainty
should include both the correlated and the uncorrelated
uncertainties, correlated systematic uncertainties in the
past have either been neglected or randomized (Cohen,
1992). According to probability theory and compounded
by experience, only the statistical uncertainty decreases
as ð 1ffiffiffi

N
p Þ if a measurement is repeated N times, where as sys-

tematic component forms a hard core of uncertainty that
cannot be reduced by mere repetition (Frohner, 2003). It
is pertinent to note that systematic uncertainty pervades
all types of physical measurement and is affected by errors
due to instrumentation, environment and personnel
(Coates et al., 1983; Leinweber et al., 2006). It is always
recommended, to spend the maximum possible effort on
identification and minimization of correlated uncertainties
(Massart et al., 1988).
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As regards the resonance region of the neutron cross-
section, the code SAMMY developed at ORNL (Oak
Ridge National Laboratory) and the code KALMAN
developed by Kyushu University have been widely used
in the evaluation of the experimental data in the resolved
and unresolved resonance region (Larson et al., 2006;
Arbanas et al., 2006). SAMMY takes into consideration
various sources of uncertainties in the experimental data
in the evaluation of capture, fission and total cross-sec-
tions. In the process of evaluation, SAMMY generates a
set of resonance parameters along with their covariance.
Even though SAMMY takes into consideration various
sources of experimentally measured uncertainties, there is
a dominance of correlated systematic uncertainties in the
evaluation of resonance parameters. Similarly, in using
the code KALMAN, when ever highly correlated data
are visible, artificially, a lower correlation coefficient is pro-
posed without any physical basis in order to avoid mathe-
matical singularity (Kawano et al., 2002a). Thus, both in
SAMMY as well as in KALMAN, there is no provision
to improve upon the highly correlated experimental data
and hence reduce the systematic uncertainty.

In this paper, we propose a new approach called entropy
based information theory to reduce the systematic uncer-
tainty so that resonance parameters with minimum system-
atic uncertainty can be simulated. Our simulation approach
will aid both the experimentalists and the evaluators to
design the experimental facility with minimum systematic
uncertainty and thus improve the quality of measurement
and the associated instrumentation. We demonstrate, the
utility of our approach in simulating the resonance param-
eters of Uranium-235 and Plutonium-239 with reduced sys-
tematic uncertainty.

2. Generation of covariance matrix

Let p1,p2, . . .pn be the resonance parameters and the
reaction cross-section can be written as

r ¼ rðp1; p2; . . . pnÞ ð1Þ

We wish to estimate the uncertainty Dr in r due to uncer-
tainty Dp of pi. Using the first order perturbation theory,
the change in r due to change in dp of pi can be expressed
as

dr ffi
X

i

or
opi

� �
dpi ð2Þ

Using the notation dr ¼ ðdr
r Þ, the relative variance–covari-

ance in r is usually obtained as the expectation value, i.e.
hdrdrTi and hence can be expressed using Eq. (2) as

hdrdrTi ¼ BrhdpidpjiBT
r ð3Þ

where Br ¼ or
op

p
r is called relative sensitivity matrix.

In Eq. (3) the expectation value of the product of input
data uncertainties, i.e. hdpidpji is the basic definition of the
covariance matrix Mp. Eq. (3) can be rewritten as
Mr ¼ BrMpBT
r where Mr = hdrdrTi is the relative vari-

ance–covariance matrix for r and Mp is the relative vari-
ance–covariance matrix for the resonance parameter pi

and BT
r is the transpose of Br.

The correlation coefficient Kij is defined as

Kij ¼ ½Covðpi; pjÞ=fVar:ðpiÞg
0:5fVar:ðpjÞg

0:5�: ð4Þ

and it varies between +1 and �1. Kij is a measure of linear
association between the resonance parameters and this lin-
ear association vanishes and hence the resonance parame-
ters become independent when Kij = 0.

