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Abstra
tThe 
lustering problem has been widely studied sin
e it arises in many appli
ation domainsin engineering, business and so
ial s
ien
e. It aims at identifying the distribution of patternsand intrinsi
 
orrelations in large data sets by partitioning the data points into similarity
lusters. Traditional 
lustering algorithms use distan
e fun
tions to measure similarity andare not suitable for high dimensional spa
es. In this paper, we propose a non-distan
ebased 
lustering algorithm for high dimensional spa
es. Based on the maximum likelihoodprin
iple, the algorithm is to optimize parameters to maximize the likelihood between datapoints and the model generated by the parameters. Experimental results on both syntheti
data sets and a real data set show the eÆ
ien
y and e�e
tiveness of the algorithm.KEYWORD: 
lustering, non-distan
e based, high dimensional spa
e, maximum likelihood
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1 Introdu
tionClustering problems arise in many dis
iplines in
luding engineering, business and so
ials
ien
e, and have a wide range of appli
ations, su
h as data 
ompression, informationretrieval, pattern re
ognition, trend analysis, 
ustomer segmentation and 
lassi�
ation. Theproblem of 
lustering has been studied extensively in the database [Zhang et al., 1996; Guhaet al., 1998; Ng and Han, 1994; Ester et al., 1995a; Ester et al., 1995
; Ester et al., 1995b;Li et al., 2001℄, statisti
s [Brito et al., 1997; Berger and Rigoutsos, 1991; Duda and Hart,1973; Dubes and Jain, 1980; Lee, 1981; Murtagh, 1983℄ and ma
hine learning 
ommunities[Cheeseman et al., 1988; Fisher, 1987; Fisher, 1995; Lebowitz, 1987; Liu et al., 2000℄ withdi�erent approa
hes and di�erent fo
uses.The 
lustering problem 
an be des
ribed as follows: letW be a set of nmulti-dimensionaldata points, we want to �nd a partition of W into 
lusters su
h that the points within ea
h
luster are \similar" to ea
h other. Various distan
e fun
tions have been widely used tode�ne the measure of similarity.Most 
lustering algorithms do not work eÆ
iently in high dimensional spa
es due to the
urse of dimensionality. It has been shown that in a high dimensional spa
e, the distan
ebetween every pair of points is almost the same for a wide variety of data distributions anddistan
e fun
tions [Beyer et al., 1999℄. Many feature sele
tion te
hniques have been appliedto redu
e the dimensionality of the spa
e [Kohavi and Sommer�eld, 1995℄. However, asdemonstrated in [Aggarwal et al., 1999℄, the 
orrelations in the dimensions are often spe
i�
to data lo
ality; in other words, some data points are 
orrelated with a given set of featuresand others are 
orrelated with respe
t to di�erent features.As pointed out in [Hastie et al., 2001℄, all methods that over
ome the dimensionalityproblems have an asso
iated and often impli
it or adaptive-metri
 for measuring neighbor-hoods. Our algorithm, as you will see in the following se
tions, is based on an adaptivemetri
.In this paper, we present a non-distan
e based algorithm for 
lustering in high dimen-sional spa
es. The main idea of the algorithm is as follows: given a data set W and thefeature set S, we want to 
luster the data set into K 
lusters. Based on the maximumlikelihood prin
iple, the algorithm is to optimize parameters to maximize the likelihoodbetween the data set W and the model generated by the parameters. The parameters inthe model are the data map D and the feature map F , whi
h are fun
tions from W andS to f0; C1; C2; � � � ; CKg1, respe
tively. Then several approximation methods are appliedto iteratively optimize D and F . Our algorithm 
an also be easily adapted to estimate thenumber of 
lusters instead of using K as an input parameter. In addition, interpretabledes
riptions of the resulting 
lusters 
an be generated by the algorithm sin
e it produ
esan expli
it feature map.The rest of the paper is organized as follows: se
tion 2 introdu
es the 
ore idea andpresents the details of the algorithm; se
tion 3 shows our experimental results on boththe syntheti
 data sets and a real data set; se
tion 4 surveys the related work; �nally our
on
lusions and dire
tions for future resear
h are presented in se
tion 5.1The number 0 represents the outlier set. C1; � � � ; CK represent K di�erent 
lusters.1



