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FINAL EXAM ANSWERS

QUESTIONS

Question 1. (25 points)

Let C' be a clause and Lq, Ls,...L,, n > 2, be a set of literals of C
such that S = {Ly,...,L,} is unifiable. Let o be a mgu of S. The clause
F = o[C] is called a factor of C.

For example, let C' = {P(z,y), P(y, 2),Q(z,y,2)} and S = {P(z,y), P(y,2)}.
S is unifiable and 0 = [y/x, z/x] is an mgu of S. Then, the clause R = ¢[C| =
{P(z,z),Q(z,z,z)} is a factor of C.

Now, let C be a clause, R a factor of C, and C and R be the universal
closure of C' and R.

Prove that C = R.

Proof: Let 0 = [x1/t1,...,2,/ts] and yi, ..., ym be the other variables of
C. Then

(1) C =Vy;...VynVz; ...V1,C

Let V = uy,...u, be the set of variables in R, and z,...%, be a set of
variables that do not occur neither in C nor in R. Let r = [u1/21, ..., up/2p].

Then,

(2) R =Vuy...Vu,R

By the relabeling lemma, (2) implies (3).

(3) R=V2.....V2,r[R].

Now, r[R] = r[o[C]] = [r ¢ ¢][C] and

[roo][C] = [x1/T1, -« oy, Tn)Toy Y1/ Trt1s -« - Ym/ Tnim)[C] where 7, = Tt;]
for 1 <i <nand 7,; =rly;] for 1 < j < m. The variables of the 7 terms
are in the set z,...z2,.

So,

(4) R=Vz ... V2,Clxn/m] .- - [21/T)[Ym /) Totm) - - - [Y1/Tog1]

We have to show that (5) holds for all structures .A.

(5) A[C] = 1implies A[Vz1 ... V2,Clxn/T0] - - - [21/T1][Ym/ Tatm] - - - Y1/ Tog1] =
1



This is done by the Translation Lemma. We assume (6).

(6) A[C] =1

Let now dy, ..., dp €U and B = A[z1<—d1]...[zp<—dp]-

B[Clxn/Ta] - . [21/T][Ym/ Tagm] - - - [Y1/Tsal]

= By, Bl [Cln/Ta) - - - [21/T1)[Ym/Tnsm] - - - [Y2/Tas2]] by the trans-
lation lemma

= B[y1<—B[Tn+1]][y2<—B[y1<—B[ ]][Tn+2]][0[xn/7_n] o /T [Ym/ Tom] - - - [Y3/ Taysl]

by the translation lemma

= By, Bl llly2Blrnia] [ClZn /Tl - - - [21/T1)[Ym/Tim] - - - [ys/73]] 41 does
not occur in 7,49

Tn+1

= By Bl s1)lya B2l [ymBlratm]).-z1¢Bir]]...[zn ¢ Bira]) [C] repeated
applications of the translation lemma.

= A[yl(_B[TWA—IH[y2(_B[Tn+2]]---[ym(_B[Tn+m]]...[$1(—B[Tl]]...[a)n(—B[Tn]] [C] ATERE Zp
do not occur in C

=1 by (6)

Question 2. (20 points)

Write the predicate partition(Pivot,List,List1,List2) that splits List into
List1l and List2 in such a way that List1l contains the elements of List that
are less than or equal to Pivot and List2 contains the items greater than
Pivot. For example partition(12,[3, 20, 23, 5, 12, 18, 4 ,6], L1,1.2) is satisfied
if L1 = [3, 5, 12, 4, 6] and L2 = [20, 23, 18].

% partition(Pivot,List,List1,List2) that splits List into Listl and List2 in
such a way
% that List1 contains the elements of List that are less than or equal to Pivot
% and List2 contains the items greater than Pivot.
partition( ., [|,[],[]). % the empty list generates 2 empty lists
partition(Pivot, [Head| Tail], [Head | Taill], List2):-

(Head < Pivot ; Head = Pivot), // put Head list 2

partition(Pivot, Tail, Taill, List2).
partition(Pivot, [Head| Tail], List1 , [Head | Tail2]):-

partition(Pivot, Tail, List1 , Tail2).

Grading Criteria:
1. 4 points for clause 1



2. 8 points for clause 2
3. 6 points for clause 3
4. 2 points for style (comments, good variable names, indentation)

Question 3. (20 points)
Write D[F, 2] for F' = VaVy[P(f(z,y), y) NP (z, g(z,y))V-P(f(z,2),y))].
Write your answer below.