3. Mutual information as a measure of discrimination

According to the information theory (Cover and Tho-
mas, 1991) the mutual information I between the output
vector r and the input vector p for a system is expressed as

Iðr; pÞ ¼ HðrÞ þ HðpÞ � Hðr; pÞ ð5Þ
where H(r) and H(p) are the entropies of r and p, respec-
tively and H(r,p) is the joint entropy and

Iðr; pÞ ¼ Cons tan t lnðDet �Mp or Det � KpÞ
¼ Cons tan t � ln G ð6Þ

where G = Det �Mp or Det � Kp and it is a (n � n) determi-
nant with elements of M or K, respectively. Thus, the value
of the mutual information depends on the value of the
determinant of the covariance matrix M or the correlation
matrix K and the value of mutual information is maximum
only when the determinant of either of them is maximum
(Te, 1998).

Entropy may be seen as the average amount of informa-
tion required in selecting observations by categories like
different input data pi. A novel property of entropy is that
categories may be permuted without changing its value.
Thus, entropy is content free and does not make assump-
tions about the distribution of data thereby belonging to
the non-parametric family of statistics. When r and p are
independent, the mutual information is zero. Thus mutual
information is a measure of statistical correlation between
the variables r and p (Deco and Obradovic, 1996). As an
illustration, let us consider the simple case of just two res-
onance parameters. The entropy of either the input H(p) or
the output H(r) and the joint entropy are respectively,
(Ronen, 1984),

HðpÞ or HðrÞ ¼ 1=2 log½ð2peÞ2DetðMÞ�
and H(r,p) = log(2pe). Substituting these values in Eq. (5)
the mutual information

I(r,p) = log(Det �M) or log(G). For, n = 2, the elements
of the covariance matrix,

Mp ¼ Covðp1; p2Þ ¼
p11 p12

p21 p22

� �

The elements of the covariance matrix can be written as the
variance of p1 and p2,



Table 3
Correlation matrix for Pu-239 resonance parameters

Resonance parameter Error (%) Cn Cc Cf

Cn 5.48 1.0
Cc 5.99 0.184 1.0
Cf 5.08 0.949 0.422 1.0

Table 4
Upper and lower bounds for the correlation coefficients for the non-
diagonal elements (third row) of Table 3 and the value of the respective
determinant

Value of Kij

from Table
3

Upper
bound
of Kij

Lower
bound
of Kij

G with Kij

as in
Table 1

G with
upper
bound of
Kij

G with
lower
bound of
Kij

K31 = 0.949 0.968 �0.813 0.034 � 0.032 0.327
K32 = 0.422 0.484 �0.135

G = DetKij.
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p11 ¼ S2
1, p22 ¼ S2

2, p12 = p21 = S1 S2 K12, where K12 is
the correlation coefficient between p1 and p2. The determi-
nant of the covariance matrix is then

G ¼ Det �Mp ¼ S2
1S2

2ð1� K2
12Þ: ð7Þ

or when G ¼ Det � K ¼ ð1� K2
12Þ.

Thus apart from S1 and S2 the value of G depends upon
K12 and G can be either maximized or minimized by finding
the upper and lower bounds of K12. As mutual information
is a measure of statistical correlation between the variables
r and p, maximizing G by the knowledge of the bounds for
the correlated elements of K leads to minimization of the
linear association or the correlated information. Minimiza-
tion of the correlated information leads to variables being
heterogeneous (Massart et al., 1988). Hence, an index of
discrimination between the correlated inputs is the maximi-
zation of the mutual information by the estimation of
upper and lower bounds for the correlated elements of K.
The algorithm to estimate the upper and lower bounds
for the correlated elements of the correlation matrix based
on the technique of determinant inequalities has been
described in detail in (Krishna Kumar, 2007).

The correlation matrix for the averaged Uranium-235
unresolved resonance parameters like the averaged level
spacing D, the averaged neutron width Cn, neutron inelas-
tic scattering width Cin, the radiative capture width Cc and
fission width Cf and the strength functions S0 and S1 are
depicted in Table 1 (Kawano et al., 2002a) and the upper
and lower bounds for some of the non-diagonal elements
are obtained using (Krishna Kumar, 2007) are tabulated
in Table 2. Similarly, the correlation matrix for the Pu-
239 resolved resonance parameters at 0.2956 eV (Kawano
Table 1
Correlation matrix for U-235 resonance parameters

