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Abstract

A probability distribution over {0, 1}" is k-wise independent if its restriction to any k coordinates
is uniform. More generally, a discrete distribution D over >4 X - -- X Y, is called (non-uniform)
k-wise independent if for any subset of k indices {i1,...,i;} and forany z; € ¥;,,..., 2, € X,
Prx. .p[Xi, -~ - Xi, = z1---2x) = Prxp[X;;, = 21]---Prxp[Xi, = 2]. k-wise independent
distributions look random “locally” to an observer of only £ coordinates, even though they may
be far from random ‘“‘globally”. Because of this key feature, k-wise independent distributions are
important concepts in probability, complexity, and algorithm design. In this thesis, we study the
problem of testing (non-uniform) k-wise independent distributions over product spaces.

For the problem of distinguishing k-wise independent distributions supported on the Boolean
cube from those that are J-far in statistical distance from any k-wise independent distribution, we
upper bound the number of required samples by O(n*/62) and lower bound it by Q(nk2;1 /9) (these
bounds hold for constant %, and essentially the same bounds hold for general k). To achieve these
bounds, we use novel Fourier analysis techniques to relate a distribution’s statistical distance from
k-wise independence to its biases, a measure of the parity imbalance it induces on a set of variables.
The relationships we derive are tighter than previously known, and may be of independent interest.

We then generalize our results to distributions over larger domains. For the uniform case we
show an upper bound on the distance between a distribution D from k-wise independent distri-
butions in terms of the sum of Fourier coefficients of D at vectors of weight at most k. For the
non-uniform case, we give a new characterization of distributions being k-wise independent and
further show that such a characterization is robust based on our results for the uniform case. Our
results yield natural testing algorithms for k-wise independence with time and sample complexity
sublinear in terms of the support size of the distribution when £k is a constant. The main technical
tools employed include discrete Fourier transform and the theory of linear systems of congruences.

Thesis Supervisor: Ronitt Rubinfeld
Title: Professor of Electrical Engineering and Computer Science
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Chapter 1

Introduction

The subject of this thesis is to investigate how many samples from a distribution are required
to determine if the distribution is k-wise independent or far from being k-wise independent. A
probability distribution over {0, 1}" is k-wise independent if its restriction to any k coordinates
is uniform. Such distributions look random “locally” to an observer of only & coordinates, even
though they may be far from random “globally”. Because of this key feature, k-wise independent
distributions are important concepts in probability, complexity, and algorithm design [38}, 40\ 3, 44,
47)]. For many randomized algorithms, it is sufficient to use k-wise independent random variables
instead of truly random ones which allows efficient derandomization of the algorithms.

Given samples drawn from a distribution, it is natural to ask, how many samples are necessary
to tell whether the distribution is k-wise independent or far from k-wise independent? Here by “far
from k-wise independent” we mean that the distribution has a large statistical distance E] from any
k-wise independent distribution. An experimenter, for example, who receives data in the form of
a vector of n bits might like to know whether every setting of £ of those bits is equally likely to
occur, or whether some settings of k bits are more likely.

Naive algorithms using standard statistical techniques require {2(2") samples to test k-wise in-

dependence. We, however, seek sublinear algorithms, algorithms which sample the distribution

IThe statistical distance between two distributions D; and Ds over the same domain is

A(Dl,Dg)déf% > . |Di(z) — Da(z)|. The extra factor 1/2 ensures that all statistical distances are between 0
and 1.
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at most o(2") times. In this thesis we investigate algorithms for testing k-wise independent dis-
tributions over any finite domain with query and time complexity polylogarithmic in the domain
size. In fact more generally, our algorithms can test non-uniform k-wise independence over any
domain. Non-uniform k-wise independenc generalizes k-wise independence by allowing the
marginal distributions to be arbitrary but still requiring that the restriction to any %k coordinates
gives rise to a product of £ independent distributions.

It is interesting to contrast our results with the result of Goldreich and Ron [32] (and a more
recent improvement of Paninski [52]) on testing uniformity. Note that a distribution over {0, 1}" is
uniform if and only if it is n-wise independent. They show testing uniformity over {0, 1}" requires

O(y/2") samples.

1.1 Property testing and robust characterizations

Property testing. The pursuit of fast algorithms which find “approximately correct” answers to
decision problems led to the development of property testing. Property testing has been studied in
a much more broader context than testing properties of distributions — in fact, it was first studied
for algebraic properties [S6] and then generalized to combinatorial properties [31]. Formally, a
property P is a set of distributions (or Boolean functions, polynomials, graphs, etc) which share
certain common features or structures. An example of such a property is the set of monotone
increasing distribution over {1,2,...,n}. We say a distribution D is e-close to P if one can find
another D’ in P such that the statistical distance between D and D’ is at most € (in other words, D is
close to some element in the property). D is said to be e-far from P if otherwise. A property tester
for a property P is a fast algorithm which, on an input D, distinguishes between the case that D
satisfies P (i.e. D € P) from the case that D is e-far from satisfying P. Here, the (small) quantity
€, which measures the degree of approximation to the original decision problem, is known as the
distance parameter. The algorithm is allowed to err on inputs which are e-close to P (both answers

“YES” and “NQO” are acceptable). Because of this flexibility introduced by the distance parameter,

’In literature the term “k-wise independence” usually refers to uniform k-wise independence in which all the
marginal distributions are uniform distributions.
3A distribution D : {1,2,...,n} — [0, 1] is said to be monotone increasing if D(i) < D(j) forall1 <i < j < n.
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a property tester can be much faster than the algorithm of the analogous decision problem. In
addition to speeding up processing of large data sets, property testing algorithms have important
applications in the theory of hardness of approximations. There has been extensive research on
property testing and it became one of the major areas in sublinear time algorithms — see the survey

articles [130, (54, 42, 23]].

Property testing via robust characterizations. Property testing algorithms [56, [31] are often
based on robust characterizations of the objects being tested. For instance, a Boolean function
f:{0,1}* — {0,1} is said to be linear if there exists a € {0,1}" such that f(xq,...,z,) =
Z?:l a;x;, where additions are performed modulo 2. The linearity test introduced in [16]] is based
on the characterization that a function is linear if and only if the linearity test (which for uniformly
and randomly chosen = and y in {0,1}", checks if f(z) + f(y) = f(z + y)) has acceptance
probability 1. Moreover, the characterization is robust in the sense that if the linearity test does not
accept for all choices of x and ¥, but only for most of them, then one can show that the function
must be very close to some linear function. These robust characterizations often lead to a new
understanding of well-studied problems and sheds insight on related problems as well.

A well-known characterization of k-wise independent distributions over {0, 1} is that all the
low level Fourier coefficients of the distributions are zero. Our main results show that this char-
acterization is robust. Furthermore, we prove that a similar robust characterization exists for the
most general non-uniform k-wise independent distributions over arbitrary finite domains. Such a
robust characterization is then used to design efficient testing algorithms for k-wise independent
distributions. These robust characterizations offer a new understanding of the combinatorial struc-
tures underlying (non-uniform) £-wise independent distributions and it is hoped more applications

of these robust characterizations will be found in the future.

Our results. Our main result is that the property of being a non-uniform k-wise independent dis-
tribution over any finite domain is testable with query and time complexity polylogarithmic in the
domain size. For technical reasons, we break up our results into three parts such that the algorithms

test progressively broader class of distributions but also their analysis gets more complicated and
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the query and time complexity becomes slightly less efficient:

1. k-wise independent distributions over {0, 1}";
2. k-wise independent distributions over any finite domain;

3. non-uniform k-wise independent distributions over any finite domain.

To prove a robust characterizations of k-wise independence, one needs to show, given a dis-
tribution such that all of its low level Fourier coefficients are small, how one can transform the
distribution into a k-wise independent distribution such that the statistical distance incurred is also
small?

For distributions over the Boolean cube, we employ a novel approach which first operates
in the Fourier space and then “mends” in the functional space; to generalize the result to larger
domains, we follow a previous correction procedure of Alon et al. [S)] but with additional new
ideas. In particular, we apply classical results in the theory of linear systems of congruences
to show orthogonality relations between vectors in commutative rings. Finally, for non-uniform
distributions, we introduce so-called “compressing/stretching” factors to transform non-uniform
distributions into uniform ones.

We also prove a sample lower bound of Q(n%) for testing k-wise independence over the
Boolean cube. This rules out the possibility of polynomial-time testing algorithm when & = w(1).

As k-wise independence is a relaxation of total independence, (¢, k)-wise independence is a
further relaxation of k-wise independence. A distribution is called (e, k)-wise independent if its
restriction to any k coordinates is e-close to uniform. We study the problem of testing (¢, k)-wise

independence at the end of this thesis.

1.2 Related research

Testing properties of distributions. There has been much activity on property testing of dis-
tributions. Properties that have been studied include whether a distribution is uniform [32, 52]

or is close to another distribution [10, 165, 9], whether a joint distribution is independent [9]], the
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the distribution has a certain “shape” (e.g., whether the distribution is monotone [11], whether the
distribution is unimodal [[11] or A-modal [25], whether a distribution can be approximated by a
piece-wise constant function with at most % pieces [36l]), and whether a collection of distributions
are close to identical copies of a single distribution [43], as well as estimating the support size of
a distribution [53]] and the Shannon entropy of a distribution [8, 51} |18}, 153, 134, 63, |64]. If we are
given the promise that a distribution has certain property, e.g. being monotone, then the task of
testing can be significantly easier [55, [1].

More recently, testing k-wise independence and estimating the distance to k-wise independence
of distributions in the streaming model also attracted considerable attention [37, (19} 20].

It is interesting to compare our results with previous results on testing distribution properties.
Let N = |D| be the domain size of a discrete distribution D. In short, we show in this thesis that,
for constant £ and any finite D, the sample and time complexity of testing (non-uniform) k-wise
independence over D is at most polylog N. Note that for £ = n, a distribution is uniform k-wise
independent if and only if it is the uniform distribution over D. Goldreich and Ron [32] and Panin-
ski [52] show that uniformity is testable with /N samples and running time. Batu et al. [9] study
distributions over A x B, where A and B are two finite sets and |A| > |B|. They show how to
test whether the two variables of a distribution are independent with O(|A|?/3| B|'/3) samples and
time E] — note that the domain size of their problem is N = |A| - |B|, so their query complexity
is at least v/N. In contrast, our results show that the exponential savings in sample space sizes
of k-wise independence extends to the domain of property testing: instead of polynomial sam-
ples required for testing fotal independence, testing k-wise independence can be done with only
polylog N samples and time for constant k. This adds yet another merit for k-wise independent

distributions: they admit more efficient testers than the totally independent distributions.

Constructions of £-wise independence. Much research has been devoted to the study of k-wise
independence, most of which focuses on various constructions of k-wise independent random

variables and (e, k)-wise independent variables. k-wise independent random variables were first

4We use O notation to hide any polylogarithmic factor of n, i.e., f = O(g(n) - h(e, §)) implies f = O(polylogn -
g(n) - h(e, 5)).
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studied in probability theory [38] and then in complexity theory [22, 3, 44} 145] mainly for deran-
domization purposes. Alon, Babai and Itai [3] give optimal constructions of k-wise independence
with seed length %k log n. Therefore polynomial-sized sample spaces are only possible for constant
k. This led Naor and Naor [47] to relax the requirement and introduce the notion of (¢, k)-wise
independence. They construct a sample space with seed length O(k + loglogn + 1/¢). Their
result was subsequently improved in [47, 4, 7, 29,|14]. Construction results of non-uniform k-wise
independent distributions were given in [39, 41]. All these constructions and their correspond-
ing testing result{] seem to suggest that the query complexity of testing a class of distributions
is related to the minimum support size of these distributions. Our query lower bound result (see

Section |4.2)) is also consistent with this conjectured connectionﬁ

Generalizing results on Boolean domain to large domains. Our results on larger domains
generalize the results of the binary field using tools from Fourier analysis and the theory of linear
systems of congruences. Many other techniques have also been developed to generalize results
from Boolean domains to arbitrary domains [26, 46, [15]. As is often the case, commutative rings
demonstrate different algebraic structures from those of prime fields. For example, the recent
improved construction [28] of 3-query locally decodable codes of Yekhanin [66] relies crucially
on the construction of set systems of superpolynomial sizes [33] such that the size of each set
as well as all the pairwise intersections satisfy certain congruence relations modulo composite
numbers (there is a polynomial upper bound when the moduli are primes). Generalizing results in
the binary field (or prime fields) to commutative rings often poses new technical challenges and
requires additional new ideas. We hope our results may find future applications in generalizing

other results from the Boolean domains to general domains.

3In Chapter we show a tester that tests (e, k)-wise independence with query complexity O(logn).

® Note that we only conjecture a relationship between the support size and the query complexity of testing, as
the time complexity of testing (e, k)-wise independence is probably much larger than the query complexity — see the
conditional time lower bound result in [2].
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1.3 Organization

The rest of the thesis is organized as follows. We first give necessary definitions and preliminary
facts in Chapter 2| A brief overview of our main results and techniques is present in Chapter
We begin our study of testing k-wise independence in Chapter 4 with the simplest case in which
the domain is Boolean cube. In Chapter [5| we extend our results to domains of arbitrary sizes
and in Chapter [6| we treat the most general case of non-uniform k-wise independence. Finally in
Chapter [7| we study the problem of testing (¢, k)-wise independence. We conclude in Chapter

with some open questions.
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Chapter 2

Preliminaries

Let n and m be two natural numbers with m > n. We write [n| for the set {1,...,n} and [n, m]
for the set {n,n + 1,...,m}. For any integer 1 < k < n, we write ([Z]) to denote the set of all
k-subsets of [n]. Throughout this thesis, > always stands for a finite set. Without loss of generality,

we assume that ¥ = {0, 1,...,q — 1}, where ¢ = |X|.

Vectors. We use bold letters to denote vectors in X", for example, a stands for the vector
(ay,...,a,) with a; € 3 being the i™ component of a. For two vectors a and b in ¥", their
inner product is a - b > i, a;b; (mod q). The support of a is the set of indices at which a is
non-zero. That is, supp(a) = {i € [n] : a; # 0}. The weight of a vector a is the cardinality of
its support. Let 1 < k < n be an integer. We use M (n, k, q)d:ef(?)(q D+ + ()lg—1D*to
denote the total number of non-zero vectors in X" of weight at most . When ¢ = 2 (i.e., when
the underlying domain is a Boolean cube), we write M (n, k) instead of M (n, k, 2) for simplicity.

Note that M (n, k, q) = ©(n*(qg — 1)¥) for k = O(1).

Discrete distributions. We assume that there is an underlying probability distribution D from
which we can receive independent, identically distributed (i.i.d) samples. The domain €2 of every
distribution we consider in this thesis will always be finite and in general is of the form {2 =
1 X -+ X X, where ¥y, ..., 3, are finite sets. A point x in (2 is said to be in the support of a

distribution D if D(x) > 0.
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Let D; and D, be two distributions over the same domain €2. The L,-distance and Lo-distance

between D; and D, are defined by

Dy~ Dal, = 3| Dia) — Daf)].

€N
and
|Dy — Dy, = Z ’(Dl(x) - D2(x>)2{
€
respectively.

The statistical distance between D; and D5 is

A(Dy, Dy) = Z|D1 (2)].

acEQ

An alternative definition of statistical distance is
A(D1, Dy) = max | Pr[D(5)] — Pr[Dy(S)]]-

One can check that statistical distance is a metric and in particular satisfies the triangle inequality.
We use statistical distance as the main metric to measure closeness between distributions in this
thesis. For any 0 < e < 1, one may define a new distribution D’ as the convex combination
of D, and Dy: D' = 1JFEDl + 5 D2. It then follows that A(D',Dy) < 7o < €. Sometimes
we abuse notation and call the non-negative function €D, a weighted distribution (in particular, a

small-weight distribution when € is small).

Projections. Let S = {i,...,it} C [n] be an index set. Let & be an n-dimensional vector.
We write g to denote the k-dimensional vector obtained from projecting « to the indices in S.
Similarly, the projection distribution of a discrete distribution D over >." with respect to .S, denoted
by Dy, is the distribution obtained by restricting to the coordinates in S. Namely, Dg : X — [0, 1]
is a distribution such that Dg(z;, - - - 2;,) = st_(zﬁ’ i) D(x). For brevity, we sometimes write

Dg(zg) for Dg(z, -+ - 2i,)-
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2.1 The k-wise independent distributions

Let D : 3 x---x 3, — [0, 1] be a distribution. The following definitions will be used extensively
in this thesis.

1

e Wesay D is the uniform distribution if forevery & € ¥y x---x%,, Prx.p[X =] = e

where ¢; = | %]
e We say D is a k-wise independent if for any set of k indices {i1,...,i;} and for any
zl . 'Zk e 211 X A X Elk’ PI'XND[X“ A 'sz - Zl A 'Zk] - PI'XND[X“ - Zl] X A X

PI‘XND [sz = Zk].

e We say D is a uniform k-wise independent if, in addition to the previous condition, we have

Prx.p[X; =z = |£¢\ forevery 1 < i < nandevery z; € ¥,.
Let Dy, denote the set of all uniform k-wise independent distributions. The distance between
D and Dy, denoted by A(D, Dyyi), is the minimum statistical distance between D and any

uniform k-wise independent distribution, i.e., A(D, Dkwi)définf pep, A(D, D).

2.2 Discrete Fourier transform

For background on the discrete Fourier transform in computer science, the reader is referred to [61,
62, 24]. Let f : X1 x --- x X, — C be any function defined over the discrete product space, we

define the Fourier transform of D to be, for every a € ¥; X - -+ X Y,

flay=" Y )l Catr, @.1)
TEX ] XXy
f(a) is called f’s Fourier coefficient at a. If the weight of a is k, we then refer to f(a) as a
degree-k or level-k Fourier coefficient.

One can easily verify that the inverse Fourier transform is

flz) = S flaye T, (2.2)

Q- dn acd X XXn
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Note that if >J; = X for every 1 < ¢ < n (which is the main focus of this thesis), then f (a) =

2. P —2rig.p
ZwEEn f($)€ K and f(w) = ﬁ ZaEE” f(a’)e a :
We will use the following two simple facts about discrete Fourier transform which are straight-

forward to prove. Note that Fact is a special case of Fact

Fact 2.2.1. For any integer { which is not congruent to 0 modulo q, Z?;é e'ilt = .

Fact 2.2.2. Let d, ( be integers such that d|q and 0 < {y < d — 1. Then Z]?%:_Ol o5 lotd) _

Proposition 2.2.3. Let D be a distribution over 1 X - - - X X,,. Then D is the uniform distribution

if and only if for any non-zero vector a € >y X - -+ X X, b(a) = 0.

Proof. First note that D(0) = > D(x) = 1. Therefore, if D(a) = 0 for all non-zero a, then by
the inverse Fourier transform (2.2)),

1 A
D)= PO =

For the converse, let a be any non-zero vector. Without loss of generality, suppose a; # 0. Since

D(zx) = — for all x, we have
q1-qn
N 1 Q1%L | anen
Dia) = o )
G G
1 27”;(‘12952 +,..+an$n) ol 27,
= E e a2 an E e ar 11
- dn L2,...,Tp x1=0

=0. (by Fact[2.2.1) O

By applying Proposition to distributions obtained from restricting D to any & indices and
observing the fact that, by the definition of Fourier transform, D(a) = Dg(a) when supp(a) C S,
we have the following characterization of k-wise independent distributions over product spaces,

which is the basis of all the testing algorithms in this thesis.

Theorem 2.2.4. A distribution D over Y1 X --- X X, is k-wise independent if and only if for all

non-zero vectors a of weight at most k, D(a) = 0.

26



We are going to use the following notation extensively in this thesis.

Definition 2.2.5. Let D be a distribution over ¥". For every @ € X" and every 0 < 5 < ¢ — 1, let
PP= “ Prxp [a- X = j (mod q)]. When the distribution D is clear from the context, we often

omit the superscript D and simply write P ;.

The Fourier transform (2.1)) can be rewritten as

q—1
D(a) = XPNrD[a X =j (mod q)le ZP 362:1” . (2.3)

7=0

def

For any non-zero vector a € X" and any integer 0 < j < g — 1, let Sq;j={x € ¥": > | a;x; =

J (mod q)}. Finally we write U, ; for the uniform distribution over S, ;.