2 Clustering AlgorithmIn this se
tion, we introdu
e the 
ore idea and present the details of the algorithm. We�rst introdu
e the algorithm for binary data sets. Later on we will show how to extend thealgorithm to 
ontinuous or non-binary 
ategori
al data sets in se
tion 2.6.2.1 The ModelConsider the zoo data set, where most animals are in the 
luster of \
hi
ken", \
row" and\dove", have \two legs". Intuitively, when given an animal with \two legs", we would sayit has a large 
han
e of being in the 
luster. Therefore, we regard the feature \two legs" asa positive (
hara
teristi
) feature of the 
luster.Based on the above observation, we want to �nd out whether ea
h feature is a positivefeature of some 
luster or not. Feature map F is de�ned as a fun
tion from feature set Sto f0; C1; � � � ; CKg. F (j) = k(k > 0) if feature j is a positive feature of 
luster k. F (j) = 0if feature j is not a positive feature of any 
luster, i.e., an outlier feature. Similarly, datamap D is a fun
tion from data set W to f0; C1; � � � ; CKg. D(i) = Ck(k > 0) if data point iis an instan
e of 
luster k. D(i) = 0 if data point i is an outlier.Let N be the total number of data points, and d be the number of features. W 
anbe represented as a data-feature matrix. By assuming all features are binary, if Wij is 1,feature j is said a
tive in data point i. Also, data point i is said to be an a
tive data pointof feature j if Wij is 1.The motivating idea behind the algorithm is maximum likelihood prin
iple, that is, to�nd data map D̂ and its 
orrespondent feature map F̂ from whi
h the data-feature matrixW is most likely generated. Let Ŵ (D;F ) be the model generated from the data map D andthe feature map F . The values of Ŵij is interpreted as the 
onsisten
e of D(i) and F (j).We only 
onsider the 
ases that D(i) is 
onsistent with F (j), in
onsistent with F (j), or anoutlier. P (Wij jŴi;j(D;F )) is the probability whether the feature j of data point i is a
tivein the real data, given the feature j of data point i is a
tive (or not) in the ideal model ofmaps D and F . P (WijjŴi;j(D;F )) has the same value for di�erent i's and j's if Wij andŴi;j(D;F ) have the same values, denoted by w and ŵ(D;F ) respe
tively. Therefore, we
ount the number of instan
es of w and ŵ(D;F ), whi
h is dNP (w; ŵ(D;F )). Now we haveEq. (1). logL(D;F ) = logYi;j P (Wij jŴi;j(D;F ))= logYw;ŵP (wjŵ(D;F ))dNP (w;ŵ(D;F ))= dNXw;ŵP (w; ŵ(D;F )) log P (wjŵ(D;F ))� �dNH(W jŴ (D;F )) (1)D̂; F̂ = argmaxD;F logL(D;F ) (2)2



We apply the hill-
limbing method to maximize logL(D;F ), i.e., alternatively optimiz-ing one of D and F by �xing the other. First, we try to optimize F by �xing D. Theproblem of optimizing F over all data-feature pairs 
an be approximately de
omposed intosubproblems of optimizing ea
h F (j) over all data-feature pairs of feature j, i.e., mini-mizing the 
onditional entropy H(W�j jŴ�j(D;F )). If D and F (j) are given, the entropies
an be dire
tly estimated. Therefore, F (j) is assigned to the 
luster, given whi
h the
onditional entropy of W�j is minimum. To optimize D by �xing F is a dual problemof the problem above. Hen
e, we only need minimize H(Wi�jŴi�(D;F )) for ea
h i. Astraightforward approximation method to minimize H(W�jjŴ�j(D;F )) is to assign F (j) toargmaxk jfijWij = kgj. This method also applies to minimize H(Wi�jŴi�(D;F )) by assign-ing D(i) to argmaxk jfjjWij = kgj.A two-layer neural network 
an be used to implement the approximation algorithm.The lower level of the network 
onsists of data nodes, ea
h of whi
h represents a data point.The upper level of the network 
onsists of feature nodes, ea
h of whi
h represents a feature.The 
onne
tion between these two levels are the data-feature matrix, W . Figure 1 depi
tsthe stru
ture of the network. FeaturesW Data PointsFigure 1: Con
eptual View of the Network Stru
tureInitially ea
h data node is randomly assigned to a 
lass. In �gure 1, di�erent 
lassesare 
olored in di�erent 
olors. Ea
h feature node is assigned to a 
lass a

