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Outline

Last Class: Ch 4: Parametric Methods
Maximum Likelihood Estimation
Evaluating an estimator: Bias and Variance

This class: Ch 4: Parametric Methods
* The Bayes Estimator
 Parametric Classification
* Regression
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Parametric
Methods



Bias and Variance

Mean square error:
r(d,0) = E [(d-0)?] = (E [d] - 6)? + E [(d-E [d])?]
= Bias? + Variance

Variance: E [(d-E [d])?]
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Optimal Estimators

Estimators are random variables as depend
on random sample from the distribution

We look for estimators (functions of samples)
that have minimum expected sqguare error

Expected square error can be decomposed
Into bias (drift) and variance

Sometimes accept larger errors but require
unbiased estimators.
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Bayes estimator

* Sometimes have some prior information on
the possible value range that parameter may
take

* Can’t have exact value but can provide a
probability for each value (density function)

* Probability of a parameter before looking at
data
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Bayes Estimator

we are told that 0 is approximately normal and with 90 percent
confidence, 0 lies between 5 and 9, symmetrically around 7. Then we can
write p(6) to be normal with mean 7 and because
V- )

Pi-1.64 < e <1.64) = 09

Plu-1.640 <0 <pu+106do} = 09

we take 1640 = 2 and use ¢ = 2/1.64. We can thus assume p(0) ~
N(7,(2/1.64)2).
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Bayes Estimator

p(X|0)p(0) p(X|0)p(0)

p(0|X) = p(X) - J.[/}{X 0" )p(0)do’

*Assume this function have a peak around true
value of the parameter

*Maximum a posteriori estimate will minimize error

Opap = argl’néa}: p(@|X)
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Bayes’ Estimator

* Treat 6 as a random var with prior p (6)

* Bayes'rule: p (6|X) = p(X|0) p(6) / p(X)

* Full: p(x]X) = | p(x|6) p(6|X) d6

 Maximum a Posteriori (MAP): Buap = argmaxg
p(6]X)

 Maximum Likelihood (ML): 6,,, = argmax,
p(X|6)

* Bayes’: Ba.es = E[O|1X] = [ 6 p(O]X) d6
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Bayes’ Estimator: Example

e xt~ N (6, 0,2) and 8 ~ N (u, g2
e Oy=m

* Ouap =

N/o: 1/0°
im+_,u

N/o,+1/0° N/o,+1/0°
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Parametric Classification

* Bayes P(Ci|x) = p(X[Ci)P(Ci) _ KP(XW;'}P{C{}
p(x) k=1 P(X|Ck)P(Ck)

and use the discriminant function

gi(x) = p(x|C;)P(Cy)

or equivalently

gi(x) =logp(x|Ci) +log P(Cj)
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Assumptions

1

C.| =

pix |C;) E{;eXp .
1 X -1

g;x] = ~alog 2n-log —I—&L +log P(C, |

20
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Example

Input: customer income

Output: which car out of K models he will
prefer

Assume that for each model there is a group
of customers with certain income

Income In a single class distributed normal

X

i l if x' e G
= {x, riN FI:{ |

| . . .
=1 ! 0 if x'e Cy,k #1
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p(xIC)

Example: True distributions

(a) Likelithoods
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: : : ™ : PR : : :

n_3 e e R e III!_/J-:_N ...... [ Fo-- Moo [ e - ]
: / \ : ; \ : ; :
; / ; ' ; ; ;

Based on E Alpaydin 2004 Introduction to Machine Learning © The MIT Press (V1.1)



Example: Estimate parameters

xtr!
mf _ ZI 3[1
2.t
! erfi
t
. .

N
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Example: Discriminant

1 | (X — m;j)? -
gi(X) = —31Dg 21 — log s;j — * > T’} + log P(Cj)

*Evaluate on a new input
*Select class with largest discriminant
*Assume: priors and variances are equal:

gi(x) = —(x — mj)?

L

Choose Cj if |[x — m;| = mLin X — Mg
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Boundary between classes

gi(x) = g2(x)
(x —=mp)° = (x—m»y)°
N Iy — 2

2
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Likelihoods
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Likelihoods

Var/ances are d/fferent

Posteriors with equal priors

Two boundarles

..............................................................................................

—3
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Two approaches

* Likelihood-based approach (till now)
— Calculate probabillities using Bayes rule
— Compute discriminant function

* Discriminant function approach(later)
- Directly estimate discriminant
- Bypass probabilities estimation
- Boundary between classes?
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Regression

F=1pF(X)+e€
X IS Independent variable, r is dependant
variable

Unknown f, want to approximate to predict
future values

Parametric approach: assume model with
small number of parameters g(x | 0)

Find best parameters from data
Also have to make assumption on noise
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Regressions
e ~ N(0,0°) r=Ff(x)+e

X) ~ N(g(x|0),0°)

p(r

Have a training data (x,r)
~ind parameters to maximize likelihood

n other words, what parameters makes data
most probable
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Regressions

p(x,r) =p(rix)p(x)

N

£0|x) = log|[p&irh
=

N N

= log| [ p(rfIx") +log |

e -1

p(x')

* [gnore the last term,(does not depend on

parameters
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Regression

N
L£01xX) = log|] = exp{—

e Minimize last term
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Least Square Estimate

e Minimize this
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