2.2.1 Fourier transform over the Boolean cube

Fourier analysis over the Boolean cube has attracted much attention recently, see e.g. [S0]. Most of
the previous work applies Fourier analysis to study various properties of Boolean functions, where
the range space of the functions is {0, 1}. However, in this thesis we will use Fourier analysis to
treat distributions, where the range space of the functions is the interval [0, 1]. In the following we
briefly review some results useful for testing k-wise independent distributions over the Boolean
cube.

The set of functions f : {0,1}" — R is a vector space of dimension 2" in which the inner
product between two elements f and g is defined as (f,g) = 3 >, o1y f(x)g(z). For each
S C [n], define the character yg : {0,1}" — {—1,1} as yg(z) = (—1)2ies®,  The set of
2" functions, {xs : S C [n]}, forms an orthonormal basis for the vector space. This implies
that any function f : {0,1}" — R can be expanded uniquely as f(z) = > gc, f(S)xs(),
where f(S) = (f, xs(z)) is the Fourier coefficient of f over set S. The p—nornﬂ of fis|fll, =

UIf f = D is a distribution, this definition differs from the commonly used distance metrics by a normalization
factor. For example, for p = 1, ||D||, = 5+|D|1, where |D|; = 3 |D(x)]; and for p = 2, | D||, = —=|D|a,

:L’E{O,l}" \/ﬁ
where | Dl = ¢Z$6{071}frl [D()>.
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1/p ~
<2in D refoayn |f(a:)|p> . Parseval’s equality, || f||2 = "¢, £(S)?, follows directly from the
orthonormality of the basis.

For two functions f, ¢ : {0,1}" — R, their convolution is defined as

(f*g)(x) £ 2% > fWalz—y).

yE{O,l}"
It is easy to show that E = f#gand f/>:q = fg for any f,g:{0,1}" — R. It is also easy to
show that || f*g|lc < ||f]lcllgll1, which is a simple special case of Young’s convolution inequality.

A powerful tool in Fourier analysis over {0, 1}" is the hyper-contractive estimate due indepen-

dently to Beckner [12] and Bonami [[17]. The following is a form proved in [[17]]:

Theorem 2.2.6. Let f : {0,1}" — R be a function that is a linear combination of {xr : |T| < k}.

fll, < (Vo =1)" |1 £

Then for any even p > 2,
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Chapter 3

The Generic Testing Algorithm and

Overview of the Main Results

In this chapter we give an overview of our main results and techniques. We begin with providing
a formal definition of the problem of testing k-wise independence in Section We then outline
a generic algorithm for testing k-wise independence in Section which translates each robust
characterization into a corresponding testing algorithm. Finally we discuss the main results and

techniques of this thesis in Section[3.3]

3.1 Problem statement

The formal definition of testing algorithms for k-wise independent distributions is given below.
The complexity of a testing algorithm is measured both in terms of the number of samples required

(sample complexity), and the computational time required to run the algorithm (time complexity).

Definition 3.1.1 (Testing k-wise independence). Let 0 < ¢, < 1, and let D be a distribution over
3", where X is a finite set. We say that an algorithm fests k-wise independence if, given access to
a set () C X" of samples drawn independently from D, it outputs:

1. “Yes” if D is a k-wise independent distribution;

29



2. “No” if the statistical distance of D to any k-wise independent distribution is at least ¢.

The tester may fail to give the right answer with probability at most 1/3. We call |Q| the query
complexity of the algorithm, and the total time to run the testing algorithm (assuming each sampling

takes unit time) the time complexity of the algorithm.

We build our main results in three stages: in the first stage, we study distributions over the
Boolean cube [2]; in the second stage, we generalize our results to product spaces over arbitrary
finite domains [5’/] and in the final stage we treat the case of non-uniform distributions [S7]]. Result
of each stage is more general than the previous one; however, the price is that the testing algorithm

is also slightly less efficient.

3.2 A generic testing algorithm

We begin by giving a unified overview of the testing algorithms in this thesis. As is the case for
many property testing results, the testing algorithms are relative simple while the analysis of the
algorithms is usually much harder.

Let ¥ = {0,1,...,q — 1} be the alphabe(] and let D : " — [0, 1] be the distribution to
be tested. For any vector @ € X", the Fourier coefficient of distribution D at a is D(a) =
P D(m)e% 25=1%% = By p [e% 2= anj] . The weight of a is the number of non-zero
entries in a. It is a folklore fact that a distribution D is uniform k-wise independent if and only if
for all non-zero vectors a of weight at most &, ﬁ(a) = 0. A natural test for £-wise independence
is thus the Generic Algorithm described in Fig. We provide a detailed analysis of the query
and time complexities of the Generic Algorithm in Section [3.5|at the end of this chapter.

However, in order to prove that the Generic Algorithm works, one needs to show that the simple
characterization of k-wise independence is robust. Here, robustness means that for any distribution
D if all its Fourier coefficients at vectors of weight at most k are at most J (in magnitude), then D

is €(0)-close to some uniform k-wise independent distribution, where the closeness parameter € is

I'This is without loss of generality, since we are not assuming any field or ring structure of the underlying alphabet
of the distribution. All the properties of distributions considered in this thesis are invariant under permutations of the
symbols in the alphabet.
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Generic Algorithm for Testing Uniform k-wise Independence
1. Sample D independently M times
2. Use these samples to estimate all the Fourier coefficients of weight at most &k

3. Accept if the magnitudes of all the estimated Fourier coefficients are at most §

Figure 3-1: A Generic Algorithm for testing uniform k-wise independence.

in general a function of the error parameter J, domain size and k. Consequently, the query and time
complexity of the Generic Algorithm will depend on the underlying distance upper bound between

D and k-wise independence.

3.3 Our main results

We next discuss our three progressively more general testing results.

3.3.1 Binary domains

We first study the problem of testing k-wise independence over the Boolean cube {0, 1}". To
state our main results, we need the notion of a bias over a set ' which is a measure of the parity

imbalance of the distribution over the set 1" of variables:

Definition 3.3.1. For a distribution D over {0, 1}", the bias of D over a non-empty set 7" C [n] is
defined as biasp(T) = Pry.p|[@icrzi = 0] — Prop[@®icrr; = 1]. We say biasp (7)) is an I-th
level bias if |T'| = .

Note that the bias over 7' are intimately related to the Fourier coefficient at 7" — it is easy to
check that for any subset T', D(T') = blaSQ—D(T)

Let Dyy,; denote the set of k-wise independent distributions over {0, 1}™ and A(D, Dxy;) denote
the statistical distance between distribution D and k-wise independence. We first give a new upper

bound on A(D, Dyy;) in terms of the biases of D. The previous result of Alon, Goldreich and
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Mansour [5] is

A(D, D) < ) |biasp(S)] ,
[SI<k

and consequently it implies a testing algorithm with query and time complexity O(n?*/§2).

Theorem 3.3.2 (Upper Bound on Distance). The distance between a distribution D and k-wise

independence can be upper bounded by

A(D, Dy,i) < O (logn)k/Q\/Z biasp(S5)?

[S|<k

Consequently,

A(D, Dyi) < O ((nlogn)k/?) g}lgg |biasp(S)].

One can show that such an upper bound implies a testing algorithm for k-wise independence
with query complexity O(n*/§?).
Our next main result, a lower bound on the query complexity of any testing algorithm for

k-wise independence, shows that our upper bound is at most quadratically from optimal.

Theorem 3.3.3 (Sample Lower Bound). For k > 2 and 6 = o(1/n), testing k-wise independence

requires at least |Q)] = ) <% : (%)%) samples from the distribution.

Note that our lower bound result rules out the possibility of polynomial time testing algorithms

for k = w(1).

3.3.2 Larger domains

To generalize the results on binary domains to larger domains, one needs to overcome several
technical difficulties. Our main result is the following robust characterization of uniform k-wise

independence.

Theorem 3.3.4. Let > = {0,1,...,q—1} and D be a distribution over ¥.". Let A(D, Dyy;i) denote
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the distance between D and the set of (uniform) k-wise independent distributions over X", then

AD D) <> |Dla)].

O<wt(a)<k

As it turns out, the sample complexity of our testing algorithm is 0, (M) and the time
complexity is O <w>, which are both sublinear when & = O(1) and ¢ < poly(n). We
further generalize this result to uniform k-wise independent distributions over product spaces, i.e.,

distributions over >, X --- X X, where Xq, ..., X, are (different) finite sets.

3.3.3 Non-uniform k-wise independence

We further generalize the results for larger domains to testing non-uniform k-wise independence.
Our main result is the following robust characterization of non-uniform k-wise independent distri-

butions over X".

Theorem 3.3.5. Let ¥ = {0,1,...,q — 1} and D be a distribution over ", then

A(D, Dyui) < poly(n,
(D, Diwi) < poly(n q)aﬂg%)gk

Dnon(a) ‘ ’

where the exponent in poly(n,q) is a function of k only and {Dnon(a)}aezn are a set of non-

uniform Fourier coefficients to be defined later (see Section[6.1|for details).

As we show in Sections and if all the marginal probabilities Prxp[X; = 2], 1 <
1 < nand z € %, are bounded away from both zero and one, then Theorem @] also implies
a testing algorithm for non-uniform k-wise independence whose sample and time complexity are
polynomial in n and ¢ when £ is a constant.

We remark that our result on non-uniform k-wise independent distributions also generalizes to
distributions over product spaces.

To the best of our knowledge, there is no lower bound result for testing k-wise independence
over general domains except the one shown in Section [4.2] which works for the binary field case.

It will be interesting to get good lower bounds for general domains as well.
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3.3.4 Almost k-wise independence

A related problem, namely testing almost k-wise independence (see Section for relevant defi-
nitions), admits a simple testing algorithm and a straightforward analysis. We include these results

in Chapter [/|for completeness.

3.4 Techniques

In this section we discuss the technical contributions of our work. For most parts of the thesis, we
are dealing with the following question: Given a distribution D which is close to k-wise indepen-
dence, how to find a sequence of operations which transform D into k-wise independent and incur

as small statistical difference as possible?

3.4.1 Previous techniques

Given a distribution D over the binary field which is not k£-wise independent, a k-wise independent
distribution was constructed in [S]] by mixingﬂ D with a series of carefully chosen distributions in
order to zero-out all the Fourier coefficients over subsets of size at most k. The total weight of the
distributions used for mixing is an upper bound on the distance of D from k-wise independence.
The distributions used for mixing are indexed by subsets S C {1,2,...,n} of size at most k. For
a given such subset .S, the added distribution Ug is picked such that, on the one hand it corrects
the Fourier coefficient over .S; on the other hand, Us’s Fourier coefficient over any other subset is
zero. Using the orthogonality property of Hadamard matrices, one chooses Ug to be the uniform
distribution over all strings whose parity over S is 1 (or —1, depending on the sign of the distri-
bution’s bias over S). Although one can generalize it to work for prime fields, this construction

breaks down when the alphabet size is a composite number.

2Here “mixing” means replacing the distribution D with a convex combination of D and some other distribution.
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3.4.2 Techniques for the binary domain case

Our upper and lower bounds on A(D), Dyy;), together with the proof techniques, may be of in-
dependent interest when interpreted as Fourier-analytic inequalities for bounded functions on the
hypercube. The harmonic analysis of such functions has been considered in the Computer Science
literature, e.g., in [27]. The connection to Fourier analysis comes from the basic fact that the biases
of a distribution D are equal to D’s Fourier coefficients (up to a normalization factor).

Bounds on A(D, Dyy,;) may be viewed as part of the following general question: fix a family
F of functions on the hypercube and a subfamily /7 C F' of functions defined via a restriction on
their Fourier coefficients. Then, for function f € F', what is the ¢; distance from f to its projection
in H, i.e., ¢1(f, H)F| In our case F is the set of all functions mapping to [0, 1] and sum up to 1
(i.e., distributions), and H (i.e., k-wise independent distributions) further requires that the functions
have all Fourier coefficients over non-empty subsets of size at most % to be zero. Then, for example,
Parseval’s equality gives the following bound on the fo-norm: l5(f, H) > || f<k |2 where f<i(z) =
Yo <IS|<k fgxg(x) is the truncation of f to the low-level Fourier spectrum. If the functions were
not restricted to mapping to [0, 1], then the lower bound is attainable thus making the inequality
an equality. However, the constraint that the functions under consideration are distributions makes
the problem much harder. Unfortunately, such a bound implies only very weak bounds for the
f{-norm.

In contrast, our upper bound on A(D, D) says that ¢,(f, H) < ||f<kll2 - O(log"’*n). To
prove such an inequality, we proceed as follows. Given a distribution D = f, we approximate
D using a function D;, obtained by forcing all of D’s first k-level Fourier coefficients to zero
while keeping all others unchanged. Although D is not necessarily a probability distribution (it
may map some inputs to negative values), we show how to turn it back into a k-wise independent
distribution by “mending” it with a series of carefully chosen, small weight, k-wise independent
distributions in order to make all the values of D non-negative. By a deep result in Fourier analysis,
the Bonami-Beckner inequality, we bound the distance incurred by the “mending” process. Thus,

we are able to bound the total ¢; distance of D to k-wise independence by the distance from D to

3The distance of a function to a set, £,(f, H), is defined to be minpc g ||f — h|p-
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D; plus the “mending” cost.

Furthermore, our lower bound technique (employed by the Random Distribution Lemma) im-

plies that ¢ (f, H) > ”Hfff:‘t , which is already useful when we take f to be a uniform function on
a randomly chosen support. This inequality follows by taking the convolution of D = f with an
auxiliary function and then applying Young’s convolution inequality to lower bound the ¢;-norm

of D — D', where D’ is the k-wise independent distribution closest to D.

3.4.3 Techniques for the large domain case

The upper bound approach for the binary case does not admit a direct generalization to the non-
binary cases because, for larger domains, the pseudo-distributions are in general complex-valued.
Nevertheless, one may use the generalized Fourier expansion of real-valued functions to overcome
this difﬁcultyﬂ We present this simple approach in Section However, there are several draw-
back of this technique. First, the bound obtained from this method is weaker than our main results
for the uniform case which we discuss shortly. Second and more importantly, the proof is “non-
constructive” in the sense that we do not know exactly what distributions should we mix with the
input distribution to make it k-wise independent. This drawback makes it hard to generalize the
approach to handle the non-uniform case. In contrast, our results on non-uniform k-wise indepen-
dence relies crucially on the fact that the correction procedure for the uniform case is explicit and
all the distributions used for mixing have some special structure (that is, they are uniform over all
but at most £ coordinates in the domain).

Our main results on uniform k-wise independent distributions extend the framework in [3]]. As
noted before, the key property used to mend a distribution into k-wise independent is the orthog-
onality relation between any pair of vectors. We first observe that all prime fields also enjoy this
nice feature after some slight modifications. More specifically, for any two non-zero vectors a and
bin Z; that are linearly independent, the set of strings with ) " | a;z; = j (mod p) are uniformly
distributed over the sets Sbvgdéf{a: : Y by = € (mod p)} forevery 0 < ¢ < p— 1. We call

this the strong orthogonality between vectors a and b. The case when ¢ = |X| is not a prime is

4We thank an anonymous referee of [57] for pointing this out.
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less straightforward. The main difficulty is that the strong orthogonality between pairs of vectors
no longer holds, even when they are linearly independentﬂ

Suppose we wish to use some distribution U, to correct the bias over a. A simple but important
observation is that we only need that U,’s Fourier coefficient at b to be zero, which is a much
weaker requirement than the property of being strongly orthogonal between a and b. Using a
classical result in linear systems of congruences due to Smith [60]], we are able to show that when
a satisfies ged(ay, ..., a,) = 1 and b is not a multiple of a, the set of strings with """  a,x; =
J (mod q) are uniformly distributed over Sy, for ¢’s that lie in a subgroup of Z, (compared with
the uniform distribution over the whole group Z,, for the prime field case). We refer to this as the
weak orthogonality between vectors a and b. To zero-out the Fourier coefficient at a, we instead
bundle the Fourier coefficient at a with the Fourier coefficients at {a forevery { = 2,...,q — 1,
and think of them as the Fourier coefficients of some function over the one-dimensional space Z,.
This allows us to upper bound the total weight required to simultaneously correct all the Fourier
coefficients at a and its multiples using only U,. We also generalize the result to product spaces

Q0 =% X --- x X,, which in general have different alphabets at different coordinates.

3.4.4 Techniques for non-uniform distributions

One possible way of extending the upper bounds of the uniform case to the non-uniform case would
be to map non-uniform probabilities to uniform probabilities over a larger domain. For example,
consider when ¢ = 2 a distribution D with Prp[z; = 0] = 0.501 and Prplz; = 1] = 0.499. We
could map x; = 0 and z; = 1 uniformly to {1,...,501} and {502, ...,1000}, respectively and test
if the transformed distribution D" over {1,...,1000} is k-wise independent. Unfortunately, this
approach produces a huge overhead on the distance upper bound, due to the fact that the alphabet
size (and hence the distance bound) blowup depends on the closeness of marginal probabilities
over different letters in the alphabet. However, in the previous example we should expect that D
behaves very much like the uniform case rather than with an additional factor of 1000 blowup in

the alphabet size.

>We say two non-zero vectors a and b in Zq are linearly dependent if there exist two non-zero integers s and ¢ in
Z, such that sa; = tbi (mod q) for every 1 < ¢ < n, and linearly independent if they are not linearly dependent
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Instead we take the following approach. Consider a compressing/stretching factor for each

def 1
T ¢Prplzi=2]

marginal probability Prp[z; = z|, where z € ¥ and 1 < ¢ < n. Specifically, let 0;(2)
so that 0;(z) Prp[z; = 2] = é, the probability that z; = z in the uniform distribution. If we mul-
tiply D(x) for each x in the domain by a product of n such factors, one for each coordinate, the
non-uniform k-wise independent distribution will be transformed into a uniform one. The hope is
that distributions close to non-uniform k-wise independent will also be transformed into distribu-
tions that are close to uniform k-wise independent. However, this could give rise to exponentially
large distribution weight at some points in the domain, making the task of estimating the relevant
Fourier coefficients intractable. Intuitively, for testing k-wise independence purposes, all we need
to know are the “local” weight distributions. To be more specific, for a vector a € X", the support
set or simply support of a is supp(a)déf{i € [n] : a; # 0}. For every non-zero vector a of weight

at most k, we define a new non-uniform Fourier coefficient at a in the following steps:

1. Project D to supp(a) to get Dyypp(a);

2. For every point in the support of Dgypp(q), multiply the marginal probability by the product
of a sequence of compressing/stretching factors, one for each coordinate in supp(a). Denote

this transformed distribution by D, 3

3. Define the non-uniform Fourier coefficient of D at a to be the (uniform) Fourier coefficient

/
of D\ 1o(a) At @

We then show a new characterization that D is non-uniform k-wise independent if and only
if all the first k& levels non-zero non-uniform Fourier coefficients of D are zero. This enables us
to apply the Fourier coefficient correcting approach developed for the uniform case to the non-

uniform case. Loosely speaking, for any vector a, we can find a (small-weight) distribution %,

/

such that mixing Dsupp(a)

with %, zeroes-out the (uniform) Fourier coefficient at a, which is, by
definition, the non-uniform Fourier coefficient of D at a. But this %, is the distribution to mix

with the “transformed” distribution, i.e., D’

supp(a)® To determine the distribution works for D, we

apply an inverse compressing/stretching transformation to %, to get #,,. 1t turns out that mixing

#,, with the original distribution D not only corrects D’s non-uniform Fourier coefficient at a
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but also does not increase D’s non-uniform Fourier coefficients at any other vectors except those
vectors whose supports are strictly contained in supp(a). Moreover, transforming from %, to VA
incurs at most a constant (independent of n) blowup in the total weight. Therefore we can start
from vectors of weight k£ and correct the non-uniform Fourier coefficients from level & to lower
levels. This process terminates after we finish correcting all vectors of weight 1 and thus obtain a k-
wise independent distribution. Bounding the total weight added during this process gives an upper
bound on the distance between D and non-uniform k-wise independence. We hope that the notion
of non-uniform Fourier coefficients may find other applications when non-uniform independence

is involved.