ording to the
lasses of lower-level nodes that are 
onne
ted to it. In our experiments, we use winner-take-all method to assign 
lasses to feature nodes, i.e., the 
lass with most data nodes that
onne
ted to the feature node is assigned to it. Another promising method is to pi
k a
lass with a probability proportional to the number of data nodes assigned to the 
lass.We 
all this pro
edure as upward updating. Be
ause of the dual property of the problem,ea
h data node 
an also be assigned to a 
lass a

ording to the 
lasses of feature nodes that
onne
ted to it. The same method mentioned above 
an be used. This pro
edure is namedas downward updating. The upward and downward updating pro
edures run alternativelyuntil no 
lass assignment is di�erent from the previous one.2.2 Algorithm Des
riptionThere are two auxiliary pro
edures in the algorithm: EstimateFeatureMap and Estimate-DataMap. EstimateFeatureMap is to estimate the feature map from the data map. Forea
h feature j, the pro
edure is to �nd a 
luster k whi
h minimizes 
onditional entropyH(W�jjŴ�j(D;F )). If the feature is almost equally a
tive in more than one 
luster, thefeature is said to be an outlier feature. EstimateDataMap is to estimate the data map fromthe feature map. It is a dual pro
edure of EstimateDataMap. For ea
h data point i, thepro
edure is to �nd a 
luster k whi
h minimizes 
onditional entropy H(Wi�jŴi�(D;F )).3



The 
lustering algorithm pro
eeds in two steps. The �rst step is to sele
t seed datapoints. The algorithm randomly draws nK distin
t data points from the set of data points,and assigns ea
h n of them to a 
luster, where n is a small integer number, for example,5. The algorithm estimates the feature map from the seed points by applying pro
edureEstimateFeatureMap.The se
ond step is an iterative routine. The aim is to �nd a best 
luster by an iterativepro
ess similar to EM algorithm. In this step, the algorithm iteratively estimates the dataand feature maps based on previous estimations, until no more 
hange o

urs in the featuremap. The pseudo 
ode of the algorithm is shown in Figure 2.However, 
omputing entropies is still time 
onsuming. Here, we propose an approximat-ing version of EstimateFeatureMap and EstimateDataMap (Figure 3). In EstimateFeatureMap,we 
al
ulate the 
ardinality of the set fijD(i) = C ^Wij = 1g, i.e., the number of datapoints in 
luster C whose j-th feature is a
tive, and the 
ardinality of the set fijWij = 1g,i.e., the number of data points whose j-th feature is a
tive, to approximate the 
onditionalentropies. A similar method is also applied to EstimateDataMap.It 
an be observed from the pseudo-
ode des
ription that the time 
omplexities of bothpro
edures EstimateFeatureMap and EstimateDataMap are O(K � N � d). The number ofiterations in algorithm Cluster is not related to N or d.2.3 An ExampleTo illustrate the algorithm, an example is given below. Suppose we have a data set asTable 1. Initially, data points 2 and 5 are 
hosen as seed points. Say, data point 2 is in 
lusterA, data point 5 in 
luster B, i.e., D(2) = A, D(5) = B. EstimateFeatureMap returns thatfeatures a, b and 
 are positive in 
lusterA; features e and f are positive in 
lusterB; featuresd and g are outliers. That is, F (a) = F (b) = F (
) = A, F (e) = F (f) = B, F (d) = F (g) = 0.After applying EstimateDataMap, data points 1, 2 and 3 are assigned to 
luster A; datapoints 4, 5 and 6 are assigned to 
luster B. After applying EstimateFeatureMap, features a,b and 
 are positive in 
luster A; features d, e and f are positive in 
luster B; feature g is anoutlier. After the next iteration, the result does not 
hange. Therefore, we has a 
lusteringresult that 
luster A 
ontains data points 1, 2, and 3 and 
luster B 
ontains data points 4,5, and 6. featuredata point a b 
 d e f g1 1 1 0 0 1 0 02 1 1 1 1 0 0 13 1 0 1 0 0 0 04 0 1 0 0 1 1 05 0 0 0 1 1 1 16 0 0 0 1 0 1 0Table 1: An example of data set4