Resonance
parameter

Error (%) D S0 S1 Cc Cf

D 2.39 1.0
S0 0.69 0.274 1.0
S1 2.16 0.529 0.325 1.0
Cc 4.81 0.254 �0.266 �0.361 1.0
Cf 7.06 0.143 �0.095 �0.329 0.951 1.0

Table 2
Upper and lower bounds for the correlation coefficients for some of the
non-diagonal elements of Table 1 and the value of the respective
determinant

Value of Kij

from
Table 1

Upper
bound
of Kij

Lower
bound
of Kij

G with
Kij as in
Table 1

G with
upper
bound
of Kij

G with
lower
bound
of Kij

K31 = 0.529 0.6527 �0.5556
K32 = 0.325 0.8774 0.1307
K43 = �0.361 0.404 0.1401 0.0085 �0.4818 0.2028
K53 = �0.329 �0.2753 �0.5409
K54 = 0.951 0.9616 �0.3163

G = DetKij.
and Shibata, 2002b) is depicted in Table 3 and the upper
and lower bounds for the third row are tabulated in Table
4. The bounds for the other non-diagonal elements can also
be obtained by using the similar procedure.

4. Results and discussions

In order to simulate resonance parameters with reduced
systematic uncertainty, we choose all those correlated non-
diagonal elements having correlation coefficient more than
30%. Hence, in Table 1 the elements of the correlation
matrix having more that 30% are K31, K32, K43, K53 and
K54 for the U-235 and K31, K32 in Table 3 for Pu-239.
The corresponding values of the upper and lower bounds
are depicted in Tables 2 and 4, respectively.

According to Hadamard’s inequality, the maximum
value of the determinant is the product of the diagonal ele-
ments and its value is 1 in both Table 1 and in Table 3.
Hence, any value of the determinant closer to 1 is equiva-
lent to minimizing the correlation among the resonance
parameters. The values of the determinant with the above
chosen non-diagonal elements of Tables 1 and 3 replaced
by the respective lower bound values is 0.2028 and 0.327,
respectively. On comparing these values with the values
of the determinant with the existing elements, we find the
determinant of the lower bound values to be higher. We
have thus provided a unique approach using information
theory where by we can simulate robust resonance param-
eters with minimized systematic uncertainty by using the
lower bound values of the respective correlated elements.

5. Critical analysis of usefulness of mutual information

Common errors are the main cause of correlations
between experimental results. Correlation between the
uncertainties can greatly influence the final uncertainty in
the resultant parameters of interest. All the earlier attempts
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on minimization of uncertainty relied on the minimization
of standard deviation (Ronen, 1984) or estimation of only
the upper bound values (Ronen, 1985). Minimization of
only the uncorrelated uncertainty component due to mar-
velous counting statistics will cause problems due to shape
inconsistencies with other data sets (Tagesan, 1993). Even
the chi-square test does not discriminate between statistical
and systematic uncertainties and predict only the quality of
the covariance matrix as a whole from the ratio of chi-
squared divided by the degrees of freedom (Geraldo and
Smith, 1990). Thus one cannot improve the quality of each
element of the covariance matrix by the chi-squared test.

The determination of only the upper bound has the dis-
advantage that one does not know how far one is from the
real value. Further, the knowledge of the upper bound
alone does not minimize the correlated systematic uncer-
tainty as evident from the determinant of the correlation
matrix with the above chosen non-diagonal elements
replaced by their respective upper bound values. The value
of the determinant with upper bound values as depicted in
Tables 2 and 4 are �0.4818 and �0.0328, respectively.
These negative values suggest the dominance of the non-
diagonal correlated components over the diagonal uncorre-
lated components. We can thus choose the lower bound
values to simulate resonance parameters with reduced sys-
tematic uncertainty. The knowledge of lower bounds will
help the experimentalist to reduce the systematic uncer-
tainty by improving the quality of measurement and asso-
ciated instrumentation. The method of determinant
inequalities is conceptually elegant and computationally
easier to implement to minimize the correlated component
element by element of the correlation matrix. But such ele-
ment wise processing is not feasible by principal compo-
nent analysis (PCA) or by the chi-squared test. Further,
compared to PCA and other related methods whose prime
objective is only decorrelation, mutual information takes
into account the whole structure of the correlation matrix
and thus minimizes the effect of correlation rather than
merely decorrelation. Further our algorithm can process
correlation matrices of large dimension and hence errors
due to collapsing of correlation matrices do not arise
(Smith, 1987).