3.5 Query and time complexity analysis of the generic testing

algorithm

We now provide a detailed analysis of the query and time complexity analysis of the generic testing

algorithm as shown in Fig. [3-1] The main technical tool is the following standard Chernoff bound.

Theorem 3.5.1 (Chernoff Bound). Let X, ..., X,, bei.i.d. 0-1 random variables with E [ X;] = p.

m

Let =2 3"" X, Thenforally, 0 <~y < 1, we have Pr[|fi — p| > yu] < 2-e™ 75"

Theorem 3.5.2. Let D be a distribution over X" where |%| = q and A be a subset of vectors in
Y. Suppose the distance between D and the set of k-wise independent distributions satisfies the

following conditions:
o (completeness) For any 0 < § < 1, if A(D, Dywi) < 0, then \f)(a)\ < KO for every a in A;

o (soundness) A(D, Dyyi) < K maxgea ‘é(a)‘ , where K is a function of n, k, q and A.

Then for any 0 < € < 1, the generic testing algorithm drawsﬂ m = O(‘;’Zg2 log(q|Al)) inde-

pendent samples from D and runs in time O(@ log(q|A|)) and satisfies the followings: If

5For all the cases studied in this thesis, the size of A is much larger than ¢, therefore we omit the factor ¢ in the
logarithm in all the subsequent formulas.
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A(D, Dywi) < then with probability at least 2/3, it outputs “Accept”; if A(D, Dywi) > €

—_ 3K}

then with probability at least 2/3, it outputs “Reject”.

Proof. The algorithm is to sample D independently m times and use these samples to estimate,

2¢

572> the algorithm

for each a € A, the Fourier coefficient of D at a. Then if maxqc4 ‘f)(a)‘ <
accepts D; otherwise it rejects [J. The running time bound follows from the fact that we need to
estimate | A| Fourier coefficients using m samples.

Foreverya € Aand 0 < j < ¢ — 1, define a 0-1 indicator variable I, ;(x), where € X",
which is 1 if @@ = j (mod q) and 0 otherwise. Clearly I, ;/E [I,,] = P,,. Let P,; =
2= Y weo laj(x); that is, Py ; is the empirical estimate of Py ;. Since Py,; < 1, by Chernoff bound,
Pr[|Pa; — Pajl >

=] < By union bound, with probability at least 2/3, for every vector a

3qK 3q\A|

in Aandevery 0 < j < q, |Pa; — Paj| < R
The following fact provides an upper bound of the error in estimating the Fourier coefficient at

a in terms of the errors from estimating P, ;.

Fact 3.5.3. Let f,g: {0,...,q— 1} = Rwith |f(j) — g(j)| < eforevery0 < j < q— 1. Then
)f )‘<qef0rall()<€<q—1

Proof. Let h = f — g, then |h(j)| < € for every j. Therefore,

1£(6) = g(0)]

q—1
27
=D h@)e "]

7=0

> Ik 2%|—Z|h

IA

q—1

IA
<. Q<
LU L L

)

I

L)

m

UJ

Let ls(a) be the estimated Fourier coefficient computed from P, ;. Fact|3.5.3/and (2.3) then

f)(a) — D(a)| < 37 forevery a in A.
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Now if A(D, Dyyi) < 55, then by our completeness assumption, we have maxqe 4 ‘ﬁ(a)‘ <
37+ laking the error from estimation into account, maxge 4 ‘ﬁ(a)‘ < 32—12 holds with probability
at least 2/3. Therefore with probability at least 2/3, the algorithm returns “Accept”.

If A(D,Dywi) > ¢, then by our soundness assumption, maXqe 4 ‘f?(a)‘ > . Again with

probability at least 2/3, maxge 4 ‘ﬁ(a)‘ > 2 for every a in A, so the algorithm returns “Reject”.

]
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Chapter 4

Binary Domains

In this chapter, we study the problem of testing whether a distribution over a Boolean cube is
k-wise independent or J-far from from k-wise independence. Our upper bound and lower bound
results for testing are based on new upper and lower bounds on A(D, Dyy,) in term of D’s first
k-level biases (or equivalently, Fourier coefficients. See below for definition of biases). We present

our upper bounds in Section 4.1{and lower bounds in Section 4.2

4.1 Upper bounds on testing k-wise independence

4.1.1 Characterizing k-wise independence by biases

We use the notion of a bias over a set T" which is a measure of the parity imbalance of the distribu-

tion over the set 1" of variables:

Definition 4.1.1. For a distribution D over {0, 1}", the bias of D over a non-empty set 7" C [n] is
defined as biasp(T) = Pry. p|[@icrzi = 0] — Prop[®icrr; = 1]. We say biasp(T) is an I-th
level bias if |T'| = .

Up to a normalization factor, the biases are equal to the Fourier coefficients of the distribution
function D. More precisely, D(T) = s=biasp(T), for T # 0. Thus, we sometimes use the terms

biases and Fourier coefficients interchangeably. The following well-known facts relate biases to
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k-wise independence:

Fact 4.1.2. A distribution is k-wise independent iff all the biases over sets T' C [n], 0 < |T'| <k,

are zero. In particular, for the uniform distribution U, biasy,, (T') = 0 for all T.
By the alternative definition of statistical distance, we immediately have the following.

Fact 4.1.3. The distance between D and k-wise independence can be lower bounded by

A(D, Dy,i) > max  biasp(T).

1
2 TC[n],0<|T|<k

4.1.2 Upper bound the distance to k-wise independence

In this section, we first prove an upper bound on A(D, Dy, ), then present our testing algorithm as
well as the sample and time complexity of our algorithm. For brevity, let b; £ > 1s1<k [Piasp(S)]
and by 2 \/Z\S\ - biasp(S)2. Note that by < by < /M, zby < n¥/2b,.

The only previously known upper bound for A(D, Dyy;) is given in [5], where it is implicitly

shown that A(D, Dyyi) < b;. Our new bound is the following.

Theorem 4.1.4 (Upper Bound on Distance). The distance between a distribution D and k-wise

independence can be upper bounded by

A(D, D) < O | (logn)¥”2 \/ S biasp(9)?

[S|<k

Consequently,

A(D, Dyyi) < O ((nlogn)*/?) H@l&}é |biasp(5)].

Since b, is always smaller than or equal to by, our upper bound is no weaker than that of [S]] up
to a polylogarithmic factor. However, for many distributions of interest, b, is much smaller than
by (e.g., when all the biases are roughly of the same magnitude, as in the case of random uniform
distributions, then by = O*(b; /n*/?)).

The basic ideas of our proof are the following. We first operate in the Fourier space to construct

a “pseudo-distribution” D, by forcing all the first k-level Fourier coefficients to be zero. D; is not
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a distribution because it may assume negative values at some points. We then correct all these neg-
ative points by a series of convex combinations of D, with k-wise independent distributions. This
insures that all the first k-level Fourier coefficients remain zero, while increasing the weights at
negative points so that they assume non-negative values. During the correction, we distinguish be-
tween two kinds of points which have negative weights: Light points whose magnitudes are small
and heavy points whose magnitudes are large. We use two different types of k-wise independent
distributions to handle these two kinds of points. Using Bonami-Beckner’s inequality, we show

that only a small number of points are heavy, thus obtaining a better bound for A(D, Dyy;).

Proof of Theoremd.1.4} The following lemma bounds the ¢;-distance between a function and its

convex combination with other distributions.

Lemma 4.1.5. Let f be a real function defined over domain D = {0,1}" such that ), f(x) =
1. Let D,..., D, be distributions over the same domain D. Suppose there exist positive real
a

——(f + Zle w; D;) is non-negative for all x € D.

’swn, . D
numbers w1, . ..,w; such that > w

Then % | f(x) — D'(z)|, < i, wi.
Proof. || f(x) = D'(x)ll, = || Zis; wi(D' = Do)l < i, wil| D' = Dilly < 277 300 wi O

We first construct a real function D; : {0, 1}" — R based on D but forcing all its first k-level

biases to be zero. D; is defined by explicitly specifying all of its Fourier coefficients:

) 0,  ifS#0and|S| <k
Dy(S) =

D(S), otherwise.

Since Dy(0) = D(B) = 5, we have 3°, Di(x) = 1. Note that in general D; is not a distri-

bution because it is possible that for some =, D;(z) < 0. By Parseval’s equality, ||D — D;||, =

= \/ > rj<k Piasp(T)? = 5:ba. Hence by the Cauchy-Schwarz inequality, we can upper bound the
¢y-norm of D — Dy as ||D — Dyq|; < 27" - by. Now we define another function D, : {0,1}" — R
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as

. D(S), ifS#0and|S| <k
Dy(S) =

0, otherwise.
By the linearity of the Fourier transform, D;(z) + Ds(z) = D(x). Since D(x) > 0 for all

x € {0,1}", we have D (x) > —Ds(x). By the Fourier transform,

Do) = | 5r 3 insn(S)xs(a)

1<|S|<k

1 ) 1
<o > [biasp(S)| = b

1<|S|<k

Hence the magnitudes of D; (z)’s negative points are upper bounded by 50y, i.e. Da(z) > —55b;.

By the linearity of the Fourier transform, if we define a function D’ as the convex combination
of D; with some k-wise independent distributions so that D’ is non-negative, then D’ will be a
k-wise independent distribution, since all the Fourier coefficients of D’ on the first k levels are

Z€10.

If we use a uniform distribution to correct all the negative weights of Dy, then we will get
an upper bound almost the same (up to a factor of 3/2) as that of [5]. To improve on this, we
distinguish between two kinds of points where [, may assume negative weights: heavy points
and light points. Let A = (2y/logn)*. We call a point x heavy if D;(z) < —\by/2", and light
if —Aby/2" < Dy(x) < 0. For light points, we still use a uniform distribution to correct them;
but for each heavy point, say z, we will use a special k-wise independent distribution Upcy._. (),

constructed in [3]:

Theorem 4.1.6 ([3]). For any z € {0, 1}", there is a k-wise independent distribution Ugcy.,(x)
over {0, 1}" such that Upcy..(2) = WM = Q(n~k/2]),

'Note that, as shown in [21 3], the support sizes of such constructions are essentially optimal.
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Thus, we define D’ by

Dl (ZE) + )‘bQU ( ) + Zz is heavy szBCH-z(x)

D'(z) =
1+ Aby + Zz is heavy
We set w mlmz#z'b Since D;(z) > —2&, one can check that D'(z) is non-negative

for both heavy and light points. Hence D’ is a k-wise independent distribution.

Next we bound the number of heavy points. Note that this number is at most the number of
points at which Dy (x) > A\by/2™. Observe that Dy(x) has only the first k-level Fourier coefficients,
hence we can use Bonami-Beckner’s inequality to bound the probability of | Dy(x)| assuming large

values, and thus the total number of heavy points.
First we scale Do(z) to make it of unit {,-norm. Define f(z) = %Dg(a:). Then

2" 2 /1
=Dl = [== > Da(x)?
||f”2 62 H 2H2 b2 \/2n Q(x)
ze{0,1}"
2" 1

=31/ Z biasp(95)? = 1,
2

where the second to last step follows from Parseval’s equality. Now using the higher moment

inequality method, we have, for even p,

E, [|f(=)[] _ A7

Pl (@) 2 N] < LT = b

By Theorem|2.2.6| || ||, < (v — 1)k 1fll. = (Vo = 1)k. Plugin A = (2y/logn)* and p = logn,

and without loss of generality, assume that p is even, then we have

_ 1\pk/2 k/2
Pr]|f(a)] > 2*logt?n] < W=V o P
(2\/10gn)
_ 1 klogn __ 1
B (2) - onk’
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Therefore,

Pr | Dy (z) < —2%(log n)k/QZ—i < Pr [Dy(z) > 2¥(log n)k/ng/Q”}
< Pr [|Dy(x)| > 2¥(log n)k/ng/Qn}

=Pr[|f(z)| > Qk(logn)k/ﬂ < 1/nk.

In other words, there are at most 2" /n* heavy points. Recall that | Supp(Uscn..)| = O (n!*/2!)
and b; < n*/2b,), we use Lemmam to get that

2n
S0 =Dl <2y + ) | w(z)
z heavy
2™ |S Uscis
< (2vIogn)hy + oy DWPPUUbcrts)l,
n n

= (2y/log n)kbg + O (bs)
= O ((logn)*/by) .

Finally, by the triangle inequality, A(D, D') = 2||D — D'||, < 2(||D — D1, + | D1 — D'||,) =
O ((logn)*/?b,) . O

4.1.3 Testing algorithm and its analysis

Armed with Theorem we are ready to describe our algorithm for testing k-wise indepen-
dence. We will use the following algorithm to estimate the bias of a distribution D over any

non-empty subset S with error parameter 9.

Lemma 4.1.7. Let biasp(S) be the bias computed by Est imate-Bias (D, S, k, &), andbiasp(S)
be the expected value of biasp(S) (i.e., the bias of distribution D over S). Then with probability
biasD(S) —%D<S)| S 0.

1
at least 1 — T

Proof. Let n,qq and n,e,, be the number of strings of odd parity and even parity, respectively, over
S. Without loss of generality, assume that biasp(S) > 0 (otherwise replace n,qq With neyep, in

the following argument). Define the indicator random variables y; for ¢ = 1,...,m, such that
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Algorithm Estimate-Bias (D, S, k, 9)
1. Setm = O ((klogn)/6?).
2. Set nyqq = 0.(Assume the sample setis Q@ = {X1,..., X })
3. Fori=1tom
o fDjesX) =1, nodd = Nodd + 1.

4. Output biasp(S) = 2nedd _ 1,

m

Figure 4-1: Algorithm for estimating the bias over an index subset S.

Algorithm Test-KWI-Closeness (D, k, §)

1. From D, draw a set ) of samples of size |Q| = O (k: log n/(5’2), where ¢’ = W.

2. For each non-empty subset S C [n],|S| < k, use @) to estimate biasp(S) to within an
additive term of ¢’.

3. If maxg |biasp(S)| < 26’ return “Yes”; else return “No”.

Figure 4-2: Algorithm for testing if a distribution is k-wise independent.

Xi = @jeng. It is clear that x; are 0/1 random variables and E [x;] = n4s/m > 1/2. Now

applying Chernoff bound to x; gives the desired result, since biasp(S) = 2E [y;] — 1. N

Now we are ready to describe the algorithm of testing closeness to £-wise independence, which
(implicitly) uses Est imate-Bias as a subroutine.

The algorithm is simple in nature: it estimates all the first £-level biases of the distribution and
returns “Yes” if they are all small. Let C} be the hidden constant in O (-) in the second part of

Theorem 4. 1.4l

Next we prove the correctness of Test-KWI-Closeness (D, k,J).

Theorem 4.1.8. Let D be a distribution over {0, 1}". If A(D, D) < W, then Test-KWI-Closene:
accepts with probability at least 2/3; If A(D, D) > 0, then Test-KWI-Closeness accepts
with probability at most 1/3. Furthermore, the sample complexity of Test —-KWI-Closeness is

O(kCy(log n)**'n*/§2) = O*(%), and running time of Test -KWI-Closeness is O* ("% ).
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Proof of Theoremd.1.8} The running time and sample complexity analysis is straightforward. If

A(Dapkwi) S W, then by Fact 413, biasD(S) S W

By Lemma |4.1.7} |biasp(S) — biasp(S)| <

forevery 1 < |S| < k.

W with probability at least 1 — z. Thus

3C%(
biasp(S) —

union bound gives, with probability at least 1 — Mnﬁk# > 2/3 (since M, < n),

biasp(9)| < BC‘k(nléT)’“/Q holds for each S. This implies that, for every non-empty S of size at

most k, Cy(n logn)*/?

If A(D, Dywi) > 6, by Theorem 4.1.4, Cy,(nlogn)*? maxs_g,si<x |biasp(S)| > &. A similar

analysis shows that with probability at least 2/3, Cj,(n log n)"? maxgg, <k [biasp(S)| > 26 and

Ibiasp(S)| < 20. Therefore, the algorithm accepts.

hence the algorithm rejects. O

Note that for constant k, Test-KWI-Closeness gives an algorithm testing k-wise indepen-
dence running in time sublinear (in fact, polylogarithmic) in the size of the support (N = 2") of

the distribution.

4.2 Lower bounds on testing k-wise independence

In this section, we prove a lower bound on the sample complexity of our testing algorithm. How-
ever, we first motivate our study from the perspective of real functions defined over the boolean
cube.

The upper bound given in Theorem #.1.4] naturally raises the following question: Can we
give a lower bound on A(D, Dyy,) in term of the first k-level biases of D? The only known
answer to this question we are aware of is the folklore lower bound in Fact A(D, Dywi) >
%maxlg‘ s|<k |biasp(S)|. This bound is too weak for many distributions, as demonstrated in [3],
who gave a family of distributions that have all the first k-level biases at most O (#), but are at
least 1/2-away from any k-wise independent distribution. Their proof is based on a min-entropy
argument, which seems to work only for distributions with small support size.

In fact, this statistical distance lower bound problem can be put into a more general framework.
Given a function f : {0,1}" — R, can we give a lower bound on || f||, if only the first k-level

Fourier coefficients of f are known? Hausdorff-Young’s inequality gives ||f||; > ||f||.., which
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is equivalent to the bound stated in Fact We develop a new approach to lower bound || f||,
in terms of f’s first k-level Fourier coefficients. Our method works for general £ and is based on
convolving f with an auxiliary function and then applying Young’s convolution inequality. Our
main result of this section is the following lower bound on distances between random uniform
distributions and k-wise independence, which is the basis of our sample lower bound result, Theo-
rem{.2.15] Note that by Theorem {.1.4] this bound is almost tight as implied by our upper bound

result.

Lemma 4.2.1 (Random Distribution Lemma). Let k > 2. Let () = Aggék with § = o(1/n). If we
sample uniformly at random Q) strings from {0, 1}" to form a random multi-set Q and let Ug(x) be

the uniform distribution over Q, then for all large enoughn, Prgo[A(Ug, Dyyi) > 0.096] = 1—o0(1).

4.2.1 New lower bounds for A(D, Dyyi)

In this section, we will develop a new framework to prove lower bound on the distance between a
distribution and k-wise independent distributions and apply this method to prove Theorem 4.2.4]
In fact, our techniques developed here may be of independent interest: We give a new lower bound
on the ¢;-norm of a function f : {0,1}" — R in terms of f’s first k-level Fourier coefficients. Our
method is based on convolving f with an auxiliary function and applying Young’s convolution

inequality:

Theorem 4.2.2 (Young’s convolution inequality). Let 1 < p,q,r < 0o, such that % =-4+-—1

Then for any f,g: {0, 13" — R, |[f * gll. < [If]l5llglly-

1,1
P q

Given a distribution D over {0, 1}". Let D’ be the k-wise independent distribution which is

closest to D, i.e., A(D, Dywi) = A(D, D') = 1||D — D'||,. Define f(z) = D(x) — D'(z). Then

we have
P 1
f(S) = 2—nbiasD(S), for all non-empty subsets S with | S| < k,
and
1 o
ADDwi) =5 D2 If@] =2l
ze{0,1}7
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We will try to get a lower bound on A(D, Dyy;) by bounding the ¢;-norm of f(x) from below.

Theorem 4.2.3. Let f : {0,1}" — R. Define a family of functions F, C RI%L" such that for all

g € F,, the Fourier coefficients of g satisfy

;

0, ifS=0orl|S| >k

9(5) = 4 sign(f(S)) if|S| < kand f(S) # 0

+1, if |S| < kand f(S) = 0.
\
Then for all g € F,,
> 51 1 (S)]
£l > =B
9l
In particular, R
2 is1<k 1F(9)]
£l > Bk

mingez, [[g/l

Note that for all S such that f (S) = 0, we have the freedom of choosing either +1 or —1 to

minimize ||g||.. and get better lower bound.

Proof. Setting p = 1, then Young’s convolution inequality (Theorem[.2.2) gives, for any 1 < r <

oo, and any f,¢g:{0,1}" — R,
I *gll.
9l

Now we define function g as in the Theorem and define h(x) = (f*g)(z). Then by the convolution

/1l =

theorem,

. f S)|, if Sisnon-empty and |S| < k
sy 1) S|

0, otherwise.