Pro
edure EstimateFeatureMap(data points: W , data map: D)beginfor j in 1 � � � d doif minC H(W�jjŴ�j(D;C))=H(W�j)� 1 thenF (j) = argminC H(W�j jŴ�j(D;C));elseF (j) = outlier;endifendreturn FendPro
edure EstimateDataMap(data points: W , feature map:F )beginfor i in 1 � � �N doif minC H(Wi�jŴi�(C;F ))=H(Wi�)� 1 thenD(i) = argminC H(Wi�jŴi�(C;F ));elseD(i) = outlier;endifendreturn D;endAlgorithm Cluster(data points: W , the number of 
lusters: K)beginlet W1 be the set of randomly 
hosen nKdistin
t data points from W ;assign ea
h n of them to one 
luster,say the map be D1;assign EstimateFeatureMap(W1,D1) to F ;repeatassign F to F1;assign EstimateDataMap(W ,F ) to D;assign EstimateFeatureMap(W ,D) to F ;until 
onditional entropy H(F jF1) is zeros;return D;end Figure 2: Clustering algorithm
5



Pro
edure EstimateFeatureMap(data points: W , data map: D)beginfor j in 1 � � � d doif maxC jfijD(i)=C^Wij=1gjjfijWij=1gj � 1=K thenF (j) = argmaxC jfijD(i)=C^Wij=1gjjfijWij=1gj ;elseF (j) = outlier;endifendreturn FendPro
edure EstimateDataMap(data points: W ,feature map:F )fTCoutlier : If no outliers, TCoutlier = 0. Otherwise, 1=K. gbeginfor i in 1 � � �N doif maxC jfjjF (j)=C^Wij=1gjjfjjWij=1gj � TCoutlier thenD(j) = argmaxC jfjjF (j)=C^Wij=1gjjfjjWij=1gj ;elseD(i) = outlier;endifendreturn D;end Figure 3: Approximation algorithm

6



2.4 Re�ningThe 
lustering results are sensitive to the initial seed points. Randomly 
hosen seed pointsmay result trapping into lo
al minima. We present a re�ning method (Figure 4). The ideais to use 
onditional entropy to measure the similarity between a pair of 
lustering results.The algorithm is to �nd a best 
lustering result whi
h has smallest average 
onditionalentropy to all others.Algorithm Re�ne(data points: W , the number of 
lusters: K)begindo m times of Cluster(W ,K) andassign the results to Ci for i = 1; � � � ;m;
ompute the average 
onditional entropiesT (Ci) = 1mPmj=1H(CjjCi) for i = 1; � � � ;m;return argminCi T (Ci);end Figure 4: Clustering and re�ning algorithmClustering on a large data set may be time 
onsuming. To speed up the algorithm, wefo
us on redu
ing the number of iterations. A small set of data points, for example, 1%of the entire data set, is sele
ted as the bootstrap data set. First, the 
lustering algorithmruns on the bootstrap data set. Then, we run the 
lustering algorithm on the entire dataset using the data map obtained from 
lustering on the bootstrap data set (instead of usingrandomly generated seed points).2.5 Informal Des
riptionThe algorithm presents an e�e
tive method for �nding 
lusters in high dimensional spa
eswithout expli
it distan
e fun
tions. The 
lusters are de�ned as the group of points that havemany features in 
ommon. The algorithm iteratively sele
ts features with high a

ura
yand assigns data points into 
lusters based on the sele
ted features. A feature f with higha

ura
y means that there is a \large" subset V of data set W su
h that f is present inmost data points of set V . In other words, feature f has a small varian
e on set V . Afeature f with low a

ura
y means that there is no su
h a \large" subset V of data setW on whi
h feature f has a small varian
e. That is, f spreads largely within data setW . Hen
e our algorithm repeatedly proje
ts the data points to the subspa
es de�ned bythe sele
ted features of ea
h 
luster, assigns them to the 
lusters based on the proje
tion,re
al
ulate the a

ura
ies of the features, then sele
ts the features. As the pro
ess moveson, the sele
ted features tend to 
onverge to the set of features whi
h have small varian
esamong all the features.The motivating idea behind the algorithm is maximum likelihood prin
iple. The algo-rithm is an iterative (EM-type) pro
ess, whi
h tries to �nd data map D and its 
orrespon-dent feature map F to maximize L(W jŴ (D;F )). Several approximation methods havebeen used in our algorithm to speed up the pro
ess. For a rigorous proof of 
onvergen
e in7



