COT 3420
Section U2
Fall 2005

EXAM # 2 SOLUTIONS

QUESTIONS

Question 1. (10 points)
Rectify the formula
F = [VaVy3zP(x, z) AVaVyVz(=P(z,y) V P(y, z))] A P(z, ).
Answer: F = [Vx,32P(x1, 2) AV Vy(—P(z2,y) V Py, z2))] A P(z, ).
Grading Criteria: 1. Removing the 2 redundant quantifiers : 3 points
2. Relabeling the first Vz : 3 points
3. Relabeling the second Vzx : 4 points
4. Relabeling the free x: -3 points
Question 2 (10 points)
Skolemize the formula
F = 3x,Vaodws Iz, VasIzeVaIzs FM[a, 21, f(22), T2, T3, T4, Ts, Te, T7, Ts]
where F'™ is the matrix of F.
Answer: F=,V1oVrsVr,3xs FM [a, z1, f(12), Ta, T3, T4, Ts, Te, T7, Ts)[T1/b, T3/ g(12), T4/ h(22),
x¢/i(x2, Ts5), x8/ (T2, T5, T7)]-
Grading Criteria: 1. 2 points for each correct substitution.
2. -1 for each wrong function symbol, i.e. using the same symbol for
different functions.
3. -1 point for each function that has the wrong arguments.

Question 3. (20 points)
Prove by structural induction that the set S = {=FAG, VzF'} is adequate,
i.e. every FOL formula is equivalent to an S-formula. It’s Ok to reduce some
cases to cases that are already solved.
Proof: By structural induction on F'.
Case 1: F'is an atomic formula. Then F' is an S-formula.
Case 2: F'= —(G. By IH there is an S-formula (G; that is equivalent to G.
Then,
G=-G



_|Gl by 1H
-Gy A E(xz,z)  because E(z,z) is a tautology
The last formula is an S-formula being an instance of =/ A J with I and
J S-formulas.
Case 3: F = GV H. By IH there are S-formulas G; and H; such that G = G,
and H = H;.
F=GVH
GiVH, bylH
—-=(G; V H;)  double negation introduction
-(=G1 A—=H;)  De Morgan’s law
—(=Gy A (=Hy A E(z,z))) by Case 2
=(=Gy A (—H1 A E(z,z))) AN E(z,z) by Case 2
The last formula is an S-formula.
Case 4: F = GAH. By IH there are S-formulas G; and H; such that G = G,
and H = H,.
F=GANH
Gl VAN H1 by IH
——G1 A H;  double negation introduction
(=(—=G1 A E(z,z)) NH; by Case 2
The last formula is an S-formula.
Case 5: ' = G — H. By IH there are S-formulas G; and H; such that
G =Gy and H = H,.
F=G—H
=G, — H, bylH
=-G1V H by — elimination
Now we apply Case 2 to eliminate = and Case 3 to eliminate V.
Case 6: F = G «— H. By IH there are S-formulas G; and H; such that
G =G, and H = H,.
F=G+— H
=G +— H by IH
= (Gy +— Hi)AN(H, <— G1) by «— elimination
Then we apply Cases 4 and 5 to eliminate A and —.
Case 7: F'=Vz(G. By IH there is an S-formula G, that is equivalent to G.
F =VzG
=VzG; by IH
The last formula is an S-formula.
Case 8: ' = dz(G. By IH there is an S-formula GG; that is equivalent to G.
F =dzG

(1



T | QA
z | fA] x 3| 4] 5 x 3| 4] 5 3%[]
305 3| 4] 5 3 30l olof
41 3 3| 4| 5 1] 0] 1 — T
— T 511
53 5| 3] 4 o 1] 0] ———

Q.A
fA gA P.A

Figure 1: Tables for Question 5

JxG; by IH
——dz(G;  double negation introduction
—Vx—-Gy; by ~dzl =Vz—I
-z (-G A E(z,z)) by Case 2
—Vx(—-G1 A E(z,z)) AN E(z,z) by Case 2
The last formula is an S-formula.
Grading Criteria: 1. Listing the cases: 2 points.
2. Cases 1 and 7: 1 point.
3. Case 2: 5 points (This is key case)
4. Case 3, 4, 8: 3 points.
5. Cases 5,6: 1.5 points each.

