COT 3420
SPRING 2006

EXAM # 3 ANSWERS

QUESTIONS

Question 1. (30 points)

The universe of structure A is {3,4,5}. The A interpretations of a, x,
and y are a* = 4, 2 = 5, y* = 3. The tables for the functions f# and g%
and the predicates P4 and Q* are shown in Figure 1. Evaluate the terms
and formulas below. Do not show your work, just write the answer after the

equal sign.
L Alf(z)] = fAlz"] = fA5B] =
2. Alg(z,z)] = gz, 24 =g [5 5]=3

3. Alg(g(a,y), £(2))] = g4g4a, 44, Flat]) =
gAlg 14, 3], FAB]] = 43, 5] = 4

4. AlQ(g(y, )] = Qg™ y*, 24 = Qg3 5] = Q1[4] =1
5. A[P(z, f(a))] = PAlzA, fAa]] = PA5, fA[4]] = PA[5,4] =
6. A[E(f(x),9(y,a))] = 0 because A[f(z)] # Alg(y,a)]

Alf (z)] = fAlz4 ]—f““[5]—5
Alg(y,a)] = g4ly*, 0] = g7[3,4] =3
7. A[v:cP( (z), )] = PA[5, 3][A|PA[4, 4 AJPA[5,5] = 1
8. AVzQ(f(z))] = Q““[5 -QA [AlRAB] =0
9. A[F2Vy-P(z,y)] = Apes)[Vy—P(z,y) ]. %4 Vy—P(x, )]V Apcs[Vy—P(z, y)]
= [P““[3,3]P“‘t 3 4]. -P“‘t (3, 5]] LV | Azea)[Vy—P(z, y)] .A z5)[Vy—P(z,y)] =

10. ANV23yP(y, )] = Ay [FyP(y, z)[A] AppeqgByP(y, = -A 25)[FyP(z,y)]
= [PA[3,3][V]PA[4, 3]V [PA[5, 3][[A] [PA[3, 4] VP[4, 4].PA[5 .
PA3, 5[ V]PA[4, 5] V]PA[5,5]] = 1

Question 2. (25 points)

Prove that if z is not free in G, then 3zF — G =Vz(F — G).
Syntactic Proof:

JzF — G =-d2FVG  —-elim

=Va-F V(G because —~3F = Vz—F
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Figure 1: Tables for Question 1

=Vz(-F V(G) since z is not free in G

=Vz(F — G) by —-intro
Semantic Proof:

Let A be a structure with universe U. We show that A[F3zF — G| =1
iff AVz(F — G)] =1

AFzF — G] =1

iff A[3zF]=0o0r A[G] =1 interpretation of —

iff for all d € U A g[F] =0, or A[G] =1 interpretation of 3z

iff for all d € U, Apeq[F] =0 or A[G] =1

iff for alld € U, A q[F] =0o0r Agq[G] =1  see remark

iff for alld € U, Ajpg[FF — G] =1  interpretation of —

ifft A[Vz(F — G)] = 1. interpretation of Vz

Remark: Since z is not free in G, A and A4 agree on G. By the
Agreement Theorem, A[G] = A, q[G].
Grading Criteria:

1. Error in the first line like 32F — G = J2(F — G) or JzF —>
G = existsx—F — G: -15 points.

2. Error in the first line due to the wrong interpretation of — or inter-
preting 3 before — : -15 points

3. Not using the fact that x is not free in G or not using the consequence
Afzq and A agree on G: -5 points

4. Confusing the interpretations of 4z and Vz: -10 points

5. Not giving reasons for iff’s: -5 points.

6. Skipping steps: -3 to -5 points.



Question 3. (25 points)

We define the set of connectives S = {F — G, 0,3z F'} where x can be
any variable. Prove, by structural induction on F', that S is adequate for
FOL.

Proof:
Lemma: 1. -F = F — 0O.