EM-type algorithms, please refer to [Selim and Ismail, 1984; Ambroise and Govaert, 1998;Kaski, 2000℄.Our algorithm 
an be easily adapted to estimate the number of 
lusters instead of usingK as an input parameter. We observed that the best number of 
lusters results the smallestaverage 
onditional entropy between 
lustering results obtained from di�erent random seedpoint sets. Based on the observation, the algorithm of guessing the number of 
lusters isdes
ribed in Figure 5.Algorithm GuessK(data points: W )fL is the estimated maximum number of 
lusters;gbeginfor K in 2 � � �L dodo m times of Cluster(W ,K) andassign the results to CKi for i = 1; � � � ;m;
ompute the average 
onditional entropiesT (CKi) = 1mPmj=1H(CKjjCKi) for i = 1; � � � ;m;endreturn argminK mini T (CKi);end Figure 5: Algorithm of guessing the number of 
lusters
2.6 Extending to Non-binary Data SetsIn order to handle non-binary data sets, we �rst translate raw attribute values of datapoints into binary feature spa
es.If an attribute is 
ategori
al, our translation s
heme is similar to the method des
ribedin [Srikant and Agrawal, 1996℄. We use as many features as the number of attribute values.The value of a binary feature 
orresponding to hattribute1; value1i would be 1 if attribute1had value1 in the raw attribute spa
e, and 0 otherwise.If an attribute is 
ontinuous, the method presented in [Srikant and Agrawal, 1996℄ 
analso be applied as the translation s
heme. However, in the experiments we use Gaussianmixture models to �t ea
h attribute of the original data sets, sin
e most of them are gener-ated from Gaussian mixture models, i.e., ea
h value is generated by one of many Gaussiandistributions. The number of Gaussian distributions n 
an be obtained via maximizingBayesian information 
riterion of the mixture model [S
hwarz, 1978℄. Then the value istranslated into n feature values in the binary feature spa
e. The j-th feature value is 1 ifthe probability that the value of the data point is generated from the j-th Gaussian distri-bution is the largest. Considering that some value is generated from a uniform distributionbe
ause of outliers, the attribute value is not mapped into any binary feature.8



3 Experimental ResultsThere are many ways to measure how a

urately the algorithm performs. One is the 
onfu-sion matrix whi
h is des
ribed in [Aggarwal et al., 1999℄. Entry (o; i) of a 
onfusion matrixis the number of data points assigned to output 
luster o and generated from input 
lusteri. For input map I, whi
h maps data points to input 
lusters, the entropy H(I) measuresthe information of the input map. The task of 
lustering is to �nd out an output map Owhi
h re
over the information. Therefore, the 
ondition entropy H(IjO) is interpreted asthe information of the input map given the output map O, i.e., the portion of informationwhi
h is not re
overed by the 
lustering algorithm. Therefore, the re
overing rate of a
lustering algorithm is de�ned as 1 �H(IjO)=H(I) = MI(I;O)=H(I), where MI(I;O) ismutual information between I and O.To test the performan
e of our algorithm, we did three experiments. Two experimentsran on syntheti
 data sets, and one ran on a real data set. The simulations were performedon a 700MHz Pentium-III IBM Thinkpad T20 
omputer with 128M of memory, running ono
tave 2:1:34 2 on Linux 2:4:10.3.1 A Binary Syntheti
 Data SetFirst we generate a binary syntheti
 data set to evaluate our algorithm. N = 400 pointsare from K = 5 
lusters. Ea
h point has d = 200 binary features. Ea
h 
luster has l = 35positive features, 140 negative features. The positive features of a point have a probabilityof 0:8 to be 1 and 0:2 to be 0; the negative features of a point have a probability of 0:8 tobe 0 and 0:2 to be 1; the rest features have a probability of 0:5 to be 0, and 0:5 to be 1.Table 2 shows the 
onfusion matrix of this experiment.InputOutput A B C D E1 0 0 0 83 02 0 0 0 0 813 0 0 75 0 04 86 0 0 0 05 0 75 0 0 0Table 2: Confusion matrix for Experiment 1In this experiment, p(Dj1) = 83=83 = 1, p(Ej2) = 1, p(Cj3) = 1, p(Aj4) = 1, p(Bj5) = 1,and the rest are zeros. So we have H(IjO) =P p(ijo) log p(ijo) = 0, i.e. the re
overing rateof the algorithm is 1, i.e., all data points are 
orre
tly re
overed.2GNU O
tave is a high-level language, primarily intended for numeri
al 
omputations. The software 
anbe obtained from http://www.o
tave.org/. 9