Answer D|F,2] = {a, f(a,a), g(a,a), f(a, f(a,a)), f(
f(f(a,a), 9(a,a)), f(g(a,a),a), f(g(a,a), f(a,a)),
9(a, g(a,a)), g(f(a,a), a), g(f(a, a), f(a,a)), 9(f(a,a), g(a,a)), g(g(a, a), a),
9(g(a,a), f(a,a)),9(g(a,a), g(a,a))}

Grading Criteria: 1 bonus point + 1 point for each right term.
2. -1 point for each term that is not in D[F, 2]

Question 4. (10 points)

Write all resolvents of the clauses C; = {P(z, f(z),v), P(9(y), 2, h(u)), Q(z,y, 2) }
and Cy = {—=P(z,y,2),Q(z, 2,y)}. Don’t write the relabelings, the unifica-
tion set, and the mgu, just display the resolvents. Write your answer below.

Answer:

Ry ={Q(g(h(w)), h(u), f(g(h())))}, Re = {P(9(y), 2, h(v)), Q(=,y, 2), Q(z, y, f(z))},
= {P(z, f(2),y), Q(z,y,2),Q(g(y), h(u), 2)}
1. 4 points for Ry, 3 points for each of R, and Rj.
2. -1 point for each wrong term.
Question 5. (10 points)
Find out if § = {P(f(2), 4, h(z, 2)), Py £ (9(w)), v), P(F(9(a)), f(w), h(w, f(w)))}
is unifiable. If so, display an mgu; otherwise write that S is not unifiable.
Write your answer below.

Answer: o = [u/a,v/h(g(a), f(9(a))),w/g(a),2/9(a),y/f(9(a)),2/f(g(a))].

Grading Criteria: 10/6 points for each correct pair.

Question 6. (30 points)

For each of the following statements select the string that best completes
its meaning. There is no penalty for wrong guessing, but choose only one
answer.



[z/2,y/z,v/w] o [z/y, y/u,u/z,w/v]=...

[y/u,u/2]

[x/z,u/z, w/v]

ly/u,u/z,v/w]

[z/z,y/u, u/z,v/w]

2. [v/b] o [z/h(u)] o [z/g(v)] o [y/f(z,2)] = ...
a. [y/f(9(v),2),x/g(v), z/h(u),v/b]

- [y/f(9(v), h(v)),z/g(b), z/h(b),v/b]

[/ f(g(b), h(w)),z/g(v), z/h(u),v/d]

[v/f(g(b),h(w)),2/g(b), z/h(u),v/b]

3. ...is unifiable.

- {P(a,z), P(z,b)}

AP, f(y), P(z,a)}

AP (x,y), P(f(2),2)}.

{P(f(x),z), P(y,9(2))}-

4. ...is not a tautology.

daVe F' — Va F

Ve(F AG) — (Vo F AVzQG)

(FzF AN J2GQ) — J2(F AG)

. Flz/a] — 3z F

5. ...is an mgu of {P(f(z,y),y), P(2, h(z)), P(f(g(u),y), h(v))}

oo =

e

S

a0 o

-

a. 0= [z/g(u),y/h(g(v)), 2/ f(g(u), h(g(u)),v/u]
b. o =[z/g(u),y/h(g(u)),z/f(g(u),y),v/g(u)]
c. 0 =[z/g(u),y/h(x),2/f(g9(u), h(g(u))),v/u]
d. o = [z/g(u),y/h(g(u)), 2/ f(g(u), h(g(u))),v/g(u)]
6. The substitution ...is a unifier of S = {P(z, f(z)), P(g(y), f(2))}

a. [z/g(a),y/a, Z/g( )]
b. [z/9(a),y/a,z/x]
c. [x/9(y), 2/
d. [z/g(a),y/a, z/d]
7. Let s be a substitution such that s ¢ s =/[]. Then ...
a. s is a relabeling.
b. s =]
c. z/y € s if and only if y/x € s.
8. ...is a rename (relabeling).
a. [x/a, y/x]
b. [z/y,y/x]
c. [z/y,y/2 2/y]



9. Let S be a finite set of FOL clauses. Then, Res*[S] ...
a. is finite.
b. is infinite.
c. is countable.
10. ...does not preserve the relation =;.
a. dr
b. Vv

C. ™

Answers: 1. ¢ 2. d 3. d 4. ¢ 5. d 6. a 7. ¢ 8 b
9. ¢ 10. ¢

Grading Criteria: 3 points for each correct answer.

Question 7. (15 points)
Prove by first order resolution that the set S = {{P(f(z),v), P(y, f(2)), Q(z,y, f(x))},
{=P(z,1),Q(z,7,9)} {-Rg(x), F()), ~R(9(2), u), ~Q(x, u, F(2)}, {R(z, ), ~Q(z,4,9)}}
is unsatisfiable. For each resolution step specify the relabelings, the unifica-
tion set and the mgu. Do the minimal number of unifications.