By the definition of the Fourier transform,

h(@) = 1) h(S)xs@)] = | D 1f(S)xs(@)| < D [F(S)] = h(0),

|S1<k |S|<k
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since for all S C [n], xs(0) = 1 and the evaluation of any function at 0 is simply the sum of all its

Fourier coefficients. Thus, |[A]|.. = 7(0) = 3~ 5 | £(S)|. Now take r tending to infinity, we get

S /()]

1fll =
1 19l

Thus we get a lower bound for A(D, Dyy;):

Theorem 4.2.4. Let D be a distribution over {0, 1}", and let F, be defined as in Theorem

~ 1 ias
but replacing f(S) with biasp(S). Then for all g € Fy, A(D, D) > 2 Z‘S'ﬁ';"'}; D)l

If all the low level Fourier coefficients of f are non-zero, then there is a unique g € F, that
corresponds to f. Otherwise, there may be many ¢’s in ¥, all correspond to f. If this is the case,
for the purpose of proving lower bound, we may pick the one with the smallest infinity norm. On
the other hand, there are many different f’s that correspond to the same g. A nice property of
function ¢ is that only the first k-level Fourier coefficients are non-zero and all these coefficients
are in {—1,1}. By the monotonicity of norms and Parseval’s equality, we have ||g||.. > [|g]. =
/221 <<k L = /M 1. And a trivial upper bound is [|g||.. < M, ;. Note that if [|g]|.. < M,
then our new lower bound on A(D, Dyy;) probably will give a much better bound than the trivial
lower bound A(D, Dyy) > 1 maxg |biasp(S)|. Next we will provide some evidence showing the
strength of our new lower bound: among 2+ = 20(n*) possible ¢’s, at most an exponentially

small portion of them may have ||g||.. = Q(y/nM, ;). Thus most g’s will give good lower bound.

Theorem 4.2.5. Let g be an M,, j-dimensional vector with its M,, ;. components being g(x)’s non-

zero Fourier coefficients, then for all c > O and for all sufficiently large n,

gl > 118V + 1\/nMn7k} <oen,

ger{—1,1}Mnk

Proof. We will need the following simple Chernoff-type tail bound (see Corollary A.1.2 of [6])

Lemma 4.2.6. Let x;, 1 < i < m, be mutually independent random variables with Prjz; = 1] =
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Prjz; = —1] = %andsetSm =21+ -+ Ty, Leta > 0. Then

Pr[|Sp,| > a] < 2e72m.

Let x be an arbitrary element in {0, 1}". Then

where we define Y; = §(S;)xs,(z). Now if §(S;)’s are independent random variables uniformly
distributed in {—1,1}*~*, so are Y;’s. Hence we can apply Lemma to bound the probabil-
ity of |g(x)| assuming large values. Set a = 1.18y/(c + 1) M, 4n > \/QIOZOSM k(cn +n), then
a > \/ﬁMn,k(cn +n+1) and a* >
Lemma gives

@ank(cn + n + 1) for all sufficiently large n. Now

a2
] < 2¢ Pk < 9en . gn

Prgllg(z)| > a] = Pr HZZT v

Applying the union bound argument to all 2" strings gives

Pry (gl > a] = Pryl3z € {0,1}" sit. |g(a)| > d]

< 27, O]

4.2.2 Proof of the random distribution lemma

We will follow the lower bound techniques developed in the previous section to prove this lemma.
However, for ease of analysis, we will use functions different from those used previously. Let

D'(z) be the k-wise independent distribution with minimum statistical distance to Ug. Define

fo(x) = Ug(x) — D' (x).
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Then we have

A A~

fo(S) =Ug(S), forall S C[n],S +# 0and|S| <k,

and

A(Ug, Dxwi) = 2" || foll,-

Define go(z) : {0,1}" — R as

) fo(S), ifS#0and|S| <k,
go(S) =
0, otherwise.

Also define the convolution hg(z) = (fo * go)(x), then

) f5(S)2, if S # P and|S| < k,
ho(S) = fo(S)?, if S # 0 and |S]|

0, otherwise.
by the convolution theorem. Applying Young’s inequality gives

ol

I fall = :
" lgell

We will prove the Lemma4.2.1|by proving the following two lemmas bounding || 2o and ||go | .

respectively.

Lemma 4.2.7. For all large enough n, Pro [thnm > o.999§§+5] —1—o(1).

Lemma4.2.8. Let Q = w(nM,, ). Then for all k > 2 and large enoughn, Prg [HQQH«J < 52 "M—"’“] =

2" Q
1—o0(1).

Now we prove the Lemma assuming Lemma[4.2.7jand Lemma[4.2.8} By the union bound, with
probability 1 — o(1), both the lower bound of ||hg]|. and the upper bound of ||gg||.. hold. Then

M,
1 1 0.999%z M.,
A(Ug, Do) = 52" Ifelli = 5 - 525—]\/wi > 0.00 [ B
N o
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as desired.
In the following proofs of Lemma[.2.7jand Lemma.2.8] we will assume that all the elements
in multiset Q are distinct. This will not affect our results, since by the Birthday paradox, the

probability of seeing a collision in Q is o(1).

Proof of Lemma We prove the lower bound of ||hg||.. by computing the expectation and
variance of ||hg||... Then a simple application of Chebyshev’s inequality gives the desired bound.

The calculations are straightforward but rather tedious.

Proof of Lemma By the definition of Fourier transform

lho(z)| = | Y ho(S )< Yo |h = > ho(S) = ho(0).

1<|8|<k 1<|5|<k 1<|8|<k

Therefore

lholl. = ho(0) = > fo(S

1<|S|<k

Then for all non-empty subset S with |S| < &,

Y Ualz)xs(@)

xE{O 1}

ZXS

z€Q

2n@

and

fol9)" = & > Ua(z)xs(@)Uo(y)xs(y)

xyE{O 1}

22nQ2 Z Xs(2)xs(y);

T,yeQ

To facilitate the calculation of the expectation and variance of ||hg||.., we first state two simple

technical claims.
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Claim 4.2.9. Let = and y be two distinct strings chosen uniformly at random from {0, 1}", then for

alln > 1, x + y is equal to every element in {0, 1} \ {0™} with equal probability.

Proof. First we fix an z, then the map y — x+y is a one-to-one correspondence between {0, 1}™\
{z} and {0,1}" \ {0"}. Then notice that y equals every element in {0,1}" \ {z} with equal
probability. [

Claim 4.2.10. Let x,y, 2" and y' be four distinct strings chosen uniformly at random from {0, 1}".

Then for alln > 2, x +y + ' + y' is equal to every element in {0, 1}" with equal probability.

Proof. Let z; = x+y. By claim{4.2.9] z; equals all strings in {0, 1}™\ {0} with equal probability.
Then z; + 2’ equals all strings in {0, 1}" \ {2’} with equal probability. But z’ takes all values in
{0, 1}™ equally often, so is z; + 2’ = =+ y + 2’. Therefore z + y + 2’ + ¢/ is uniformly distributed
over {0, 1}". O

Proposition 4.2.11. The expectation of ||hg||.. satisfies that

M., i

Eq [[lhell«] = anQ(l

Q-1
2n —1

).

Proof. We have

Eo [lholl] =Eo | Y folS)?

1<|S|<k

ZQTngEQ Z ZXS(x)XS(y)

1<|S|<k z,y€Q

M, 1 _
- ﬁ + QTQQEQ Z Z Xs(2)xs(y)

1<|S|1<k z,y€Q,x#y

M, 1 _
22n5+2TQQEQ Yo D xsl?)

_1§\S|§k 2€Q 2#0" ,z—x€Q
QQnQ 22nQ2

E.2(0m [xs(2)]-
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By Claim[4.2.9] z is uniformly distributed over {0, 1}"\{0"}. Since forany S # 0, 3~ (5 1y X5(2) =

0, hence Y= o1y qony Xs(2) = —1, and E.c(o 13 (on) [X5(2)] = — 577 Then we have

. Mn,k
- 22nQ

Q-1
2m—1

(1 )-

Eo [[[ho]l]

This completes the proof. [

Proposition 4.2.12. The expectation of ||ho||% satisfies that

_ Mn,k(Q - 1)2
24n(2n _ 1)2@2

2(Q - 2)

M, Q-1 2M, 1Q(Q — 1)
+ 2 — 1

EQ [HhQHi} - 24nQ2< - on _ 1)2 24nQ4

M2, Q-1 2M,, &
= (1— 2 2 (1 —o(1)).
24nQ2( amn 1) + 24nQ2( 0< ))

)

(1-

Proof.

Eo [lhelZ] =Eo [( Y folS)*)?

1<|S|<k

=Eo | Y. Y. fo(8)fo(T)

1<|5|<k 1<[T|<k

:%%@EQ dYood D > xsleryxra +v)

1<|S|<k 1<|T|<k w,yeQ 2’ y'€Q

Then one can distinguish between 12 different cases and calculate their expectations respectively.

We omit the details here. O]

Therefore we have
1 2M, 1

Var([lhall) = 5 o (1—0(1)),
and
olholl-) = 3L (1 = of),

Finally we apply Chebyshev’s inequality, which states that for any ¢t > 0 Pr[|X — E[X]| >
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to(X)] < 3, to ||hg|| to finish the proof of Lemma O

Proof of Lemma[d.2.§] A simple calculation shows that go(x) equals a summation of () indepen-
dent random variables Y7, . . . , Y determined by the random subset Q, where —M,, ,, <Y; < M, ;.
However, a direct application of Hoeffding’s bound to the sum can only gives ||gg|/.. = O (M, 1),
thus A(Ug, Dywi) = Q(%) which is too weak. We improve on this is by noticing that the variance
of Y; is small, thus Bernstein’s inequality [[13]] gives a better bound.

Proof of Lemma[4.2.8] Fix an arbitrary « € {0, 1}". Then

gox) = > folS)xs(x)

1<|S|<k

:2% Z Z Uo(y)xs(x)xs(y)

1<[S|<k ye{0,1}

55 X sl

1<|SI<k yeQ

=5G22 xslrt)

y€Q 1<|5|<k

1
70 > Ya(y),

yeQ

where Y, (y) £ Y, <|s1<k Xs(z+y). Note that the summation is over independent random variables
Y. (y)in Q.

If we apply the Hoeffding bound directly to the sum, we would not get the desired result.
Instead, we will employ the following Bernstein’s inequality [13]], which gives a better bound on
the sum of independent random variables when we have a good bound on the variance of the

random variables being summed.

Theorem 4.2.13 (Bernstein’s inequality). Let X;,..., Xq be independent real-valued random
variables such that | X;| < C forall 1 < i < Q. Let 0 = 52?:1 Var(X;). Then for any
t>0

Qt?

Q
Prl| Y X~ BIX]| > Q < %
i=1
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We next compute the expectation and variance of Y, ().

Ey [Yx(y>] = E

Yooxsw)| = > Elsyl= Y, 0=0,

1<|S|<k 1<|S|<k 1<|S|<k

<

and

E, [Y.()’] =B, || D xs(v)

1<[S|<k

=B, | Y. xswxr(y)

L<|S||T|<k

=B, | >, xs@?| +E, | D D xsly)| (9= SAD)

1<|S|<k 1<[S|<k §'#0

- n,k+0

= n,k-

By setting t = 5.25,/ 224" and noticing that Q = w(nM, ), we have

Q
> 5.25Q4/ MZan] < 27"0(1).

It follows that, with probability 1 — o(1), for all

Pr

PRAN)

yeQ

M,
9" go(z)| < 5.25 |~k
Q
i.e. with probability 1 — o(1),
525 [M,n
el < S| ",

This completes the proof of Lemma4.2.8]
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Tightness of the Lemma [4.2.1] Our lower bound on the statistical distance between a random

distribution and k-wise independent distributions is almost tight due to the following proposition

Proposition 4.2.14. Let S be a random multiset formed by uniformly sampling Q(k(logn)k+1n* /%)
times from {0, 1}". Then with high probability, Us is d-close to k-wise independent.

Proof. By Chernoff bound, for every S C [n], |S| < k, S # 0, with probability at least (1 — =),

T 3nF
Ibiasy, (S)| < O(6/(nlogn)*?). By a union bound argument, this holds for all S with probability
at least 2/3. Applying Theorem gives the desired result. O

Sample lower bound

Now we apply Random Distribution Lemma to prove a lower bound on the sample complexity of

testing k-wise independence.

Theorem 4.2.15 (Sample Lower Bound). For k > 2 and § = o(1/n), testing k-wise independence

requires at least |Q)] = ) <% : (%)%> samples from the distribution.

Our lower bound result rules out the possibility of polynomial time testing algorithms for k =

w(l).

Proof of Theoremd.2.15] We will show that if the algorithm makes too few queries, then it can-
not successfully distinguish between two distributions far apart with high probability. Consider
the following two distributions. The first one is the uniform distribution U,, over {0,1}". Ob-
viously, U, is k-wise independent for all 1 < k < n. The second distribution Ug is a uni-

form distribution over a multiset Q, where Q is constructed by uniformly and randomly sampling

N2
Z = (%ﬂ(%)k%> < 0.09? Aﬁgé’“ times from {0, 1}". By Lemma4.2.1, with probability 1 — o(1),

Ug is at least d-far from any k-wise independent distribution. Now let .4 be any algorithm that
makes Q = o(v/Z) = o (%(%)%> queries. Let Dy, and Dy, be distributions over sample sets
of size () that algorithm .4 obtains from U,, and Ug respectively. By the Birthday Paradox, with
probability 1 — o(1), all the strings queried from U, are distinct and all the strings queried from

Ug are distinct. Conditioned on this, the statistical distance between Dy, and Dy, is zero, since
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both of the distributions are uniform distributions over m distinct strings randomly selected from
{0,1}". Therefore, A cannot distinguish these two distributions with success probability bounded
away from 1/2 by a constant. By the union bound, the total probability that .A succeeds is at most
£+ o(1). This concludes the proof of the theorem. O
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Chapter 5

Large Domains

In this chapter, we generalize our testing uniform k-wise independence results over the Boolean
cube to testing uniform k-wise independence any finite domain. First, we prove our main upper
bound result, Theorem by means of orthogonal polynomials in Section We then give
another proof in Section [5.2] which generalizes the approach of Alon et al. 5] and gives slightly

better bound.

5.1 A proof of upper bound based on orthogonal polynomials

In this section we give our first and conceptually simple proof of Theorem [3.3.4] The bound we
prove here is somewhat weaker that stated in Theorem The basic idea is to apply the “cut in
the Fourier space and then mend in the function space” approach in [2] to Fourier expansions with

discrete orthogonal real polynomials as the basis functions.

5.1.1 Generalized Fourier series

The discrete Fourier transform reviewed in Section [2.2|can be generalized to decompositions over
any orthonormal basis of an inner product space. In particular, for the discrete function space

R{0-a=1} "any orthonormal basis of real functions {go(z), . .., g,_1(x)} with go(z) = 1 for every
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. . . . . . 2miz 2wi(g—1)z
x (the identity functlon can be used in place of the standard Fourier basis {1,e « ,... e «

In general, such a basis of functions may be constructed by the Gram-Schmidt process. For con-
creteness, we present an explicit construction based on discrete Legendre orthogonal polynomi-
als [48], a special case of Hahn polynomials. An extensive treatment of discrete orthogonal poly-

nomials may be found in [49]. We remark that our proof works for any set of complete orthonormal

basis of real functions as long as one of the basis functions is the identity function.

For n > 0, we write (x),, := z(x — 1) - -+ (z — n + 1) for the n' falling factorial of x. For any

q—1

u—0» are defined as

integer ¢ > 2, the discrete Legendre orthogonal polynomials, { P,(z; q)

=20 () ()5t

J=0

P,(0;9) =1, foralla =0,1,...,q — 1.

These polynomials satisfy the following orthogonal properties (see, e.g., [48]):

a1 0, ifa#0,
> Pulw;9)Py(59) = e

_ 1 a)a41 : _
2=0 2a+1ﬁ, ifa="0.

Now we define P|a complete set of orthonormal functions {x°F (z)}4Z¢ by

X (z) = \/ ot Dot p, ),

(q+ a)ag1

then they form a complete basis for the real functions space over {0, 1,...,q — 1} and satisfy the

ITherefore the uniform distribution is proportional to gy and then by the orthogonality relation, all the non-zero
Fourier coefficients of the uniform distribution are zero.

2We add the superscript OF (denoting orthogonal functions) to distinguish them from the standard real Fourier
basis functions over {0, 1}".

64



orthogonality relation

a1 0, ifa#b,
> X (@)X () =
=0 q, lfCL = b

Because of the orthogonality relation fg;}) IxOF (2)]? = ¢ for every a, we immediately have

Fact 5.1.1. Forevery0 <a <q—landeveryz € {0,1,...,q— 1},

Xo' (@) < V4

Due to the orthogonality and the completeness of the basis functions, any real function f :

{0,1,...,¢ — 1} — R can be uniquely expanded in terms of {\ (2)}9_} as:

138
f(x) = p > M@ (),
a=0
with the inversion formula
q—1
fOa) =) fla)xe" (z).
x=0

We call the expansion coefficients { fOF (a)} the generalized Fourier coefficients of f.

Generalizing this expansion to real functions over higher dimensional spaces is straightforward.

Let n > 1 be aninteger and let f : {0,1,...,¢ — 1} — R. The generalized Fourier expansion of

f is simply

f(z) = qi S FOF (@) (=),

a

with the inversion formula
FO(@) =) fle)xS" (x),
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0,

where yOF () [T, xQF (x;) and satisfy the orthogonality relation Y x5* (z)x§" () =
q"

A direct consequence of the orthogonality of the basis functions {x9¥(x)} is the following

Parseval’s equality
1 .
> Pa) = o3 ()
It is easy to check that the following characterizations of the uniform distribution and k-wise
independent distributions over {0, 1,...,¢ — 1}" in terms of the generalized Fourier coefficients.

The proofs follow directly from the orthogonality of {x9¥ (x)} and the definition of k-wise inde-

pendence, therefore we omit them here.

Proposition 5.1.2. Let D be a distribution over {0,1,...,q — 1}". Then D is the uniform distri-

bution if and only if for all non-zero vector a € {0,1,...,q— 1}", ﬁOF(a) =0.

Corollary 5.1.3. A distribution D over {0,1,...,q — 1}" is k-wise independent if and only if for

all non-zero vectors a. of weight at most k, DF (a) = 0.

5.1.2 Proof of Theorem 3.3.4

The basic idea of [2] is the following. Given a distribution D, we first operate in the Fourier space to
construct a “pseudo-distribution” D; by setting all the first k-level generalized Fourier coefficients
(except for the trivial Fourier coefficient) to zero. All other generalized Fourier coefficients of
D, are the same as D. Generally speaking, D; is not going to be a distribution because it may
assume negative values at some points. We then correct all these negative points by mixing [
with the uniform distribution with some appropriate weight. That is, we set D’ = IJ%le + U
where U is the uniform distribution and w > 0 is the weight of the uniform distribution. After
such an operation, since the uniform distribution clearly has all its first k-level generalized Fourier
coefficients equal to zero and due to linearity of the generalized Fourier transform, we maintain

that all the first k-level generalized Fourier coefficients of D’ are still zero; on the other hand,

we increase the weights at negative points so that they now assume non-negative values in D’.
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Bounding the total statistical distance between D and D’ then offers an upper bound on the distance

between D and k-wise independence.

Let D :{0,1,...,¢g—1}" — R=%be a distribution, thatis, D(z) > O forallz and }__ D(x) =
1. First we define a real function D; : {0,1,...,¢ — 1} — R by explicitly specifying all its

generalized Fourier coefficients:

) 0, if0 < wt(a) < k
DP¥(a) =
D®Y(a), otherwise.

We call D; a “pseudo-distribution” because [); may assume negative values at some points in
the domain, which are called the holes in D;. Note that since DOF(0) = D°F(0) = 1, we have
> Di(x) = 1. So the only difference between D; and a distribution is these holes. The following

lemma bounds the maximum depth of the holes in D;.