3.2 A Continuous Syntheti
 Data SetThe se
ond experiment is to 
luster a 
ontinuous data set. We use the method des
ribedin [Aggarwal et al., 1999℄ to generate a data set. The data set has N = 100; 000 datapoints in a 20-dimensional spa
e, with K = 5. All input 
lusters were generated in some7-dimensional subspa
e. And 5% data points were 
hosen to be outliers, whi
h were dis-tributed uniformly at random throughout the entire spa
e. Using the translation s
hemedes
ribed in se
tion 2.6, we map all the data point into a binary spa
e with 41 features.Then, 1000 data points are randomly 
hosen as the bootstrap data set. Running Clusterand Re�ne algorithm on the bootstrap data set, we have a 
lustering result of the bootstrapdata set. Using the bootstrap data set as the seed points, we run the algorithm on theentire data set. Table 3 shows the 
onfusion matrix of this experiment. About 99:65% ofdata points are re
overed. The 
onditional entropy H(IjO) is 0:0226 as respe
t to the inputentropy H(I) = 1:72. The re
overing rate of this algorithm is 1�H(IjO)=H(I) = 0:987.InputOutput A B C D E O.1 1 0 1 17310 0 122 0 15496 0 2 22 1393 0 0 0 0 24004 14 10 0 17425 0 5 435 20520 0 0 0 0 6Outliers 16 17 15 10 48 4897Table 3: Confusion matrix for Experiment 2We made a rough 
omparison with the result reported in [Aggarwal et al., 1999℄. Com-puting from the 
onfusion matrix reported in their paper, their re
overing rate is 0:927.3.3 Zoo DatabaseWe also evaluate our algorithm on the zoo database from UCI ma
hine learning repository[UCI℄. The database 
ontains 100 animals, ea
h of whi
h having 15 Boolean attributes and1 
ategori
al attribute3.In our experiment, all Boolean attributes are translated into two features, whi
h are\true" and \false" features of the attributes. The numeri
 attribute, \legs", is translatedinto six features, whi
h represents 0, 2, 4, 5, 6,and 8 legs respe
tively.Table 3 shows the 
onfusion matrix of this experiment. The 
onditional entropy H(IjO)is 0:317 while the input entropy H(I) is 1:64. The re
overing rate of this algorithm is1�H(IjO)=H(I) = 0:807.In the 
onfusion matrix, we found that the 
lusters with a large number of animals arelikely 
orre
tly 
lustered, for example, 
luster 1, whi
h 
ontains \aardvark", \antelope",3In the raw data, there are 101 instan
es and 18 attributes. But there are two instan
es of \frog", whi
hare only 
ounted on
e in our experiment. Also, the attributes \animal name" and \type" are not 
ounted.10