Answer: The tree is shown in Figure 1.
Grading Criteria: 1. 5 points for each correct resolution step leading to
0.

2. For each step, 0.5 points for relabelings, 0.5 points for S, 1.5 points
for mgu and 2.5 points for the resolvent.

3. If both parents of a resolvent are wrong, no credit is given for the step.

4. If one of the parent clauses is wrong you cannot get more than 3 points
for the resolvent, even if it is correct.

5. -2 points for each extra resolution step.

Question 8. (16 points)
We create the data base shown below.
arc(b,c).
arc(c,a).

arc(a,b).

arc(a,d).

path1(X,X).

path1(X,Y) :- path1(X,Z), arc(Z,Y).

3



{P(f(x),y), Py, f(2)), Qz,y, f(x))} {=P(z,y),Q(z,2,9)}

= [l 52 = [#/1,y/y1, 2/ ]
S={P(f(z),y), P(y, f(2)), P(x1,y1)}

o =[x/ f(x),y/f(x), 2/2, 9./ f ()]

=1{Q(=, f(z), f()), Q(z1, f(x), f(x))}

s1= [, 52 = [2/71,21/7]

{Q(Iv f(@), [(2)), Q(z1, f (), f(2)), Q(z1, f(y), f(21)), QL2 f(y), f(y))}
= [21/x,2/2, 21 /7, y/ 2]

Ry = {-Q(z, f(y), f(z )) —Q(z1, f(y), f(y)}
s1 =[], 82 = [¥/21,9/y1, 2/ 2]

S {R(g(x), f(y)), R(g(2),u), R(x1,91)}
o =[z1/g(x),z/z,91/f(y),u/f(y)]

{=R(g(x), f(y)), ~R(g(2),u), ~Q(z,u, f(2))} {R(z,y),-Q(z,y,y)}

Figure 1: The answer to Question 7



path2(X,X).

path2(X,Y) :- arc(X,Z), path2(Z,Y).

What will be printed out by the queries below?
Write yes, no, or out of local stack next to the query.

?- pathl(a,d). yes
?- path2(a,d). out of local stack
?- pathl(d,a). out of local stack
?- path2(d,a). no

Grading Criteria: 4 points for each correct answer.

Question 9. (10 points)

Let 0 be an mgu of S = {Ay,...A,,By,...B,}. Prove that T} =
{Ay,... A} and T, = {By,... B,,} have mgu’s.
Solution: 7} and 75 are subsets of S, so ¢ is a unifier for them. By the
unification theorem, 7} and 75 have mgu’s.

Question 10 (20 points)

Let S = {A;,...,A,} be a unifiable set of atoms, Var be the set of
variables that occur in S, and o be an mgu algorithm produced by the
mgu algorithm from the book. Prove that o = [z1/t1,...,2,/t,] where

Z1y...,Zy € Var and ty,...t, have variables in Var — {zy,...,z,}.
Proof: We prove by induction on m that o, satisfies the property f.

(1) om = [21/tmy - s T /tmm], T1,-- -, Tm € Var and t,1,. .., tym do
not contain xi,...,Ty.

Basis: m = 0. Since oy = [] the statement is vacuously true.

Inductive Step: Assume that o, satisfies (1 ). If the disagrement set of S,
is empty, oy, is the mgu and we are done. If not, we find a pair Zp, 11 /tm+1,m+1
such that ¢,,11m+1 does not contain z,,41. If we cannot find such a pair, the
set S is not unifiable, contrary to our assumption.

Sm = 0m|S] does not contain any of the variable zi,...,z, because
they do not occur in t,,1,...,tm m- Since tyi1me1 is in Sy, it doesn’t have
Z1, ..., %, occurrences. By choice, it does not have z,,,1. Now,

Om+1 = [xm—l—l/tm—l—l,m—kl] S Oom

= [xl/tl,m [xm—l—l/tm—l—l,m—l—l]a ) xm/tm,m [xm—l—l/tm—l—l,m—kl]; xm—l—l/tm—l—l,m—l—l]

7



The terms t;m+1 = tim[Tmi1/tms1imi1), 1 < 4 < m, don’t have any
Z1,- .-, Ty, and we replace x,,,1 by a term that doesn’t contain xy, ..., Tyi1-
Since tp,41,m+1 satisfies the same condition, o, 41 fulfills .

Grading Criteria: 1. Trying to prove the statement by induction : 6 points

2. Stating t : 5 points

3. Basis : 1 point

4. The inductive step: 8 points