Question 4. (5 points)
Close the formula F' = JuVyF™ |z, vy, z,u, v, w] where FM | the matrix of
F, has free occurrences of x,y, z,u, v, w.
Answer: F = 3r323v3wIuVyFM |z, y, 2, u, v, w]
Grading Criteria: 1. 1.25 points for each quantifier.
2. -0.75 point for each insertion behind Vy.

Question 5. (20 points)

The universe of A is {3,4, 5} and the A interpretations of a,z, and y are
a* =3, 24 = 4 and y* = 5. The tables for the functions f* and ¢ and the
predicates P* and Q* are displayed in Figure 1.

Evaluate the terms and the formulas below. Do not show your work, just
write the answer to the right of the equal sign.

L A[f(g(z,y))] =3



2. Alg(g(a,),y)] =4
3. [ﬁP(y, a) =1

4. ANz—P(a, f(x))] =

5. A[EIxVyP(x (y))]—l

=]

- ANz (P(y, f(2)) V Q(f(x)))] =0

Grading Criteria: 3.33 points for each right answer.

Question 6. (20 points)

Let x,u,v be 3 different variables and VxF' be a formula that does not
have any occurrences of u and v.

Prove the consequence below.

Vo F =YuVuF[z/ f(u,v)].
Proof: Let A be a structure with universe U. We assume (1) and need to
show (2).

(1) A[VzF] =1

(2) AVuVvF[z/f(u,v)]] = 1.

We apply the interpretation of Vz to (1) and get that (3) holds for all
deU.

(3) A alF] = 1

Now, let e;,e; € U and let us evaluate Ay jvee][F[z/f(u,v)]]. The
term f(u,v) is free for z in F because u,v do not occur in F', neither as vari-
ables nor as arguments to quantifiers. So, we apply the Translation Lemma
and get

(4) Apeevee Flo/f(u, 0)]] = Aueeveelve Ao lf@onlF]

We evaluate Ajyc e,]jvees[f (4, V)]

(5) A[U(—e1][v<—ez] [f(ua U)] = fA[ela 62]

We use (5) to replace Apy«ejjvees)f(u,v)] in (4) and get (6).

(6) Apcenpees) [Fz/ f(u,0)]] = Apceyveesioe fAer e ]

The variables u and v do not occur in F, so the structures A e, Jvees]foe fAfer ea]]

and Ay fafe, e, agree on F. By The Agreement Theorem,
(7) ApcerJvees]ivefAler e F] = Apppajer e [F-
We use (7) to replace Apyejjvees)iocfAfer,eo)) [F] 1D (6)-
(8) Aperiveen [Flx/ f ()] = A pafer ea [ F]
Now we apply (3) and get that,
(9) Apzepage ey [F] = 1.
From (8) and (9) we obtain
(10) Apeeyjioees [Flz/f(u,v)]] = 1.

Now,



ANuVoF[z/ f(u,v)]] =1

iff for all e; € U, Apyee,)[VoF[z/f(u,v)]] =1 by the interpretation of
Vu

iff for all e; € U, for all ey € U, Apceqjjvees)[Flz/f(u,v)]] =1 by the
interpretation of Vv

iff for all e; € U, for all e; € U, true by (10)

iff true.

So, AVuVvF[z/f(u,v)]] =1 Q.E.D.
Grading Criteria: 1. Writing down the assumption (1) and the goal (2) :
3 points

2. Writing (3): 2 points.

3. Deriving (10) 13 points.

4. The wrap up : 2 points.