InputOutput 1 2 3 4 5 6 7A 0 0 0 0 0 0 1B 0 20 0 0 0 0 0C 39 0 0 0 0 0 0D 0 0 2 0 0 0 0E 2 0 1 13 0 0 4F 0 0 0 0 0 8 5G 0 0 2 0 3 0 0Table 4: Confusion matrix of Experiment Zooet
., is mapped into 
luster C; 
luster 2, whi
h 
ontains \
hi
ken", \
row", et
., is mappedinto 
luster B; 
luster 4, whi
h 
ontains \bass", \
arp", et
., is mapped into 
luster E;
luster 5 ,whi
h 
ontains \frog", \gnat", et
., is mapped into 
luster F ; and 
luster 6 ,whi
h 
ontains \
ea", \gnat", et
., is mapped into 
luster F .Our algorithm 
omes with an important by-produ
t that the resulting 
lusters 
an beeasily des
ribed in terms of features, sin
e the algorithm produ
es an expli
it feature map.For example, the positive features of 
luster A are \no eggs", \no ba
kbone", \venomous"and \8 legs"; the positive features of 
luster B are \feather", \airborne", and \2 legs";the positive features of 
luster C are \hair", \milk", \domesti
" and \
atsize"; the positivefeature of 
lusterD is \0 legs"; the positive feature of 
lusterE are \aquati
", \no breathes",\�ns" and \5 legs"; the positive features of 
luster F are \6 legs" and \no tail"; the positivefeature of 
luster G is \4 legs". Hen
e, 
luster B 
an be des
ribed as animals having featherand 2 legs, and being airborne, whi
h are the representative features of the animals 
alledbirds. Cluster E 
an be des
ribed as animals being aquati
, having no breathes, having �nsan 5 legs.Animals \dolphin" and \porpoise" are in 
luster 1, but were 
lustered into 
luster E,be
ause their attributes \aquati
" and \�ns" make them more like animals in 
luster Ethan their attribute \milk" does for 
luster C.3.4 S
alability ResultsIn this subse
tion we present the 
omputational s
alability results for our algorithm. Theresults were averaged over �ve runs on ea
h 
ase to eliminate the randomness e�e
t. Wereport the s
alability results in terms of the number of points and the dimensionality of thespa
e.Number of points: The data sets we tested have 200 features (dimensions). Theyall 
ontained 5 
lusters and ea
h 
luster has an average 35 features. Figure 6 shows thes
alability result of the algorithm in terms of the number of data points. The value of they 
oordinate in �gure 6(a) is the running time in se
onds. We implemented the algorithmusing o
tave 2:1:34 on Linux 2:4:10. If it were implemented in C, the running time 
ouldbe redu
ed 
onsiderably. Figure 6(a) 
ontains two 
urves: one is the s
alability resultwith bootstrap and one without. It 
an be seen from �gure 6(a) that with bootstrap, our11



algorithm s
ales sublinearly with the number of points and without bootstrap, it s
aleslinearly with the number of points. The value of the y 
oordinate in �gure 6(b) is the ratioof the running time to the number of points. The linear and sublinear s
alability properties
an also be observed in �gure 6(b).Dimensionality of the spa
e: The data sets we tested have 10; 000 data points. Theyall 
ontained 5 
lusters and the average features (dimensions) for ea
h 
luster is about 16of the total number of features (dimensions). Figure 7 shows the s
alability result of thealgorithm in terms of dimensionality of the spa
e. The value of the y 
oordinate in �gure 7(a)is the running time in se
onds. It 
an be seen from �gure 7(a) that our algorithm s
aleslinearly with the dimensionality of the spa
e. The value of the y 
oordinate in �gure 7(b)is the ratio of the running time to the number of features.4 Relative WorkTraditional 
lustering te
hniques 
an be broadly 
lassi�ed into partitional 
lustering, hier-ar
hi
al 
lustering, density-based 
lustering and grid-based 
lustering [Han and Kamber,2000℄. Partitional 
lustering attempts to dire
tly de
ompose the data set into K disjoint
lusters su
h that the data points in a 
luster are nearer to one another than the datapoints in other 
lusters. Hierar
hi
al 
lustering pro
eeds su

essively by building a tree of
lusters. It 
an be viewed as a nested sequen
e of partitioning. The tree of 
lusters, often
alled dendrogram, shows the relationship of the 
lusters and a 
lustering of the data set
an be obtained by 
utting the dendrogram at a desired level. Density-based 
lusteringis to group the neighboring points of a data set into 
lusters based on density 
onditions.Grid-based 
lustering quantizes the obje
t spa
e into a �nite number of 
ells that form agrid-stru
ture and then performs 
lustering on the grid stru
ture. Most of the traditional
lustering methods use the distan
e fun
tions as obje
tive 
riteria and are not e�e
tive inhigh dimensional spa
es.Next we review some re
ent 
lustering algorithms whi
h have been proposed for highdimensional spa
es or without distan
e fun
tions and are largely related to our work.CLIQUE [Agrawal et al., 1998℄ is an automati
 subspa
e 
lustering algorithm for highdimensional spa
es. It uses equal-size 
ells and 
ell density to �nd dense regions in ea
hsubspa
e of a high dimensional spa
e. Cell size and the density threshold need to beprovided by the user as inputs. CLIQUE does not produ
e disjoint 
lusters and the highestdimensionality of subspa
e 
lusters reported is about 10. Our algorithm produ
es disjoint
lusters and does not require the additional parameters su
h as the 
ell size and density.Also it 
an �nd 
lusters with higher dimensionality.In [Aggarwal and Yu, 2000; Aggarwal et al., 1999℄, the authors introdu
ed the 
on-
ept of proje
ted 
lustering and developed algorithms for dis
overing interesting patternsin subspa
es of high dimensional spa
es. The 
ore idea of their algorithm is a generalizationof feature sele
tion whi
h allows the sele
tion of di�erent sets of dimensions for di�erentsubsets of the data sets. However, their algorithms are based on the Eu
lidean distan
e orManhattan distan
e and their feature sele
tion method is a variant of singular value de-
omposition (SVD). Also their algorithms assume that the number of proje
ted dimensions12
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are given beforehand. Our algorithm does not need the distan
e measures and the numberof dimensions for ea
h 
luster. Also it does not require all proje
ted 
lusters to have thesame number of dimensions.Ramkumar and Swami [Ramkumar and Swami, 1998℄ proposed a new method for 
lus-tering without distan
e fun
tion. Their method is based on the prin
iples of 
o-o