Lemma 5.1.4. Let h be the maximum depth of the holes in D, then

Y. D).

O<wt(a)<k

¢t/

h <
qn

Proof. From the upper bound in Fact|5.1.1} it follows that |OF (z)| < ¢*/? if the weight of a is
at most k. Now since D(x) > 0 for every « in the domain and D is obtained by cutting off
all the first k£ level generalized Fourier coefficients of D, by linearity of the generalized Fourier

expansion,

Dy(@)=D(x) — — > D) (=)

O<wt(a)<k

Therefore, for all « with D, (x) < 0, qin D 0<wi(a)<k DOF(a)xOF () > 0, so we can upper bound
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the depth of every hole as

\D1<w>|=qin S DO (@) OF(x) — D(x)
O<wt(a)<k
sqin S DOF(a) ¥ ()
O<wt(a)<k
/2 A
<L_ Y |pOF(a) 0
q O<wt(a)<k

The following lemma bounds the ¢;-distance between a function and its convex combination

with other distributions.

Lemma 5.1.5 ([2]). Let f be a real function defined over {0,1,...,q — 1}" such that ) f(x) =

1. Let Dy,..., D, be distributions over the same domain and suppose there exist non-negative

def . .
real numbers wy, . ..,w; such that D'= 1+E+w(f + Zle w; D;) is non-negative for all x €
i=1 "

{0,1,...,q =1} Then 3" | f(x) — D'(z)| <23F_, w.

Now we can mix D; with the uniform distribution U over {0, 1,...,q — 1}" of weight ¢"h

(recall that U (x) = 1/¢" for every @ in {0, 1,...,¢ — 1}™) to obtain a distribution D', that is,

def 1 q"h
= D U.
T ah T T gn

Then D’ is non-negative at every point in the domain and D’ has all its first k-level generalized

Fourier coefficients equal to zero. Thus D’ is a k-wise independent distribution by Corollary
Furthermore, by Lemma

S IDie) - D) <20 <20 ST D (a)].

x O<wt(a)<k

By Parseval’s equality, Y, [D(z) — Di(®)* = & >0 wi(a)<k |DOF(a)|?. Combining this
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with Cauchy-Schwarz inequality yields

Z |D(x Z |DOF ()2,

O<wt(a)<k

Now the distance between D and k-wise independence can be upper bounded as

A(D, Dywi) < A(D,D")
= 3 ID(@) - ()]

1 1 , o .
< 5 Z |D(x) — Dy(x)| + 3 g |Dy(x) — D'(x)| (by the triangle inequality)

g Z IDF(a)]2+¢"* Y |D(a)|

O<wt(a)<k O<wt(a)<k

=0(d"?) Y 1D%(a)l.

O<wt(a)<k

We thus prove the following theorem

Theorem 5.1.6. Let D be a distribution over {0,1,...,q — 1}", then

A(D, D) < O(¢"?) Z ‘ﬁOF(a)‘. 5.1)
wi(@)<h

In particular,

A(‘DJ Dkwi) S O(qk/2>M<n7 k7 Q) max

O<wt(a)<k

bOF(a,)( .

Remark 5.1.7. One may try to generalize the approach of discrete orthogonal polynomials to the
non-uniform k-wise independence as well. However, this seems to require some additional new
ideas and we leave it as an interesting open problem. To see the obstacle, consider the simplest
one-dimensional case and let p(x), for every x € {0,1,...,q — 1}, be the non-uniform marginal
probabilities. We need to find a complete set of orthonormal functions {x9¥ (x)}g;é. On the one
hand, the constraint ﬁOF(O) = 1 for every distribution D (so that the “cut and paste” method may

apply) requires that 3% (z) = 1 for every x € {0,1,...,q — 1}; on the other hand, if we stick
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to the characterization that D = p if and only if all the non-zero Fourier coefficients of D vanish,
then combining this with the orthonormality of {xOF (2)}9; yields that x$¥ (z) = gp(z) for every

x. Clearly only the uniform distribution p(x) = 1/q can satisfy both conditions.

5.1.3 Testing algorithm analysis

Since the bound in Theorem [5.1.6] is slightly weaker than the bound in Theorem [3.3.4] we will
not give a detailed analysis of the testing algorithm based on orthogonal polynomials. In fact, by
combining Fact with the proof of Fact[3.5.3] it is easy to see that for any 0 < 6 < 1 and any
non-zero vector a of weight at most &, if A(D, Dyyi) < 6, then )ﬁOF (a)‘ < ¢*/26. We thus have

the following theorem

Theorem 5.1.8. There is an algorithm that tests the k-wise independence over {0,1,... ¢ — 1}"
with query complexity O (w log(M(n, k, q))) and time complexity O (W log(M(n, k, q)))

and satisfies the following: for any distribution D over X", if A(D, Dyyi) < L then

3q(k+3)/2€M(n,k,q
with probability at least 2/3, the algorithm accepts; if A(D, Dyyi) > €, then with probability at

least 2/3, the algorithm rejects.

5.2 Uniform £-wise independence

We now give another proof of Theorem [3.3.4based on the standard Fourier transform. The advan-
tage of this approach is twofold: first it gives slightly better bound; second and more importantly,
the construction of a k-wise independent distribution from an input distribution is explicit and this
enables us to generalize it the non-uniform case. For ease of exposition, we start from the simplest

case: when the domain is a prime field.

5.2.1 Warm-up: distributions over Z,

We begin our study with testing k-wise independent distributions when the alphabet size is a prime.

Our main result is that in this case the distance between a distribution and k-wise independence
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can be upper bounded by the sum of the biases (to be defined later) of the distribution, slightly
generalizing an idea of Alon, Goldreich and Mansour [5] that they applied to the binary field case.

Let D be a discrete distribution over Z;, where p is a prime number.

Definition 5.2.1. Let a € Z; be a non-zero vector. We say D is unbiased over a if P}, = 1/p for

every 0 < ¢ < p—1. The MaxBias(a) of a distribution D is defined to be MaxBiasp (a)déf maxo< <, PP

a,j
1
>-
Note that the MaxBias is non-negative for any distribution. It is well-known that when p is
prime, the Fourier coefficient D(a) of a distribution D over Zy, as defined by (2.3) is zero if and
only if P, ; = 1/p forevery 0 < j < p—1. Combining this with the fact that D is unbiased over a
if and only if MaxBiasp(a) is zero, we thus have the following simple characterization of k-wise

independence in terms of MaxBias.

Proposition 5.2.2. D is k-wise independent if and only if for all non-zero a € Zy with wt(a) < F,
MaxBiasp(a) = 0.

We say two non-zero vectors a and b are linearly dependent if there exists some ¢ € Z, such

that b = ca and linearly independent if they are not linearly dependent.
Claim 5.2.3. If a and b are linearly dependent, then MaxBiasp(a) = MaxBiasp(b).

Proof. Suppose MaxBiasp(a) is attained at j, i.e., MaxBiasp(a) = Pa,j—%. Then MaxBiasp(b) >

Pb,cj(mod p) ~ % = Paj — % = MaxBiasp(a). Similarly, since ¢! exists, we also have
MaxBiasp(a) > MaxBiasp(b). It follows that MaxBiasp(a) = MaxBiasp(b). O

For each a € Z,; there are p — 2 other vectors (namely, by taking ¢ = 2,...,p — 1) that are

linearly dependent with a.

Lemma 5.2.4. Let a,b € 7, be two non-zero, linearly independent vectors, then for any 0 <

Ta, 7o <p—1,

n

= 1
Pr Zaixi =7, (modp) A Z bix; =1, (mod p)| = =

:BGZ" 2
P li=1 i=1 p
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Proof. This follows from the well-known fact that the number of solutions to a system of 2 linearly
independent linear equations over Z, in n variables is p"~2, independent of the vectors of free

coefficients. O]

Definition 5.2.5 (Strong Orthogonality). Let a and b be two non-zero vectors in Z;. We say
a is strongly orthogonal to b if U, ; is unbiased over b for every 0 < j < p — 1. That is,
Prx.u,.[b- X ={(modp)] =1/p,forall 0 < j, ¢ <p—1.

j
Corollary 5.2.6. Let a be a non-zero vector in Z,, and b be another non-zero vector that is linearly

independent of a. Then a is strongly orthogonal to b.

Proof. Clearly we have | S, ;| = p"~! for all non-zero @ and all j. Then by Lemma|5.2.4] the p" "

points in S, ; are uniformly distributed over each of the p sets Sp ¢, 0 < £ < p — 1. [

Now we are ready to prove the following main result of this section.
Theorem 5.2.7. Let D be a distribution over Zj,. Then A(D, Dyyi) < ]% Zo<wt(a)gk MaxBiasp(a).

Note that this generalizes the result of [5]] for GF(2) to GF(p) for any prime p. When p = 2,
we recover the same (implicit) bound there (our MaxBias is exactly half of their “Bias”).

We first give a brief overview of the proof. We are going to prove Theorem [5.2.7]by construct-
ing a k-wise independent distribution that is close to D. Generalizing the approach in [3], we start
from D, step by step, zeroing-out MaxBiasp(a) for every non-zero vector a of weight at most k.
By Proposition[5.2.2] the resulting distribution will be a k-wise independent one. At each step, we
pick any a with MaxBiasp(a) > 0. To zero-out MaxBiasp(a), we apply a convex combination
between the old distribution and some carefully chosen distribution to get a new distribution. By
the strong orthogonality between linearly independent vectors (c.f. Corollary [5.2.6), if for every
0 < j < g¢—1, we mix with D the uniform distribution over all strings in S, ; with some appropri-
ate weight (this weight can be zero), we will not only zero-out the MaxBias at a but also guarantee
that for any b that is linearly independent from a, MaxBiasp(b) is not going to increase (there-
fore the MaxBias of all zeroed-out vectors will remain zero throughout the correcting steps). This
enables us to repeat the zeroing-out process for all other vectors of weight at most £ and finally

obtain a k-wise independent distribution.
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Proof of Theorem First we partition all the non-zero vectors of weight at most % into families
of linearly dependent vectors, say F}, Fy, . . ., etc. Pick any vector a from F}. If MaxBiasp(a) = 0,
we move on to the next family of vectors. Now suppose MaxBiasp(a) > 0, and without loss of
generality, assume that Ppg < Pp1 < -+ < Py . Lete; = Py j — %. Since Z?;é Pej=1,we
have ¢y + - - - + ¢,_; = 0. Also note that MaxBiasp(a) = €,_1.

Now we define a new distribution D’ as

1 €)1 — € €p—1 — €p—2
D = D P U R i S S
1+e€ + 1+e€ a0t 1+e€ aP=2)

where € = (e,_1 — €9) + - -+ + (€,—1 — €y_2). Now by the triangle inequality,
A(D, D,) S €= (€p_1 — 60) + -+ (Ep—l — Gp_g)
= pe,—1 = pMaxBiasp(a).
It is easy to check that MaxBiasp/(a) = 0, since forevery 0 < j < p —1,

1 p &1 —¢€

“ " Tqe T 1te
1
T 1+ E(Pfj +ép1 =€)
1 1
n 1—}—6(%71 +]_9>
1
== (because € = pe,_1).
p

Moreover, due to Corollary and the fact that U, ; is unbiased over b for every 0 < j < p,

we have for any vector b that is not in the same family with a (i.e., in F5, ... etc.),

1
MaxBiasp/ (b) = T MaxBiasp(b) < MaxBiasp(b).
€

In particular, if MaxBiasp(b) is zero, then after zeroing-out the bias at @, MaxBiasp/ (b) remains

Z€10.

Note that once we zero-out the MaxBias over a, then by Claim [5.2.3] the biases over all other

73



p — 2 vectors in F} vanish as well (that is, we only need to perform one zeroing-out for the p — 1
vectors in the same family). Repeating this process for all other families of vectors, we reach a
distribution Dy that is unbiased over all vectors of weight at most k. By Proposition Dy is

k-wise independent and the distance between D¢ and D is at most as claimed in the theorem. [

5.2.2 Distributions over ZZ

We now address the main problem of this section, that is, robust characterization of k-wise in-
dependent distributions over domains of the form Z; when ¢ is composite. A straightforward
application of the method for the prime fields case breaks down for general commutative rings
because the strongly orthogonal condition in Corollary [5.2.6]does not hold, even if the two vectors
are linearly independent. Recall that a distribution D over Z; is k-wise independent if and only if
for all non-zero vectors a of weight at most &, ﬁ(a) = (. Our main technical result in this section
is to show, analogous to the prime field case, for a distribution D over the general domain Zg,
the following holds: for every non-zero vector a of weight at most £, there exists a (small-weight)
distribution such that mixing it with D zeroes-out the Fourier coefficient at a and does not increase
the Fourier coefficient at any other vector.

Unless stated otherwise, all arithmetic operations in this section are performed modulo ¢; for

instance, we write @ = b to mean that a; = b; (mod q) foreach 1 < ¢ < n.

Definition 5.2.8 (Prime Vectors). Let a = (ay,...,a,) be a non-zero vector in ZZL. a is called
a prime vector if ged(ay, ..., a,) = 1. If @ is a prime vector, then we refer to the set of vectors
{2a,...,(q — 1)a} (note that all these vectors are distinct) as the multiples of a. A prime vector

and its multiples are collectively referred to as a family of vectors.

Note that families of vectors do not form a partition of the set of all the vectors. For example
when n = 2 and ¢ = 6, vector (4,0) is a multiple of both (1,0) and (2, 3), but the latter two are
not multiples of each other. Furthermore, there can be more than one prime vector in a family of
vectors, e.g., for ¢ = 6 again, (2, 3) and (4, 3) are multiples while they are both prime vectors.

Recall that we use Sg ; to denote the set {x € Z; : > " | a;x; = j (mod q)}.
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Proposition 5.2.9. If a is a prime vector, then |Sg j| = ¢" ' forany 0 < j < ¢ — 1.

Proof. Since ged(ay, . .. ,a,) = 1, there exist integers z1, ..., z, such that a;z; + - - - + a,2, = 1.
Note that for any 2z € Z the map h.(x) = x + z is injective. Now if & € S, 0, then h.(z) =
(1 + 21, .., @p + 2,) € Sai1. Therefore |Sq0| < |Sai|. Similarly we have |Sq1| < [Sa2| <

+ < |Sag-1] < |Saol- Since the sets Sq, ..., 5,1 form a partition of Z”, it follows that
|Sa70|:|sa71|:-.-:|Sa7q_1|:qn71' D

Linear systems of congruences

A linear system of congruences is a set of linear modular arithmetic equations in some variables.
We will be particularly interested in the case when all modular arithmetic equations are modulo
q. If the number of variables is k, then a solution to the system of congruences is a vector in Z’; .
Two solutions x, @’ in Z{ are congruent to each other if x = ' (i.e. z; = 2} (mod q) for every

1 <1 < k) and incongruent otherwise.

We record some useful results on linear systems of congruences in this section. For more on
this, the interested reader is referred to [[35] and [[60]. These results will be used in the next section
to show some important orthogonality properties of vectors in Z;. In this section, all matrices are
integer-valued. Let M be a k£ x n matrix with & < n. The greatest divisor of M is the greatest
common divisor (gcd) of the determinants of all £ x &k sub-matrices of M. M is a prime matrix if

the greatest divisor of M is 1.

Lemma 5.2.10 ([60]). Let M be a (k + 1) x n matrix. If the sub-matrix consisting of the first k
rows of M is a prime matrix and M has greatest divisor d, then there exist integers uy, . . . , uj such

that for every 1 < j <n,

ulMLj + UQMQJ' + ...+ ukMk,j = Mk—l-l,j (Il’lOd d)
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Consider the following system of linear congruent equations:

.

M 12y + My sxg + -+ - + My 2, = My 41 (mod q)
(5.2)

Myaz1 + Moy + - - 4+ My n Ty = My py1 (mod q).
\

Let M denote the £ x n matrix consisting of the coefficients of the linear system of equations and
let M denote the corresponding augmented matrix of M, that is, the & x (n + 1) matrix with one

extra column consisting of the free coefficients.

Definition 5.2.11. Let M be the coefficient matrix of and M be the augmented matrix of M.
Suppose k < n so that system (5.2)) is a defective system of equations. Define Yy, Y;_1,..., Y1,
respectively, to be the greatest common divisors of the determinants of all the k£ x k, (k — 1) x
(k—1),...,1 x 1, respectively, sub-matrices of M. Analogously define Z, Zy_1, ..., Z; for the
augmented matrix M. Also we set Yy = 1 and Z, = 1. Finally let s = Hle ged(q, %) and
t= H?Zl ged(q, %)

The following Theorem of Smith gives the necessary and sufficient conditions for a system of

congruent equations to have solutions.

Theorem 5.2.12 ([60]). If k < n, then the (defective) linear system of congruences has
solutions if and only if s = t. Moreover, if this condition is met, the number of incongruent

solutions is sq"*.

Weak orthogonality between families of vectors

To generalize the proof idea of the GF(2) case (and also the prime field case studied in Sec-
tion [5.2.1)) to commutative rings Z, for arbitrary ¢, it seems crucial to relax the requirement that
linearly independent vectors are strongly orthogonal. Rather, we introduce the notion of weak

orthogonality between a pair of vectors.

Definition 5.2.13 (Weak Orthogonality). Let @ and b be two non-zero vectors in Z;. We say a is
weakly orthogonal to b if forall 0 < j < ¢ — 1, UaJ(b) = 0.
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Remark 5.2.14. Note that in general weak orthogonality is not a symmetric relation, that is, a is
weakly orthogonal to b does not necessarily imply that b is weakly orthogonal to a. Also note
that strong orthogonality implies weak orthogonality while the converse is not necessarily true. In
particular, strong orthogonality does not hold in general for linearly independent vectors in Z;.
However, for our purpose of constructing k-wise independent distributions, weak orthogonality

between pairs of vectors suffices.

The following lemma is the basis of our upper bound on the distance between a distribution
and k-wise independence. This lemma enables us to construct a small-weight distribution using

-1
b

which on the one hand zeroes-out all the Fourier

an appropriate convex combination of {Uq ;}

coefficients at a and its multiple vectors, on the other hand has zero Fourier coefficient at all other

vectors. The proof of the Lemma [5.2.13|relies crucially on the results in Section about linear

system of congruences.

Lemma 5.2.15. Let a be a non-zero prime vector and b any non-zero vector that is not a multiple

of a. Then a is weakly orthogonal to b.

Proof. Consider the following system of linear congruences:

a1x1 + asxe + + - + apr, = ag (mod q)

(5.3)
bixy + byxs + -+ + byx, = by (mod q).
. . . ap Gz -+ Ay ~ ap az -+ Gn Qg
Following our previous notation, let M = and M =
by by - by by by -+ by bo

Since a is a prime vector, Y, = Z; = 1. We next show that if b is not a multiple of a, then Y5 can

not be a multiple of q.

a a DY an
Claim 5.2.16. Let a be a prime vector and let M = b . The determinants of
by by --- b,

all 2 x 2 sub-matrices of M are congruent to O modulo q if and only if a and b are multiple vectors.

Proof. If a and b are multiple vectors, then it is clear that the determinants of all the sub-matrices

are congruent to 0 modulo g. For the only if direction, all we need to prove is that b = ca for some
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integer c. First suppose that the determinants of all 2 x 2 sub-matrices of M are 0. Then it follows
that % =... = Z—Z = c. If cis an integer then we are done. If ¢ is not an integer, then ¢ = ', where
u, v are integers and ged(u,v) = 1. But this implies v|a; for every 1 < i < n, contradicting our
assumption that a is a prime vector. Now if not all of the determinants are 0, it must be the case
that the greatest common divisor of the determinants of all 2 x 2 sub-matrices, say d’, is a multiple

of g. By Lemma [5.2.10} there is an integer ¢ such that ca; = b; (mod d’) for every 1 < ¢ < n.

