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EXAM # 2 ANSWERS

Question 1.(20 points)
l.e 2.b 3.b 4a 5b5.c 6.¢c T7.a 8a 9a 10.a
Grading Criteria: 2 points for each correct answer.

Question 2. (20 points)
Proof: We write F'oG for =F'AG. So, the set of connectives is S = {T, o}.
The S-formulas are defined below.
1. the atoms are S-formulas,
2. T is an S-formula,
3. if F and G are S-formulas, so is ' ¢ G.
We prove, by structural induction, that every formula F' has an S-equivalent
formula.
Case 1: F'is an atom. Then F'is an S formula.
Case 2: F' = —(G. By induction hypothesis there is an S-formula G such
that G = GG;. Then
F=-G
= —-(G; by induction hypothesis
= -Gy AT by the tautology law
=G oT by the definition of ¢
The last formula is an S-formula.
Case 3: F' = GV H. By induction hypothesis there are S-formulas G'; and
H; such that G = G, and H = H;.
F=GVH
G1V H; by induction hypothesis
-—(G; V H;)  double negation introduction
-(=G1 A—H;) De Morgan’s Law
—(G1o—H;) by the definition of ©
=(G1o(H;oT)) by Case 2
(Gio(H1oT))oT by Case 2
The last formula is an S-formula.



Case 4: ' = G A H. By induction hypothesis there are S-formulas GG; and
H; such that G = G, and H = H;.
F=GANH
G1 AN Hy by induction hypothesis
——G1 A H; by double negation introduction
-G ¢ H; by the definition of ¢
(GioT)oH; by Case 2
The last formula is an S-formula.
Case 5: F = G — H. By induction hypothesis there are S-formulas G,
and H; such that G = G; and H = H,.
F=G—H
G, — H; by induction hypothesis
-GV H; —-elimination
-GV ——H; double negation introduction
-(Gy A—H;)  De Morgan’s law
—(—H; ANGy) by the commutativity of A
—(Hy¢Gy) by the definition of ¢
(HioGy)oT by Case 2
The last formula is S.
Case 6: F' = G «<— H. By induction hypothesis there are S-formulas G,
and H; such that G = G; and H = H;.
F=G<+—H
G1 +— H; by induction hypothesis
(Gi — H)) AN(H; — G1) by «— -elim
(Gi — H)) A((G1oHy)oT) by Case b
(—-G1 VH) AN ((G1oHp)oT) —-elimination
(=G VvV —~—=H) A ((GyoHp) oT) double negation introduction
—(Gi A—H))AN((GioHy)oT) De Morgan’s law
—“(mHi ANG1) AN ((G1oHy)oT) by commutativity
—(H;0G1))A((G1oHy)oT) by the definition of ¢
(Hy©G1) o ((G1oHy)oT) by the definition of ©
The last formula is S.
Grading Criteria: 1. Listing the 6 cases : 3.5 points.
2. Case 1: 1 point.
3. Case 2,4: 2.5 points each.
4. Cases 3,5, 6: 3.5 points each.
For cases 2, 3,4,5 the IH and reasons are worth 0.5 points each. You got
points off if the S-formulas are too long.
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Question 3. (20 points)
Proof: We assume (1), (2), and (3).

(1) SatlF — G]

(2) Sat[H — 1]

(3) F and H have no atoms in common.

We will show that (F'V H) — (G V I) is satisfiable. We have 2 cases,
according to whether G V [ is satisfiable or not.
Case 1: GV I is satisfiable. Then it has a model, say A. So,

A[((FVH)— (GVI)]

= A[FV H[—]A|GV I| interpretation of —

=A[FVH[—]l Aisamodelof GVH

=1 from the table of

Since A is a model for (F'V H) — (G V I), the formula is satisfiable.
Case 2: G V I is unsatisfiable. Then, both G and I are unsatisfiable. From
(1), we get that ' — G has a model, say A. From (2) we get that H — I
has a model, say B. Now,

A[F — G| = A[F|[—JA|G] interpretation of —

= A[F[—0  because G is unsatisfiable

Since A[FF — G] =1,

(4) A[F] =0.
By the same reasoning,
(5) B[H] = 0.

Now let us define the truth assignment C as

_ | A[pP] ifPisin F
ClP] = { B[P;] if P; is not in F

The truth assignments A and C agree on F', so

(6) C[F] = 0.

By condition (3), none of the atoms of H are in F, so B and C agree on
H. Then,

(7) C[H] = 0.

From (6) and (7) we get

(8) C[F VvV H] = 0.

From (8) we get

9) C[(FVH)— (GVI)]=1.

So, (FF'V H) — (G V I) is satifiable.



In both cases, (F'V H) — (G V I) has a model. So, the formula is
satisfiable.
Grading Criteria 1. If you did not right Proof or Disproof before you
starting your work, you cannot get more than 2 points.

1. If you make the wrong choice: 3 points.

2. If you make the correct choice : 6 points. Case 1 is worth 3 points and
Case 2, 11 points. In Case 2, the derivations A[F| = B[H| = 0 are worth 2
points each, and the paste-up 7 points.

Question 4. (20 points)

I.b 2.a 3 b 4.c¢ 5. a 6.a 7.b 8a 9.a 10.b
Grading Criteria: 2 points for each correct answer.
Question 5. (15 points)

F= —|[(A \% —|B) —> —|(B A C)]

= -[[(AV-B) — a(BAC)|AN[-(BAC) — (AV =B)|] -
elimination

= —[[~"(AV-B)V-(BAC)|A[-~(BAC)V(AV—-B)|]| —-elimination

=-[-(AV-B)Va(BAC)VA[-—(BAC)V(AV-B)] De Morgan’s
law

= [(AV-B)A-=(BAC)|V[-—=(BAC)A-(AV—B)] De Morgan’s
law twice

=[(AV-B)A(BAC)|V[~(BAC)A(=AAN—--B)] double negation
elimination, De Morgan’s law

= [(AV-B)ABAC|V[(-BV—-C)AN—-AAB] De Morgan’s law, double
negation elimination

=(AV-BV-BV-C)AN(AV-BV-A)AN(AV-BV B)A(BV-BV
“C)YAN(BV-A)ANBVB)A(CV-BV-C)ANCV-A)AN(CVB) by
generalized distributivity

=(AVv-BV-C)AN(—AVB)ABA(-AVC)AN(BVC)  tautology
removal, idempotency, commutativity

=(AVv-BV-C)ABA(-AV(C) absorbtion
Grading: You got credit up the line where you made the first error. For
each equivalence you got 1.5 points (up to 9), and 1.5 points for stating the
reasons.