References

Arbanas, G., et al., 2006. Retroactive Covariance Matrix for 235U in the
Resolved-resonance Region, PHYSOR-2006, Vancouver, Canada.
Coates, M.S. et al., 1983. Can we do more to achieve accurate nuclear
data? In: Bockhoff, K.H. (Ed.), Nuclear Data for Science and
Technology. Reidel, Holland.

Cohen, E.R., 1992. Uncertainty and error in physical measurements. In:
Crovini, L., Quinn, T. (Eds.), Metrology at the Frontiers of Science
and Technology. North Holland, New York, pp. 11–31.

Cover, T., Thomas, J., 1991. Elements of Information Theory. John
Wiley, New York.

Deco, G., Obradovic, D., 1996. An Information Theoretic Approach to
Neural Computing. Springer, New York.

Fort, E. et al., 2003. Improved performances of the fast reactor
calculational system ERANOS-ERALIB1 due to improved a priori
nuclear data and consideration of additional specific integral data.
Ann. Nucl. Energy 30, 1879–1898.

Frohner, F.H., 2003. Evaluation of data with systematic errors. Nucl. Sci.
Eng. 145, 342–353.

Geraldo, L.P., Smith, D.L., 1990. Covariance analysis and fitting of
germanium gamma ray detector efficiency calibration data. Nucl.
Instrum. Meth. A 290, 499–508.

Kawano, T., Shibata, K., 2002a. Evaluation of covariance matrices for
resolved and unresolved resonance regions. In: Wagemans, J. et al.
(Eds.), Reactor Dosimetry in the 21st century. World Scientific,
Singapore, pp. 631–637.

Kawano, T., Shibata, K., 2002b. Uncertainty analyses in the resolved
resonance region of 235U, 238U and 239Pu with Reich-Moore R-matrix
theory for JENDL-3.2. J. Nucl. Sci. Technol. 39, 807–815.

Kodeli, I.A., 2005. VITAMIN-J/COVA/EFF-3 cross-section covariance
matrix library and its use to analyse benchmark experiments in sinbad
database. Fusion Eng. Des., 1021–1025.

Krishna Kumar, P.T., 2007. Mitigation of systematic uncertainty in the
average cross-section of JENDL. Ann. Nucl. Energy 34, 64–67.

Leal, L.C. et al., 2005. Covariance and sensitivity generation at ORNL.
Radiat. Protect. Dosim. 115, 133–135.

Larson, N.M., et al., 2006. A Systematic Description of the Generation of
Covariance Matrices, PHYSOR-2006, Vancouver, Canada.

Leinweber, G. et al., 2006. Neutron capture and total cross-section
measurements and resonance parameters of gadolinium. Nucl. Sci.
Eng. 154, 261–279.

Massart, D.L. et al., 1988. Chemometrics: A Textbook. Elsevier,
Amsterdam (Chapter 9).

Ronen, Y., 1984. The minimization of uncertainties in reactor theory.
Ann. Nucl. Energy 11, 263–268.

Ronen, Y., 1985. A simple method for obtaining an upper bound to the
uncertainty of any linear computed response. Ann. Nucl. Energy 12,
509–510.

Shibata, K. et al., 2002. JENDL 3.2 covariance file. J. Nucl. Sci. Technol.
23 (Suppl. 2), 40–43.

Smith, D.L., 1987. Generation of covariance data for a set of nuclear
data produced by collapsing a larger set through the weighted
averaging of equivalent data points. Nucl. Instrum. Meth. A 257,
361–364.

Tagesan, S., 1993. Aspects of internal consistency of covariance data.
Proceedings of the Specialists’ Meeting on Evaluation and Processing
of Data. OECD, France, pp. 213–220.

Te, W.L., 1998. Independent Component Analysis Theory and Applica-
tions. Kulwer, Dordrecht.


	Simulation of robust resonance parameters using information theory
	Introduction
	Generation of covariance matrix
	Mutual information as a measure of discrimination
	Results and discussions
	Critical analysis of usefulness of mutual information
	References