Consequently, b; = ca; (mod q) for every i and hence b is a multiple of a. [

Let d = ged(q, Yz). Clearly 1 < d < ¢ and according to Claim[5.2.16] d # ¢ so d|q. Applying
Theorem with £ = 2 to (5.3), the two linear congruences are solvable if and only if d =
ged(q, Yz) = ged(q, Z5). If this is the case, the total number of incongruent solutions is dg™ 2.
Furthermore, if we let /i denote the greatest common divisor of the determinants of all 2 x 2 sub-
matrices of M, then d|h. By Lemma there is an integer u such that by = uag (mod h). It
follows that d|(by — uag). Let us consider a fixed ay and write {; = uag (mod d). Since a is a
prime vector, by Proposition there are in total ¢"~! solutions to . But for any fixed b,
that has solutions to (5.3), there must be dg"~? solutions to (5.3) and in addition d|q. Since there
are exactly ¢/d by’s in {0,...,q — 1}, we conclude that has solutions for b, if and only if

by = Uy + dl, where ¢ is some constant and / = 0, . . ., % — 1. Finally we have

d 2mip.g 1 2mi gy o
Uaj(®) = 3 Uagla)e ™™= - 30 e

®eLy az=j (mod q)
d s
== Z elatho — . (by Fact[2.2.2)
q bg:bg=~o+dl
This finishes the proof of Lemma(5.2.15] O

Correcting the Fourier coefficients of multiple vectors

Now we show how to zero-out a distribution’s Fourier coefficient at every vector in a family. Let D
be a distribution over Zj. By (2.3), for every 1 < ¢ < g — 1, the Fourier coefficient of a vector (a

. A~ - q—1 puiyp : —
can be rewritten as D(fa) = 3 7-; Pa e ¢ . Recall that MaxBias(a) = maxo<j<g-1 Pa,j —

Q=

78



. . —1
Claim 5.2.17. We have that MaxBias(a) < ¢ 3777,

Proof. Since D(ﬁa) = Z?;é P,Lje%éj , by the inverse Fourier transform (2.2)), for every 0 < j <

q_]-’

1 1L v
‘Pa,j - —' =~ |N" D(ta)e Y
al  q|&=
1 - A 271 1 q_l ~
<=3 |Dlta)e 5| < =% ‘D(éa)) O
q (=1 q (=1

Now we are ready to prove the main theorem of this section.

Theorem Let D be a distribution over ZZ, thenﬂ

AD D) <> |Dla)].

O<wt(a)<k

In particular, A(D, Diwi) < M(n, k, q) maxo<wt(a)<k

f)(a)(.

Proof. Let a be a prime vector and D(a), D(2a), ..., D((q — 1)a) be the Fourier coefficients of

a and all the multiples of a. Now construct a new distribution D’ over Z; as

-1

1 1 «
D = D NI
1+e +1+e§;Mﬁ 7

q—1
Jj=0

later. It is easy to check that D’ is indeed a distribution. Moreover, by Lemma|5.2.15|and linearity

where € = v(7) and {v(j )};1;(1] are a set of non-negative real numbers that will be specified

3 It is easy to verify that the same bound holds for prime field case if we transform the bound in MaxBias there
into a bound in terms of Fourier coefficients. Conversely we can equivalently write the bound of the distance from
k-wise independence in terms of MaxBias at prime vectors. However, we believe that stating the bound in terms of
Fourier coefficients is more natural and generalizes more easily.
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Test-Uniform-KWI(D, k, g, €)

1. Sample D independently O (‘12]‘4(6"72”“])2 log (M (n, k, q))) times to obtain
aset )

2. For every non-zero vector a of weight at most k, use () to estimate ﬁ(a)

3. If maxg ‘ﬁ(a)‘ <3 M(f; 7q)» feturn “Accept”; else return “Reject”

Figure 5-1: Algorithm for testing if a distribution D over >" is uniform k-wise independent.

of the Fourier transform, for every b that is not a multiple of a,

A 1
D/(b)‘ 1+e€

f)(b)‘ <

ﬁ(b)‘ .

Without loss of generality, assume that P, < --- < P, ;. Thatis, MaxBias(a) = Py 41 —

é. If we choose v(j) = Pgq-1 — Pa . then clearly v(j) is non-negative for every 0 < j < ¢ — 1.

Furthermore, by our construction P(f;- = % for every j. Therefore by Fact|2.2.1} D’ (fa) = 0 for
every 1 < ¢ < g — 1. Since Z?;é P, ; = 1, it follows that Z?;é v(j) = ¢MaxBias(a). By
Claim[5.2.17}

E(éa)‘ . (5.4)

Finally observe that although some vectors are multiples of more than one prime vector (thus
they belong to more than one family and appear more than once in (5.4)), because the distance
bound in is the sum of magnitudes of all the Fourier coefficients in the family, once a vector’s
Fourier coefficient is zeroed-out, it will not contribute to the distance bound at any later stage. This

completes the proof of the theorem. [

Testing algorithm and its analysis

We are now ready to prove the following result on testing k-wise independence over Zy.

Theorem 5.2.18. There is an algorithm that tests the k-wise independence over X" with query

complexity O(M) and time complexity O(W) and satisfies the following: for
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any distribution D over X", if A(D, Dyyi) < m, then with probability at least 2/3, the

algorithm accepts; if A(D, Dywi) > €, then with probability at least 2/3, the algorithm rejects.

Proof. Our testing algorithm simply plugs the upper bound on distance to k-wise independence
in Theorem [3.3.4]into the Generic Algorithm as shown in Fig. [3-1| The algorithm is described in
Figure For the analysis of Test-Uniform-KWI (D, k, g, ¢), we simply apply Theorem m
with K = M(n,k,q), A = {a € ¥" : 0 < wt(a) < k} and Kk = ¢. To see k = ¢, note that
P, ; = 1/qholds forevery ain Aand 0 < j < ¢g—1 for any k-wise independent distribution. Since
no (randomized) algorithm can increase the statistical difference between two distributions [58]], by

D(a)’ < g0

Fact [3.5.3| (more precisely, the proof of Fact|3.5.3)), if A(D, Dyyi) < d, then we have

for every a € A. D

5.2.3 Distributions over product spaces

Now we generalize the underlying domains from Zj to product spaces. Let Xy,...,3%, be n
finite sets. Without loss of generality, let ¥; = {0,1,...,¢ — 1}. In this section, we consider
distributions over the product space 2 = ¥; x --- x 3,,. For a set of integers {q1, . .., ¢, }, denote
their least common multiple (Icm) by lem(qq, . .., g,). Let Qd:eflcm(ql, ..., qy) and in addition, for

every 1 <1 < n,set M; = %. Then we can rewrite the Fourier coefficient defined in (2.1)) as

Daj= ¥ Do st

TE] XXy

2 (g it
— E D(z)e @ (@t Fann),

TEX XXXy

where a; = M;a; (mod Q) forevery 1 < i < n. This suggests that we may view D as a distribution
over X" with effective alphabet size |%| = Q@ = lem(qy, ..., qy,) and consider the following map

from vectors in >; X --- X ,, to vectors in Zg:

H: (ay,...,a,) — (Mia; (mod Q),. .., M,a, (mod Q)). (5.5)
Then we only need to consider the Fourier coefficients at vectors a’ défH(a) = (a},...,a,) €
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Zg, (that is, vectors in Zg) whose i™ component is a multiple of M; for every 7). Note that in general
M =lem(q, . . ., gn) could be an exponentially large number and is therefore not easy to handle in
practiceﬂ However, this difficulty can be overcome by observing the following simple fact. Since
we are only concerned with vectors of weight at most k, we may take different effective alphabet
sizes for different index subsets of size k. For example, consider a k-subset S = {iy, ..., }. Then
the effective alphabet size of S is |Xg| = lem(g;,, - . ., g;, ), which is at most poly(n) if we assume
k is a constant and each ¢; is polynomially bounded.

Our main result for distributions over product spaces is the following theorem.
Theorem 5.2.19. Let D be a distribution over X1 X - - X Ey,. Then A(D, Diwi) < 320 yi(ay<k ‘D(a) ‘ .

We now sketch the proof of Theorem

Avectora € ¥y X -+ - X %, is a prime vector if gcd(ay, . . ., a,) = 1. For any integer ¢ > 0, the
(-multiple of a is Zad:ef(ﬁal (mod ¢1),...,¢a, (mod ¢,)). Let a be a prime vector. Then vectors
in the set {2a, ..., (Q — 1)a} are called the multiple vectors of a. Note that these () — 1 vectors
may not be all distinct.

The main difficulty in applying our result for distributions over Z; to distributions over product
spaces is that the mapping in (5.3)) is not surjective. In particular, after the mapping some families
of vectors may have no prime vector in it. To handle this problem, we slightly generalize the result
of weak orthogonality in Lemma [5.2.15] to non-prime vectors. Specifically, we say a non-zero
vector a (not necessarily prime) is weakly orthogonal to vector b if Ua’g(b) = ( for all / such that

Sa,¢ 1s non-empty.

Lemma 5.2.20. Let a and b be two vectors in Z;,. If b is not a multiple of a, then vector a is

weakly orthogonal to b.

Proof. Clearly we only need to prove the case when a is not a prime vector. Let a be any prime
vector that is a multiple of a and suppose a = da. Now S, ¢ is non-empty only if £ = ¢'d (mod q)

for some integer ¢'. Note that Sg g = U )S;,,J-. Since the sets {54 ; }3;5 are pairwise

jija=ed (mod q

“4Recall that the testing algorithm requires estimating all the low-degree Fourier coefficients, where each Fourier
coefficient is an exponential sum with M as the denominator.
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disjoint, it follows that Uy g = m Zj;jdze/d (mod g

incongruent j’s satisfying jd = ¢'d (mod q). Now by Lemma|5.2.15| if b is not a multiple of a,
then U ;(b) = 0 for every j. It follows that Ug s4(b) = 0. O

) Ua,j» where ged(d, ¢) is the number of

Note that for any integer / > 0 and every 1 < i < n, fa; = b; (mod ¢;) if and only if
la;m; = bym; (mod Q), hence the map H preserves the multiple relationship between vectors.
Now Lemma implies that if we map the vectors in 3y X --- X 3, to vectors in Zg as
defined in (5.5)), then we can perform the same zeroing-out process as before: for each family of
vectors, zero-out all the Fourier coefficients at the vectors in this family using a mixture of uniform
distributions without increasing the magnitudes of the Fourier coefficients everywhere else. This
will end up with a k-wise independent distribution over the product space >y X - -+ X X,,.

Next we bound the total weight required to zero-out a family of vectors. Let S be any k-subset
of [n]. Without loss of generality, we may take S = [k]. Let g5 = lem(qy, ..., ) and let m; = %=
foreach1 <i < k. Leta € ¥; X --- X %, be a prime vector whose support is contained in [£].

Then

TEX XX B

2

Di(a)e s (et i)

(]

TEX XXX,

27

/ /
Dg(m)e s AmT )

(]

Y

TEX X XX,

where, as before, we define @’ = (d!, ..., a},) with a;, = m;a; (mod ¢s) for 1 <i < k.

Let d = ged(mya; (mod gs), ..., mga, (mod gs)) = ged(a), ..., a)) and set Sg; = {x €

Yy X oo X Xy adixy + -+ arg = j (mod gg) }. Clearly Sy j is non-empty only if d|j.

Claim 5.2.21. Let a be a vectorin ¥y x - - - x X with d = ged(al, . .., a},). Then |Sq 44| = dqlq‘s"q’“

forevery 0 < { < %5—1.

Proof. Since d = ged(dl, ..., a},), if we let b; = % for each 1 < i < k, then ged(by, ..., b;) = 1.

Now applying the same argument as in the proof of Proposition[5.2.9| gives the desired result. [
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Now for every 1 < ¢ < %% — 1 and put q*défq—s, we have

~ j(feamn gy bk
Dta)= Y Dg(@)™a Y
TED X X g
L1
2mi g, 2mi g
= Z Dg(m)ess " ** = Pr @' - X = jd (mod qg)]e s 7*
TED XX Ty, =0 P
s .
o N 2Tigid — .\ 2%ip;
=) w(ies? =Y w(jle
=0 =0

where w(j)défPa/,jd. That is, each of the Fourier coefficients D(a), D(2a), ..., D((¢* — 1)a) can
be written as a one-dimensional Fourier transform of a function (namely, w(j)) over Z,-. Then
following the same proofs as those in Sec. [5.2.2] we have that the total weight to zero-out the
Fourier coefficients at a and its multiples is at most ZZT;_ ! ‘f)(fa) ‘ This in turn gives the upper
bound stated in Theorem on the distance between D and k-wise independence over product

spaces.

Testing algorithm and its analysis

We study the problem of testing £-wise independence over the product space >; X - - - X X, in this

section.

To simplify notation, in the following we write

M =3 3 [T )

(=1 re(tnly i€l

for the total number of non-zero Fourier coefficients of weight at most k, and

(max = max lem(g; : 1 € 5)
se()

for the maximum effective alphabet size of any index subset of size k.
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Test-Product-KWI(D, k, g, €)

1. Sample D independently O <w log (MP™4(n, k, q))) times to ob-
tain a set ()

2. For every non-zero vector a of weight at most k, use () to estimate ﬁ(a)

a 2¢ . :
3. If maxg ‘D(a) < Fafrd (ki gy feturn “Accept”; else return “Reject”

Figure 5-2: Algorithm for testing uniform k-wise independence over product spaces.

Note that a simple corollary of Theorem[5.2.19]is

A(D, D) < MP™?  max

O<wt(a)<k

D(a)|.

which gives the soundness condition for the distance bound. For the completeness condition,
it is easy to see that for any 0 < ¢ < 1 and any non-zero vector a of weight at most k, if
A(D, Dywi) < 9, then )D(a)) < @maxd. The following theorem can now be proved easily by

plugging these two conditions into Theorem [3.5.2] We omit the proof.

Theorem 5.2.22. There is an algorithm that tests the k-wise independence over the product space
Y XXX, (as shown in Fig with query complexity O (w log (MP™4(n, k, q)))
and time complexity O (M log (M prod(py ki, q))) and satisfies the following: for any

€

distribution D over 3", if A(D, Dyyi) < L then with probability at least 2/3, the

€
3gmaxMPd(n k,q

algorithm accepts; if A(D, Dywi) > €, then with probability at least 2/3, the algorithm rejects.
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Chapter 6

Non-uniform £-wise Independence

In this chapter we seek a robust characterization of non-uniform k-wise independent distributions.
For ease of exposition, we present our results only for the case when the underlying domain is
{0,1,...,qg — 1}™. Our approach can be generalized easily to handle distributions over product
spaces. The chapter is organized as follows. First we introduce non-uniform Fourier coefficients in
Section A new characterization of non-uniform k-wise independence based on non-uniform
Fourier coefficients is present in Section @ Next, in Section @ we demonstrate how to zero-out
all the low-level non-uniform Fourier coefficients step by step. In Section [6.4] we study the testing
algorithm of non-uniform k-wise independence. Finally, we consider the problem of testing non-

uniform £-wise independence when the marginal probabilities are unknown in Section

Recall that a distribution D : ¥" — [0,1] is k-wise independent if for any index subset
S C [n] of size k, S = {i1,...,i}, and for any 21 --- 2, € ¥, Dg(z1---2;) = Prp[X;, =
z1] -+ Prp[X;, = 2. Our strategy of showing an upper bound on the distance between D and

non-uniform £-wise independence is to reduce the non-uniform problem to the uniform case and

then apply Theorem [3.3.4]
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6.1 Non-uniform Fourier coefficients

In the following we define a set of factors which are used to transform non-uniform k-wise inde-
pendent distributions into uniform ones. Let pi(z)déf Prp[X; = z]. We assume that 0 < p;(z) < 1

for every i € [n] and every z € X (this is without loss of generality since if some p;(z)’s are

. e def o
zero, then it reduces to the case of distributions over product spaces). Let 0;(2) = qp_l(z) . Intuitively,
one may think of the 6;(z)’s as a set of compressing/stretching factors which transform a non-
uniform k-wise distribution into a uniform one. For convenience of notation, if S = {iy,...,i,}

and z = z;, - - - 2;,, we write fg(z) for the product 6;, (z;,) - - - 0;,(2i,).

Definition 6.1.1 (Non-uniform Fourier Coefficients). Let D be a distribution over >". Let a
be a non-zero vector in X" and supp(a) to be its support. Let Dg,pp(a) be the projection of
D to coordinates in supp(a). For every z in the support of Dsupp(a), define D o, (2) =
Osupp(a) (%) Dsupp(a) (2), Which is the transformed distributimﬂ of the projected distribution Dgypp(a).-

The non-uniform Fourier coefficient of D at a, denoted D" (a), is defined by

def A ma, z
:D/supp(a) (a’) = Z Dsupp a.)( ) (61)

zeXlsupp(a)]

Dnon(a)

Remark 6.1.2. In the following we always refer to Dpon collectively as a set of (complex) num-
bers that will be used to indicate the distance between distribution D and the non-uniform k-wise
independence. Strictly speaking, D™ are not Fourier coefficients since in general there is no

distribution whose (low degree) Fourier coefficients are exactly Dpror.
To summarize, let us define a function
F: (R x <([Z]) x T¥) = (R=)™

which maps a distribution D over ¥ and a vector a € X" of weight £k to a non-negative function

tth;);e that in general Dsupp(a) is not a distribution: it is non-negative everywhere but > Dsupp(a)( x) = 1 may
not ho
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over Y15uPp(a)l That is, for every z € vk,

"T(D7 a’)(z) = Dsupp(a) (z)gsupp(a) (z> (62)

Then the non-uniform Fourier coefficient of D at a is simply the ordinary uniform Fourier coeffi-
cient of F(D, a) at a:
D™*(a) = F(D,a)(a).

/

supp(a) will

The idea of defining Déupp(a) is that if D is non-uniform k-wise independent, then D
be a uniform distribution over the coordinates in supp(a). Indeed, our main result in this section
is to show a connection between the non-uniform Fourier coefficients of D and the property that
distribution D is non-uniform k-wise independent. In particular we have the following simple

characterization of the non-uniform k-wise independence.

Theorem 6.1.3. A distribution D over X" is non-uniform k-wise independent if and only if for

every non-zero vector a € X" of weight at most k, D" (a) = 0.

6.2 New characterization of non-uniform k-wise independence

We prove Theorem[6.1.3]in this section. It is straightforward to show that if D is a non-uniform k-
wise independent distribution, then all the non-zero non-uniform Fourier coefficients of degree at
most k£ are zero. However, the proof of the converse is more involved. The key observation is that
if we write the non-uniform Fourier transform as a linear transformation, the non-uniform Fourier
transform matrix, like the uniform Fourier transform matrix, can be expressed as a tensor product
of a set of heterogeneous DFT (discrete Fourier transform) matrices (as opposed to homogeneous
DFT matrices in the uniform case). This enables us to show that the non-uniform Fourier transform
is invertible. Combined with the condition that all the non-trivial non-uniform Fourier coefficients
are zero, this invertibility property implies that ) must be a non-uniform k-wise independent
distribution.

Recall that our new characterization of non-uniform k-wise independent distributions is:
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Theorem [6.1.3} A distribution D over X" is k-wise independent if and only if for every non-zero

vector a € XF with wt(a) < k, D"*(a) = 0.

Proof. Suppose D is a non-uniform k-wise independent distribution. Then it is easy to see that for

any non-empty 7' C [n] of size at most & (not just for subsets whose sizes are exactly k),
= H pi(zi)-
i€T

Indeed, if |7'| = k then this follows directly from the definition of non-uniform k-wise independent

distributions. If |T'| < k, let S D T be any index set of size k, then

Dr(zr)= Y Ds(zs)

zj:j€S\T

= > ez

zj:j€S\T €S

:Hpi(zz') Z HPJ'(ZJ)

€T z;:J€S\T jeS\T
=1IrG) I | D] pitz)
ieT JjeS\T \z;€X
= sz zz
€T

as ). expj(z) = Lforevery 1 < j <n.
Let a be any non-zero vector of weight ¢ < k whose support set is supp(a). Now we show that

D/

supp(a) is a uniform distribution and consequently all the non-uniform Fourier coefficients whose

support sets are supp(a) must be zero. Indeed, by the definition of D,

D;upp(a)(zsupp(a)) = Dsupp(a) zsupp H 0i(2i)
i€supp(a)
1
= Il »e 1[I (2)
i€supp(a) i€supp(a) apil=i
1
T
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for every Zsupp(a) € {0,1,...,q — 1}*. Hence D (a) = D/ (@(@) = 0 by Theorem 2.2.4]

supp

The converse direction will follow directly from Lemmal6.2.T|below by setting E' = Dy in the

statement. L]

Lemma 6.2.1. Let E : X¥ — R=2° be a distribution. For any index set T C [k|, let Er(2),
E/(z) and E*"(a) be defined analogously to those of Dr(2), Dly(z) and D™"(a), respectively.
If Enon(a) = 0 for every non-zero vector a, then E is a non-uniform independent distribution, i.e.