2. FVG=(F— 0 —G

3. FANG=(F — (G—0)) — O

4. F«—G=(F—G) — (G—F)—0) —0O0

5. VeF = 3Jx(F — 0O) — O
Proof: 1. -F=-Fv O tautology law

=F—10 — intro

2. FVvG=—-——FVG double negation introduction

=(-F —G) — intro
=(F—0 —Gd part 1
. FAG=-~(FAQG) double negation introduction
—(=F Vv ~G) DeMorgan’s law
-(F — -G) — intro
-(F — (G — 0)) part 1
(F— (G—0)—n0O part 1

4. F+—G=F —GNG—F) <+ -elim

=(F —G — ((G— F)—0d)) — 0O part3

5. Vo F = =V F double negation introduction

—dz—F pushing — past V

=dzg—-F — O part 1

=dz(F — 0)— 0  part 1

Q.E.D lemma
Here is the proof that S is adequate, i.e. that every formula F' has an
equivalent S-formula.

Case 1: F'is an atomic formula. Then F'is an S-formula.
Case 2: ' = (. By IH there is an S-formula GG; such that G = G;.

F=-G=-G4 by IH

=G, — 0O part 1 of the lemma

The last formula is an S-formula.
Case 3: F = GV H. By IH there are S-formulas G; and H; such that G = G,
and H = H;.

F:GVHEG1VH1 byIH

=(G,—0) — H, part 2 of the lemma
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The last formula is S.
Case 4: F = GAH. By IH there are S-formulas G; and H; such that G = G,
and H = H,.
F=GANH=G,NH; by IH
= (G, — (Hp — 0)) — 0O part 3 of the lemma
The last formula is S.
Case 5: ' = G — H. By IH there are S-formulas G; and H; such that
G=G,and H = H,.
F=G—H=G, — H by IH
The last formula is S.
Case 6: F = G <— H. By IH there are S-formulas G; and H; such that
G =Gy and H = H,.
F=G+—> H=G, +—— H, by IH
= (G — H) — (HL — G1) — 0)) — O part 4 of the
lemma
The last formula is S.
Case 7: ' =Vz(G. By IH there is an S-formula G| such that G = G;.
F =VG =VG, by IH
=3dz(G; — 0O) — O part 5 of the lemma
The last formula is an S-formula.
Case 8: I' = dz(G. By IH there is an S-formula G| such that G = G;.
F = 3dzG = J2Gy by IH
The last formula is an S-formula.
Q.E.D.
Grading Criteria: 1. Listing the cases: 3 points
2. Case 1: 1 point
Case 2 (including part 1 of the lemma): 4 points
Case 3 (including part 2 of the lemma): 3 points
Case 4 (including part 3 of the lemma): 3 points
Case 5: 1.5 points
Case 6 (including part 4 of the lemma): 3 points
8. Case 7 (including part 5 of the lemma): 5 points
9.Case 8: 1.5 points
Question 4. (10 points)
Rectify the formula F' = Vz{Vy[(P(z,y) V 32Q(z,y)) A Fy—P(y, 2)] A
Vz[3z(=P(z,2) V Q(y, 2)) AVz(P(z,2) V Q(z,9))]}-
Answer: z is quantified twice, so we relabel one of them.
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F = Va{Vy[(P(z,y) V F2Q(2,y)) A Fy—=P(y,2)] A Vz[3z1(=P(z,21) V
Qy, 2)) AV2(P(z, 2) V Q(z,y))]}

Now, y is free and also quantified 2 twice, so we relabel the quantified
variables.

F=Va{Vy,[(P(z,y1) V 32Q(2, 1)) A Fy2P(y2, 2)] AVz[3a1 (—P(z,21) V
Qy, 2)) AV2(P(x,2) V Q(z,9))]}

z is free and is quantified 3 times, so we relabel the quantified subformulas.

F =Va{Vy,[(P(z, y1)VIZ1Q (21, Y1) )ATya—P(ye, 2)|AV2e[F21 (~P (22, 21)V
Qy, 22)) ANVz3(P(x, 23) V Q(23,9))]}