Efk] is the uniform distribution and consequently E is a product distribution.
One may think of Lemma|[6.2.1] as the non-uniform version of Proposition [2.2.3]

Proof. For notational simplicity we write S = [k]. Let T be a subset of S of size k£ — 1, and
without loss of generality, we assume that T = {1,...,k — 1}. We first observe the following

relation between £ (z) and El(zr).

Ep(z1,...,26m1) = Er(z, .o, 2z1-1)01(21) - - Op1(26-1)

= Es(z1,.. ., z1, 2)00(21) -+ O (201)
2k

1
= —Fo(z1,...,2
;ek(zk) S(l k)

By induction, we have in general, for any 7' C S,

Er(zr) = Y Ey(zr,..,z) ] (api(z). (6.3)

z;:5€S\T JES\T

Next we use to eliminate the intermediate projection distributions E/., and write the non-
uniform Fourier transform of F as a linear transform of { £5(z)}.csx. Let a be a vector whose
support set is 7', then

E™(a) = Ep(a)
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= E El(zr)e « Lier @i

zi €T
2mi . a;z;
= > > Eiz)e s Zerss T (api(z)
2ii€T zj:5€S\T jeS\T
Mg,z
=Y Eiz)]]e IT (api(z)
zexk €T JES\T
2ig, 2
=Y Es(z) ] e T (awiz) (6.4)
zexk i€supp(a) j€S\supp(a)

Define a ¢"-dimensional column vector E' with entries E%(2) (we will specify the order of
the entries later). Similarly define another ¢*-dimensional column vector whose entries are the

non-uniform Fourier coefficients E*°*. Then we may write (6.4) more compactly as
E™" = FE'. (6.5)

In what follows, we will show that F can be written nicely as a tensor product of k£ matrices. This

in turn enables us to show that F is non-singular.

27

Let w = e« be a primitive ¢™ root of unity. The g-point discrete Fourier transform (DFT)

matrix is given by

1 1 1 1 1

1 W wz w3 wq 1
F=

1 W3 Wb W° w31

1 wi-l 21 3@ ... =11

Note that a DFT matrix is also a Vandermonde matrix and therefore det(F') # 0.

Definition 6.2.2 (Tensor Product of Vectors and Matrices). Let A be an m x n matrix and B be

a p x ¢ matrix. Then the tensor product (a.k.a. Kronecker product) A ® B is an mp x ng block
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matrix given by

agoB T ao,n—1B
A®B= :
amfl,OB s amfl,nle
aooboo s aoobo,q—l Tt ao,n—lboo ce ao,n—lbo,q—l
aoobp—l,o ce aOObp—l,q—l T aO,n—lbp—l,O ce ao,n—lbp—1,q—1
am—l,ObOO T Clm—l,obo,q—l Tttt am—1,n—1b00 T am—l,n—lbp—l,q—l
am—l,Obp—l,O e am—l,Obp—l,q—l Tttt am—l,n—lbp—l,O e am—l,n—lbp—l,q—l

Let a be an m-dimensional column vector in R” and b be a p-dimensional column vector in RP.
Then the tensor product @ ® b is an mp-dimensional column vector in R and its entries are given

by

aobo
aob -1
Qo bo g
Am—1 bp—1
’ Apm—1bo
_amflbpfl_

Let ¢ > 2 be an integer. The g-ary representation of a natural number r is an ordered tuple
(bg,...,b1,bo) suchthat 0 < b; < g — 1forevery 0 < i < kandr = by + by - q+ by - ¢~.
The following simple while useful fact about the tensor product of matrices can be proved easily

by induction on the number of matrices in the product.
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Fact 6.2.3. Let FV ... F%) be a set of ¢ x q matrices where the (i, j)™" entry of F\©) is denoted
by FZ(? 0<i,j<qg—1 LatG=FV®. ... F® Fr0<IJ<qg" -1, let the g-ary

representations of I and J be I = (iy, ... i) and J = (j1, ..., ji), respectively. Then

Gry= FO .. F®

11,J1 U Jk "

Let’s first consider the simple case when F is a one-dimensional distribution. Let E be the
column vector whose entries are values of E at {0,1,...,¢ — 1}. Similarly let E be the column
vector of E’s Fourier transform. If we arrange the entries of E and E in increasing order, then the

one-dimensional (uniform) Fourier transform can be written in the matrix multiplication form as

E(0) £(0)
E= =F — FE. (6.6)
E(g—1) E(q—1)
For the general case in which E is a distribution over {0, 1,...,q — 1}*, we may view every
k-dimensional point (z1,...,xy) in E(z1,...,xy) as the representation of a natural number X in

the g-ary representation: X = x; - ¢" '+ -+ 241 - ¢+ zi. Then this provides a natural order
of the entries in any column vector defined over {0,1,...,q — 1}*: view each vector (z1,...,x})
as a natural number X in the g-ary representation and arrange them in the increasing order. By
tensor product and arranging the entries in E and E in the natural order, the k-dimensional Fourier

transform can be written as

E(0,0,...,0) E(0,0,...,0)
B 5 —Fe- 9F : - [Fe---9E|E
E(g—1,q—1,...,q—1) F times Blg—1,g—1,...,g—1) J times
(6.7)

Definition 6.2.4 (Non-uniform DFT Matrices). For every 1 < i < k, define (recall that p;(z)’s are
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the marginal probabilities of £ at coordinate ¢) the non-uniform DFT matrix at coordinate ¢ to be

qpi(0) qpi(1) qpi(2)  qpi(3) qpi(q — 1)
1 w w? w3 Wit
_ 1 W2 ol W W2(a1)
F;, =
1 w3 WO w? w31
1 wi—t p2e=1),3(e-1) w1

The following lemma follows directly from Fact and (6.4).

Lemma 6.2.5. If we arrange the entries in E' and E"°" in the natural order, then the q"* x ¢* matrix

F in (6.3) is the tensor product of k non-uniform DFT matrices, i.e.,

F=F,® - ®Fy,

and consequently

B = (F, ®--- @ Fy)E

The following is a well-known fact on the determinants of tensor product matrices, see e.g. [S9]

for an elementary proof.

Fact 6.2.6. If A is an m x m square matrix and B is an n X n square matrix, then
det(A ® B) = (det(A))"(det(B))™.

Proposition 6.2.7. The non-uniform DFT matrix is non-singular for every 1 < i < k. In particu-

lar,

det(Fy) = ¢ (pi(0) + -+~ + pilg — 1) ()" ] (W —w') # 0.

1<b<m<qg—1

(W)= (=1 ][]

1<b<m<qg—1
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Proof. By Laplace expansion along the first row, we have

q—1
det(Fi) = Y (—1)/qpi(j) det(My;). (6.8)
j=0
The determinant of the minor M, is
1 w wi—t witl Wit
]_ w2 w2(]71) 2(j+1) wQ(qfl)
det(l\/[lj) =
1 w1 ... QU-DE1 e+ ... a1
1 1 .- 1 1 e 1
Q71 1 w . e wj_l wj+1 “ e wq_l
=( I <) . . . .
£=0,0#] : : : : : . :
1 wi 2 ... U-D@-2) LO+D@e=2) ... D@2

q—1
) R | QR
0=0,0#j 0<l<m<Lg—1
£,m#]

Hz 0,047 w* Ho<z<m<q (W™ — WZ)

Hz: (Wi — wh) Hz ]+1( — wi)

Y

since the matrix in the second step is a Vandermonde matrix.

Using the fact that w? = 1, the denominator may be simplified as

j—1 g1
H(wj — b H (W' — W)
=0 t=j+1
Jj—1 J q—1
S ) 8 | Gl | R
=0 =1 Z—j+1
Jj—1 J
:<_1)j WKH 1 — H o q wq+j—e)
=0 =1 t=j+1
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Jj—1 J q—1 q—1
=(—1) Hwe H<1 _ wz) H Wt H (1— wqﬂée)
=0 (=1 (=j+1  l=j+1
q—1 q—1
=(=1)’ =)

Therefore we have

det(Myy) = (1P (=1)"  J] (" —u):

1<l<m<qg—1

Plugging det(M,;) into (6.8)) completes the proof. O

Combining Fact and Proposition gives

Lemma 6.2.8. We have that

det(F) = det(F, @ - -- @ Fy) # 0.

Recall that we assume that all the non-zero Fourier coefficients Enon(a) are zero. Now to
make the linear system of equations in (6.5]) complete, we add another constraint that EHOH(O) =
S, F'(z) = cq*, where c is a constant which will be determined later. Since F is non-singular,
there is a unique solution to this system of ¢” linear equations. But we know the uniform dis-
tribution E'(z) = c for every z € XF is a solution (by the proof of the only if direction of
Theorem[6.1.3), therefore this is the unique solution.

Now we have, for every z € ¥*, F(z)0s(z) = c. Observe that 1/05(2) = ¢"p1(21) - - pr(2)s

and since p;(z)’s are marginal probabilities, ) . p;(2) = 1 for every 7, it follows that

Z Hs}z) _ g Z pi(z1) - pelz) = ¢

zexk zexk

Using the fact that ) .. F(z) = 1, we arrive at




and therefore ¢ = qik and F(z) = m = p1(z1) - - - pr(zx) as desired. This completes the proof

of Lemma [6.2.1] ]

6.3 Zeroing-out non-uniform Fourier coefficients

Given a distribution D which is not k-wise independent, what is the distance between D and the
non-uniform k-wise independence? In the following we will, based on the approach that has been
applied to the uniform case, try to find a set of small-weight distributions to mix with D in order
to zero-out all the non-uniform Fourier coefficients of weight at most £. Moreover, we can bound
the total weight added to the original distribution in this zeroing-out process in terms of the non-
uniform Fourier coefficients of [). This will show that the characterization of the non-uniform
k-wise independence given in Theorem [6.1.3|is robust.

A careful inspection of Theorem [3.3.4| and its proof shows that if we focus on the weights

added to correct any fixed prime vector and its multiples, we actually prove the following.

Theorem 6.3.1. Let E' be a non-negative functiorﬁ defined over X", a be a prime vector of weight
at most k and E'(a), E'(2a), ..., E'((q — 1)a) be the Fourier coefficients at a and its multiple
vectors. Then there exist a set of non-negative real numbers w;,7 = 0,1,...,q — 1, such that the
(small-weight) a’istributio WE/,adéf Z?;é w;Uq ; satisfies the following properties. The Fourier
coefficients of E' + W q at a,2a, . . ., (q — 1)a all equal zero and W o(b) = 0 for all non-zero
vectors that are not multiples of a. Moreover, the total weight of W o is at most Z;’;é w; <

S _

Applying Theorem with E’ equal to D’ ) gives rise to a small-weight distribution

supp(a

W @ which, by abuse of notation, we denote by #,. When we add #, to D’ , the

supp( Supp(a’)

resulting non-negative function has zero Fourier coefficients at a and all its multiple vectors. That

%In Theorem we only prove this for the case when E’ is a distribution. However it is easy to see that the result
applies to non-negative functions as well.
*Recall that U, ; is the uniform distribution over all strings « € Z such that @ - = j (mod q).
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is,

Wo(la) = —D (a)(la), forevery 1 < /¢ <gq—1. (6.9)

supp

= —D""(V'a), for every ¢’ such that supp(£’a) = supp(a). (6.9
and for any b which is not a multiple of a,
Wa(b) = 0. 6.10)

However, this small-weight distribution only works for the auxiliary function D;upp(a) but what

we are looking for is a small-weight distribution that corrects the non-uniform Fourier coefficients

of D at a. To this end, we apply the reversed compressing/stretching factor to %, to get Y,

def Wa<w>
w(x)= )
O) ()

6.11)

The following lemma shows that mixing D with #,, results in a distribution whose non-uniform
Fourier coefficients at a as well as its multiple vectors are zerdﬂ In addition, the mixing only adds
a relatively small weight and may increase the magnitudes of the non-uniform Fourier coefficients

only at vectors whose supports are completely contained in the support of a.

Lemma 6.3.2. Let D be a distribution over > and a be a prime vector of weight at most k. Let
supp(a) be the support set of a and W, be as defined in (6.11). Let the maximum factor over all
1

. . : def
possible compressing/stretching factors be denoted as v, = Maxs,z 5=y where S ranges over all

subsets of [n) of size at most k and z € X5, Then Y, satisfies the following properties:

1. The non-uniform Fourier coefficients of D + W, at a as well as at the multiple vectors of a
whose support sets are also supp(a) are all zero. Moreover, V/Clnon(a’ ) = 0 for every vector

a’ whose support set is supp(a) but is not a multiple vector of a.

“In fact, the lemma only guarantees to zero-out the Fourier coefficients at @ and its multiples whose support sets
are the same as that of a. But that will not be a problem since we will perform the correction process in stages and
will come to vectors with smaller support sets at some later stages.

Note that if a is a prime vector and a’ is a multiple vector of a, then supp(a’) C supp(a).
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2. For any vector b with supp(b) ¢ supp(a), %anon(b) = 0.

3. The total weight of Wy is at most y, Y wesn Yalx) < i Z?;i

Zjnon(j(l)y

4. For any non-zero vector ¢ with supp(c) C supp(a), #2°(c) < i

[)n0n<](l)‘

Proof. For simplicity, we assume that supp(a) = [k]. Recall that #, = Zq o W;Uq ; and Uy
is the uniform distribution over the strings « € Z} such that ) "' | a;z; = j (mod q). A simple
while important observation is the following: since the support of a is [k], if z1 - - - x), satisfies
the constraint Zle a;z; = j (mod q), then for any vy 1+ yn € X%, 21+ 2pYpy1 - - yn will

satisfy the constraint and thus is in the support of the distribution.

Remark on notation. In the rest of this section, we always write « for an n-bit vector in %" and

write z for a k-bit vector in 3*.

Note that we may decompose ¥, (or any non-negative function) into a sum of ¢* weighted
distributions as #, = Zzezk w, ., such that each of the distribution %, is supported on the

|2"~* strings whose k-bit prefixes are z. That is,

Wolx), ifxy =z,
W, Uy (x) = (@) .

0, otherwise.

To make %, indeed a distribution, i.e., > %.(x) = 1, we simply set

That is, w, equals the mass of the projected distribution %, at z. By Theorem clearly we

have

3w, < Z ’D“"“ (ja ‘ 6.13)

zexk
The aforementioned observation then implies that for every z € X*, %, is the uniform distri-

bution over all |X|"~* strings whose k-bit prefixes are z. In other words, %, is uniform over the
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strings in its support. We will refer to these distributions as atomic uniform distributions. More
explicitly,
1 .
—, If Lk = 2,
U (x)= " (6.14)
0, otherwise.

After applying the compressing/stretching factor, %, is transformed into U,:

- n_;, lf.’,Ek =z,
() = T @) " 6.15)

0, otherwise.

We call %, a transformed atomic uniform distribution. Clearly we have

V=Y ..

zELk
We remark that both atomic uniform distributions and transformed atomic uniform distributions
are introduced only for the sake of analysis; they play no role in the testing algorithm.

Our plan is to show the following: on the one hand, {wz?/;}z, the weighted transformed atomic
uniform distributions, collectively zero-out the non-uniform Fourier coefficients of D at a and all
the multiple vectors of a whose supports are the same as a. On the other hand, individually, each
transformed atomic uniform distribution %, has zero non-uniform Fourier coefficient at any vector
whose support is not a subset of supp(a). Then by linearity of the Fourier transform, Wy, also has
zero Fourier coefficients at these vectors.

We first show that if we project %, to index set [k] to obtain the distribution (%;){ ; then
k

(%;){ | is supported only on a single string (namely z) and has total weight m, which is
k

independent of the compressing/stretching factors applied to the last n — k coordinates.

Remark on notation. To simplify notation, we will use Kronecker’s delta function, é(u, v), in
the following. By definition, §(u, v) equals 1 if w = v and 0 otherwise. An important property of

d-functionis ), f(u')d(u,u') = f(u), where f is an arbitrary function.
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Claim 6.3.3. We have

- iz, 2)
. 2 = — 6.16
< )[k]( ) O (2) (6.16)
and consequently
. 1
> u. ; ©.16)
= w(2)
Proof. Note that %, () can be written as
w (z) = 5(zc[k],z) 1 _ 5(:c[k],z) 1
- O (2) " FOpirm)(Trsrn)  On(2) @ FOkpr(@ps) - Onlzn)
Then by simple calculation,
9 (w[k:]7 ) 1
. x U, (x) =
(%), 0 Z (=) Z i1 (@hr1) - Onlwn)
o(x,
ZZL Z 0" pra(@rgr) - palen)
[k] $k+1 ,,,,,
_ :z:[k]’ Zpk133k DN I ZP (n)
e[k] + + n\+n
Th+1 Tn
_ 5(%1%) -
G[k](z)

Note that (6.16)) is exactly what we want, since to compute the non-uniform Fourier coefficient
of w,%. (') at a, we need to multiply the projected distribution by 0};)(2). Specifically, denote
the transformed function F(%#,, a) (as defined in (6.2)) by #” and use (6.16), then for every

PPN
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It follows that #/ = #, by (6.12). Therefore for any vector b whose support set is [k], we have

A

7/:an°n(b) = W4(b). In particular, by (6.9)|and (6.10), W}O“(f’ a) = —D""({'a) for every vector

¢'a such that supp(€’a) = supp(a) and #.2°"(b) = 0 for every vector b which is not a multiple of

a and satisfies supp(b) = supp(a). This proves the first part of the Lemmal6.3.2]

Next we consider the non-uniform Fourier coefficient of %, at b, where supp(b) ¢ [k]. With-
out loss of generality, assume that supp(b) = {¢+1,..., k,k+1,...,k+m}, where { < k — 1
and m > 1. Consider the non-uniform Fourier coefficient of any atomic uniform distribution x,

at b. By the form of %, (z) in (6.13)),

Orr(@h41) - Ok (Chgm ) O 1 (Tpmer) - - - On ()

Z pk—&-m—i-l(xk-i-m-i-l) te (an(xn))

Tk+m+1

Thtm—41sy z

:5(w[€+1,k]; z[é—i—l,k;})
qnfke[k](z) Ot 1(Ths1) - Ok (Thym)
1

:C]me[k](z)ekﬂ(wkﬂ) o Oy (Thpm)

O(Xo1k)> Ze41,4))-

Therefore, after applying the compressing/stretching transformation, %, is uniform over k+1,k+

m]. Consequently, its non-uniform Fourier coefficient at b is

U (b) = 3 O(@ 41,4, Z(e41,0) 0041 (Ter1) - Orim(Taem) 225 6y 4t bpsmgon)
GO (2) 0k (Ths1) - Ok (Thm)

218 (hyy 1 2pq 1+ +bizy)
112041 k2K v
_ e E 6%(bk+lxk+1+“'+bk+m$k+m)

Cqm01(21) - 0e(20)
27 (hy oy 2o 1+ +bg k)

= 01 (z1) - Oe(z2) 2. ¢

Tl42;50Tk4m Tr41

N
Q

m(bk+23«“k+2+'”+bk+m1k+m)E e%(bkﬂrkﬂ)

=0,
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where the last step follows from Fact as b1 is non-zero. This proves the second part of the

Lemmal6.3.2)
By (6.1¢])|in Claim the total weight added by a transformed atomic uniform distribution

Wz

Orx) (2)
the upper bound on total weights in (6.13) proves the third part of Lemmal6.3.2]

is < Yw,. Adding the weights of all the atomic uniform distributions together and using
For the last part, assume supp(c) = 7' C [k]. Now consider the contribution of a transformed
atomic uniform distribution w,%, to the non-uniform Fourier coefficient at ¢. The probability

mass at z/. of the transformed atomic distribution is

Flws e €) () = w, (‘Z{j”z)) r(2)

(2)
= w, QT(ZT) 2
- H[k]( z) (21, 21).

Therefore we can upper bound its non-uniform Fourier coefficient at ¢ by

27

0 /! ~
— w, r(27) (since F(w, %z, c) is non-negative)

Ok (2)

1

< w, (since O7p(24) < 1)

—p r(z7)
< MWz

Finally we add up the weights of all transformed atomic uniform distributions in % and ap-

ply to prove the last part of Lemma[6.3.2] N

Now for any prime vector a of weight k, we can mix D with U, to zero-out the non-uniform
Fourier coefficient at a and all its multiples whose supports sets are supp(a). By Lemma
the added small-weight distribution will only increase the magnitudes of the non-uniform Fourier
coefficients at vectors whose supports are strict subsets of supp(a). After doing this for all the

prime vectors at level k£, we obtain a distribution whose non-uniform Fourier coefficients at level
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k are all zero. We then recompute the non-uniform Fourier coefficients of the new distribution and
repeat this process for prime vectors whose weights are £ — 1. By iterating this process k times, we
finally zero out all the non-uniform Fourier coefficients on the first level and obtain a non-uniform

k-wise independent distribution.
Theorem 3.3.5] Letr D be a distribution over X", then

A(D7 Dkwi) S @ (nk272k+2 qk(kJrl)) max

a:0<wt(a)<k

ﬁn0n<a> ‘ )

Proof. First observe that for every 1 < ¢ < n and every z € 3., m = qpi(z) < q,s0 v < ¢’ , for
every 1 < j <k.

We consider the zeroing-out processes in £+ 1 stages. At stage 0 we have the initial distribution.
Finally at stage k, we zero-out all the level-1 non-uniform Fourier coefficients and obtain a non-

uniform k-wise independent distribution.

Let fmax = MaXp<wt(a)<k

ﬁnon(a) ‘ To simplify notation, we shall normalize by f,.x every
bound on the magnitudes of the non-uniform Fourier coefficients as well as every bound on the
total weight added in each stage. That is, we divide all the quantities by f,., and work with the

ratios.

Let ) denote the maximum magnitude, divided by f,.x, of all the non-uniform Fourier co-
efficients that have not been zeroed-out at stage 7; that is, the non-uniform Fourier coefficients at

level i for 1 <i < k — j. Clearly f(© =1.

n

") (q — 1)F vectors at level

Now we consider the zeroing-out process at stage 1. There are (
k, and by part(3) of Lemma [6.3.2 correcting the non-uniform Fourier coefficient at each vector
adds a weight at most (¢ — 1) (). Therefore, the total weight added at stage 1 is at most
(M) (g — DFv(g — 1) f© = O(n*¢***'). Next we calculate f1V), the maximal magnitude of the

remaining non-uniform Fourier coefficients. For any vector ¢ at level 7, 1 < ¢ < k — 1, there

n—i

") (g — 1) vectors at level k whose support sets are supersets of supp(c). By part(4) of

are (
Lemma zeroing-out the non-uniform Fourier coefficient at each such vector may increase

)f)non(c) ‘ by V(g — 1) f©). Therefore the magnitude of the non-uniform Fourier coefficient at c is
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at most

f(O) 1 (Z : Z) (q— 1)k—i,yk<q _ 1)f(0) —0 (nk—tik—i—i-l) _
Clearly the worst case happens when i = 1 and we thus have f1) < O (n*~1¢*).

In general it is easy to see that at every stage, the maximum magnitude increases of the non-
uniform Fourier coefficients always occur at level 1. At stage j, we need to zero-out the non-
uniform Fourier coefficients at level £ — j + 1. For a vector a at level 1, there are (Z:]l) (q— 1)+
vectors at level k— j+ 1 whose support sets are supersets of supp(a), and the increase in magnitude
of D""(a) caused by each such level-(k — j + 1) vector is at most 7j_;41(¢ — 1) fU~1. We thus

have

, -1 , , . . .
U < <Z > (q—l)’“*wk_jﬂ(q—l)f(%l) <0 (nkqu2(kfj+1)) U, forl <j<k-—1.
This in turn gives
9 <o <anﬂ2k*j+l)> , forl1 <j<k-—1.

It is easy to check that the weights added at stage £ dominates the weights added at all previous

stages, therefore the total weight added during all k£ + 1 stages is at most
n (k=1) Kok42 pgy)
O ) (g—Dm ) f §O<n g ) O

6.4 Testing algorithm and its analysis

We now study the problem of testing non-uniform k-wise independence over Z;. Define

def
[V— max 0s(2z)
SC[n],0<|S|<k,zexl5!

to be the maximum compressing/stretching factor we ever apply when compute the non-uniform

Fourier coefficients.
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Claim 6.4.1. Forany 0 < § < 1, if A(D, Dywi) < 0, then for any non-zero vector a of weight at

most k, ﬁnon(a)‘ < GOmaxd.

Proof. Recall that we compute the non-uniform Fourier coefficient of D at a by first projecting D
to supp(a) and then apply a compressing/stretching factor to each marginal probability in Dyypp(a)-
Let D’ be any k-wise independent distribution with A(D, D’) < 6. Forevery 0 < j < ¢ — 1, let
Po" and P;$" be the total probability mass of points in D and D' that satisfy a - z = j (mod q)
after applying the compressing/stretching factors. By the definitions of statistical distance and

0 a5, We have
[Py —1/q| = |PLS — Pys®

= Z (Dsupp(a)<z> - ;upp(a) (z))esupp(a) (Z)

a-z=j (mod q)
< Z ‘(DSUPP(G) (Z) - Déupp(a) (z>>0311pp(0')(z)|
a-z=j (mod q)
< emax Z |Dsupp(a) (Z) - D;upp(a) (Z) |
a-z=j (mod q)
S Hmax(s-
Now applying Fact gives the claimed bound. O

K2-kt2

For simplicity, in the following we use M"°"(n, k, q)défO (n 2 g (“1)) to denote the bound
in Theorem [3.3.5

Theorem 6.4.2. There is an algorithm that tests the non-uniform k-wise independence over X"

2 2 2 2
k% —k+2) 2(k? +2k+1) 92 n(k*+2) (k% +5k+2)

7 ) and time complexity O (%nax = ) and

with query complexity 0(93“&""(

€

satisfies the following: for any distribution D over 3", if A(D, Dyyi) < , then with

3q9mafolon(n7k7q)
probability at least 2/3, the algorithm accepts; if A(D, Dywi) > €, then with probability at least

2/3, the algorithm rejects.

We now briefly sketch the proof of Theorem [6.4.2] Instead of estimating P, ; as in the proof
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Test-Non-Uniform-KWI(D, k. g, €)

1. Sample D independently m = O <q2<k+1)9?‘“"]\fnon("’k’qy log (M (n, k, q))) times

€

2. Use the samples to estimate, for each non-zero vector a of weight at most k£ and
each z € xlsupp(a)|, Dyupp(a)(2)

e Compute Dgupp(a) () = GS(Z)Dsupp(a)(z)

ynon (-, \def 7, _ / mig..
e Compute D""(a)=D'gpp)(a@) =), Dsupp(a)(z)e a
3. If max, ‘f)non(a)‘ < W@M@q) return “Accept’; else return “Reject”

Figure 6-1: Algorithm for testing non-uniform k-wise independence.

Theorem (3.5.2}, we estimate Dqupp(q)(2) for every z such that a - z = j (mod q). Since each P9
is the sum of at most ¢* terms, where each term is some Dgupp(a)(z) multiplied by a factor at most

Omax. it suffices to estimate each Dg,pp(a)(2) Within additive error €/3¢M™" (n, k, q)q"0max. The
soundness part follows directly from Claim [6.4.1]

6.5 Testing algorithm when the marginal probabilities are un-

known

If the one-dimensional marginal probabilities p;(z) are not known, we can first estimate these
probabilities by sampling the distribution D and then plug these empirical estimates into the testing
algorithm shown in Fig[6-1] The only difference between this case and the known probabilities case
is that we need to deal with errors from two sources: apart from those in estimating Dsupp(a)(z)
there are additional errors from estimating the compressing/stretching factors. It turns out that
the query and time complexity are essentially the same when all the one-dimensional marginal
probabilities are bounded away from zero.

In the following we write py,, = min; , p;(z) for the minimum one-dimensional marginal

probability. Note that 0. < (¢Pmin) "

Theorem 6.5.1. There is an algorithm that tests the non-uniform k-wise independence over X"
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where the one-dimensional marginal probabilities of the given distribution are unknown. The algo-

)

, then

2_ 2 2 2
k2 —k42) (2(k% +2k+1) 02, n(k°+2) g (267 +5k+2)

) and time complexity O( =

rithm has query complexity O

(G?Haxn<

62pmin Pmin

and satisfies the following: for any distribution D over X", if A(D, Dyyi) < T~ jon ED

with probability at least 2/3, the algorithm accepts; if A(D, Dyyi) > €, then with probability at

least 2/3, the algorithm rejects. E]

Proof. The algorithm is essentially the same as that of Theorem[6.4.2 shown in Fig[6-1] The only
eﬁ]axn(kQ—k+2)q2(k2+2k+1)

62pmin

difference is that this new algorithm first uses m = O( ) samples to estimate,
for each 1 < i < n and each z € ¥, the one-dimensional marginal probability p;(z). Denote the
estimated marginal probabilities by p/(z) and similarly the estimated compressing/stretching fac-
tors by 0% (z). After that, the algorithm uses the same samples to estimate, for every non-zero a of

weight at most £ and every z, the projected probability Dg.pp(a)(2). Then it uses these probabilities

together with the estimated one-dimensional marginal probabilities to calculate ﬁnon(a).

By Chernoff bound, for every p;(z), with probability at least 1 —1/6¢™, we have 1 —¢’ < i ; 8 <
1+ ¢, where € = €/(12kq0max M""(n, k, q)). Therefore by union bound, with probability at least
5/6, all the estimated one-dimensional marginal probabilities have at most (1 + €’) multiplicative
errors.

It is easy to verify by Taylor’s expansion that for any fixed integer & > 1, (1 +y)* < 1+ 2ky
forall 0 < y < 1/(k — 1). Also by Bernoulli’s inequality, (1 — y)* > 1 — ky for all 0 <
y < 1. Combining these two facts with the multiplicative error bound for p(z), we get that with
probability at least 5/6 all the estimated compressing/stretching factors have at most (1 + 2ke’)

multiplicative errors, as every such factor is a product of at most k factors of the form 1/gp;(z).

Also by Chernoff bound, we have with probability at least 5/6,

€
<
~ 12gM o (n, k, 0) " Omax

’Dsupp(a) (2) — Dsupp(a) (2)]

for every a and z.

®Note that if p,,;, is extremely small, the query and time complexity of the testing algorithm can be superpolyno-
mial. One possible fix for this is to perform a “cutoff” on the marginal probabilities. That is, if any of the estimated
marginal probabilities is too small, we simply treat it as zero. Then we test the input distribution against some k-wise
independent distribution over a product space. We leave this as an open question for future investigation.
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Define
ndef

Poj = Z Dsupp(a) (2)bsupp(a) (%)
a-z=j (mOd (])

as the “non-uniform” P, ;.

Our estimated value of P2°", denoted by P™°", is in fact

a’?] ’ a?] >

Pfiojn - Z Dsupp(a)(z)eéupp(a)(z)v
a-z=j (mod q)

where Dgypp(a)(2) denotes the empirical estimate of Dgypp(a)(2). To simplify notation, in the

following we write P(2z) = Dsypp(a)(2)s P(2) = Dsupp(a)(2), 0(2) = bsupp(a)(2) and '(z) =

eéupp(a) (Z) :

Putting the two error estimates together, we have with probability at least 2/3, for every a and

P — P = Y. P(x)(2) - P(2)d(z)

(]

P(2)0(z) — P(2)0'(2)| + Y P(2)0(z) - P(2)0(2)
az=j (mod q) az=j (mod q)

Y. @RIPE PRI+ Y PRI -6(2)

a-z=j (mod q) az=j (mod q)

<l Y |P(R) - PR+ ) Y. P(2)

a-z=j (mod q) a-z=j (mod q)

IN

< 20max K ‘ 2kemax ‘
= Wm0 Mo (1, K, )0 O 12k qOma M (1, K, q)

€
- 3gMron(n,k,q)
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The rest of the proof is similar to that of Theorem so we omit the details.
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Chapter 7

Testing Almost £-wise Independence over

Product Spaces

We study the problem of testing the almost k-wise independent distributions over product spaces
in this Chapter. First we define almost k-wise independent distributions over product spaces in

Section[7.1] Then we study the problem of testing almost k-wise independence in Section [7.2]

7.1 Almost k-wise independent distributions

As we discussed in Chapter[I] almost k-wise independent random variables are useful in the design
of randomized algortihms. In particular, due to the small sample-space constructions [47, 4], they
can be used to derandomized many randomized algorithms.

In the following we will follow [2] and define the almost k-wise independence in terms of

max-norm.

Definition 7.1.1 (Uniform Almost k-wise Independence). Let X be a finite set with |X| = ¢. A
discrete probability distribution D over X" is (uniform) (¢, k)-wise independent if for any set of k

indices {i1,...,i;} and forall z1,...,2, € &,



Generalizing this definition to non-uniform almost k-wise independence over product spaces

is straightforward.

Definition 7.1.2 (Non-uniform Almost k-wise Independence over Product Spaces). Let >y, ..., %,

be finite sets. A discrete probability distribution D over >; X - - - X Y, is (non-uniform) (¢, k)-wise

independent if for any set of k indices {iy,...,9x} and forall z;, € ¥;,,..., 2, € X;,,
Xl:r)er[Xi s sz = Zi " Zlk] — X];/)\/rD[Xil = Zil] X - X XI:r)er[Xi = Zlk] S €.

From now on we will work with the most general notion of the almost k-wise independence,
that is the non-uniform almost k-wise independent distributions over product spaces. Let D
denote the set of all (e, k)-wise independent distributions. The distance between a distribution D
and the set of (¢, k)-wise independent distributions is the minimum statistical distance between
D and any distribution in Dy ), i.e., A(D, D)) = infpep,, A(D,D’). D is said to be é-far
from (e, k)-wise independence if A(D, D)) > 6. We write ¢ for max;<;<, |X;|. To sim-

plify notation, we use vectors p,, ..., p, of dimensions |¥]|,...,|%,

, respectively to denote the
marginal probabilities at each coordinates. That is, for every z; € ¥;, the j™ component of p; is

Pi(2j) = Prx.p[X; = zj]. Clearly we have 3 5, p;(2;) = 1 forevery 1 <i<n.

7.2 Testing algorithm and its analysis

In the property testing setting, for a given distribution D, we would like to distinguish between the
case that D is in D, ;) from the case that D is ¢-far from D, ).

The testing algorithm, illustrated in Figure first draws a few samples from the distribution.
It then uses these samples to estimate the marginal probabilities over all k-subsets. The test accepts
the distribution if the maximal deviation of these marginal probabilities from the corresponding

prescribed ones is small.

Theorem 7.2.1. Given a discrete distribution D over 1 X --- X X, there is a testing algorithm

kloegz(;qm)) and time complexity O( (”q’”)k) such that the following holds. If

€252

with query complexity O(
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Test-AKWI(D, k, 3, ¢, 0)
1. Sample D independently () = O(%) times
2. Use the samples to estimate, for every k-subset I = {i1,...,1;} of [n] and every
_ def
Ziy - i D12y ---zik)§ Prxp[Xi, - Xi, = 2iy -~ 2i,)

def
3. Letp[(zil .. 'Zik):e PI“X,\,D[)(Z‘1 = Zil] X oo X PI‘XND[XZ‘k = Zik]

4. If maxy , |pr(zi, - - 2i,) —pr(zi, - - - zi, )| > €+ €0/2, return “Reject”; else return
“Accept”

Figure 7-1: Algorithm for testing almost k-wise independence over product spaces.

D € D), then the algorithm accepts with probability at least 2/3; if D is 6-far from D . 1, then

the algorithm rejects with probability at least 2/3.

To analyze the testing algorithm we will need the following lemma which, roughly speaking,
states that the distance parameter ¢ can be translated into the error parameter € (up to a factor of €)

in the definition of the almost k-wise independence.

Lemma 7.2.2 ([2]). Let D be a distribution over ¥y X --- x X,. If A(D,D(cy)) > 6, then
D & Dicyes )y If A(D, Diey) <6, then D € Dicys 1.

Proof. For the first part, suppose D € D(cyesp). Let Up . p denote the distribution that for
every zi---zp € X1 X -+ X Xy, Up . p (21-72,) = Py(21) - P,(2n). It is easy to check
that since Zz p; = 1, Up, . p, 1s indeed a distribution. Now define a new distribution D’ as
D' = (1-0)D+06Up,...p. ,then one can easily verify that D' € D(, 1, therefore A(D, D 1)) < 6.

For the second part, recall that no randomized procedure can increase the statistical difference
between two distributions [58], therefore to project distributions to any set of k& coordinates and
then look at the probability of finding any specific string of length £ can not increase the statis-
tical distance between D and any distribution in D). It follows that when restricted to any k

coordinates, the max-norm of D is at most € + 9. O]

Proof of Theorem[7.2.1] The testing algorithm is illustrated in Fig. The query complexity

and time complexity of the testing algorithm are straightforward to check. Now we prove the
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correctness of the algorithm. As shown in Fig. we write py(z;, - - - 2;, ) for the estimated prob-
ability from the samples, p? (2, - - - z;, ) for Prxp[X;, -+ - Xi, = 2, -+ - 23, ) and pr(2;, - - - 2;, ) for
PrXND[Xil = Zil] X oo X PrXND[Xik = Zik]- Observe that E [p[(zil . Zlk>] = p[D<zi1 s Zik)'

Since pr(z;, - - - i, ) is the average of ) independent 0/1 random variables, Chernoff bound gives
Pr(|pr(zi, -+ i) — 07 (200 - 23)| 2 €6/2] < exp (] = U6°Q)).

By setting () = C' % for large enough constant C' and applying a union bound argument to

all k-subsets and all possible strings of length &, we get that with probability at least 2/3, for every

pr(zi, - z0,) — P (20, -+ 2,)| < €6/2.
Now if D € Dc 1), then with probability at least 2 /3,forall andall z;,, ..., z;,,

I and every z;,, ..., 2;,,

pr (2, - zi) = pr(ziy -+ 2
¢, so by the triangle inequality |p;(z;, - - - z;,) — pr(2i, -~ zi, )| < €+€0/2. Therefore the algorithm
accepts.
If D is o-far from (¢, k)-wise independence, then by Lemma D ¢ Diciesry- That is,
there are some I and z;,, ..., z;, such that [pP (2, -~ 2,) — pr(z;, -+ 2;,)| > € + €d. Then with
probability at least 2/3, |p(zi, --- 2;,) — pr(2i, - -~ 2i,)| > € + €6/2. Therefore the algorithm

rejects. [
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Chapter 8

Conclusions

We conclude this thesis with some open problems suggested by our study of testing k-wise inde-

pendence.

Our testing algorithms are efficient only when £ is relatively small. Let us consider the simplest
domain of Boolean cube {0, 1}". As we discussed before, uniform distribution is just the uniform
n-wise independent distribution. If we plug £k = n into our testing results, the query and time
complexity would be nP°Y ™ instead of the optimal bound 2™/? = nesn [32),52]. Therefore, it is
interesting to study algorithms which test k-wise independence when £ is large, say k = n— O(1).
Such a study would deepen our understanding of the structures of k-wise independence over the

entire range of k.

We discuss briefly in Chapter [I]a plausible connection between the minimum support size and
the query complexity of the optimal testing algorithm for uniformity, k-wise independence and
almost k-wise independence. Does such a relationship exist for a general class of distributions? If
so, what are the quantitative bounds between these two quantities and is there any deeper reason
why they are related?

There is a quadratic gap between the upper bound and lower bound on the query complexity of
testing k-wise independence over the Boolean cube. It would be great if one can close this gap and
find out the optimal query complexity. Also, the only lower bound we are aware of is the one we

show in this thesis for the binary domain. Can one prove a stronger query lower bound for testing
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k-wise independence over larger domains?
Let D be a distribution over a product space >; X - - - X 2,, and let D; be the marginal probability
of D at coordinate 7, for all 1 < ¢ < n. An interesting question is, what is the closest product

distribution to D? The most natural candidate seems to be
DD o x D,

Indeed, Batu, Kumar and Rubinfeld [11]] show that, for n = 2, if D is e-close to some product
distribution, then D is 3e-close to DP9, One can show that their result generalizes to arbitrary n
and the distance between D and DP™! is at most (n + 1)e. But is this bound tight? Much more
interestingly, is DP™¢ the closest product distribution to D? If not, what is the right bound on the
distance between D and product distributions in terms of n and |X| (for simplicity, assume that all

S=e= 3, =5)?
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