urren
emaximization and label minimization whi
h are normally implemented using the asso
ia-tion rules and 
lassi�
ation te
hniques. Their method does not 
onsider the 
orrelations ofdimensions with respe
t to data lo
ality and 
riti
ally depend on the input parameters likeparameter w and thresholds for asso
iation. Our algorithm is quite di�erent. We 
onsiderthe fa
t that the 
orrelations of dimensions are often spe
i�
 to data distribution.Liu, Xia and Yu [Liu et al., 1998℄ proposed a method to �nd sparse and data regionsusing de
ision tree. The method is a grid-based method and it does not work well for highdimensional spa
e. It is also hard to de
ide the size of the grids and the density threshold.In [Liu et al., 2000℄, a 
lustering te
hnique based on de
ision tree 
onstru
tion is presented.The te
hnique �rst introdu
es non-existing points to the data spa
e and then performs thede
ision tree algorithm to partitioning the data spa
e into dense and sparse regions.Cheng[Cheng et al., 1999℄ proposed an entropy-based subspa
e 
lustering for miningnumeri
al data. The method is motivated by the fa
t that a subspa
e with 
lusters typi
allyhas lower entropy than a subspa
e without 
lusters.Strehl and Ghosh[Strehl and Ghosh, 2000℄ proposed OPOSSUM, a similarity-based 
lus-tering approa
h based on 
onstrained,weighted graph-partitioning. OPOSSUM is based onJa

ard Similarity and is parti
ularly attuned to real-life market baskets, 
hara
terized byhigh-dimensional sparse 
ustomer-produ
t matri
es.Ban�eld and Raftery[Ban�eld and Raftery, 1993℄ des
ribed the approa
h based on mix-ture model for 
lustering. As pointed out in[Fasulo, 1999℄, there are several problems withthis approa
h. First the approa
h does not fo
us on eÆ
ien
y. Se
ond, a large degree ofmanual intervention is required. Last but not the least, mixture models rely on the as-sumption that the data �ts Gaussian distribution whi
h may be not be the 
ase in manyappli
ations.In[Kleinberg, 1997℄, an approa
h based on dynami
al systems is proposed. The approa
hrelies on a simple pro
ess whi
h iteratively 
omputes weights on the verti
es of a graph untila �xed point is rea
hed. Ben-Dor et
.[Ben-Dor et al., 1999℄ proposed a 
lustering algorithmbased on 
orrupted 
lique model. The basi
 idea of this model is that ideally all elementswithin ea
h 
luster should be similar to one another and not similar to any elements ofother 
lusters. Hen
e, the similarity graph for the data should appear as a set of vertex-disjoint 
liques. [Fasulo, 1999℄ also gave a detailed survey on 
lustering approa
hes basedon mixture models, dynami
al systems and 
lique graphs.A Self-Organizing Map (SOM), also 
alled Kohonen 
lustering, 
an be used to 
larifyrelations in a 
omplex set of data by revealing some inherent order[Kohonen, 1990℄. SOM isself-organized and the only parameter needs to be spe
i�ed is the number of 
lusters. SOMis parti
ularly well suited to the task of identifying a small number of prominent 
lassesin a data set with multidimensionality. However, the "
entroids" with huge dimensionalityare hard to interpret in SOM. Moreover the robustness of SOM is also a problem espe
iallywhen the number of 
lusters is unknown or the data set is sparse.15



Kearns et al.[Kearns et al., 1998℄ gave an information-theoreti
 analysis of hard assign-ments (used by K-means) and soft assignments (used by EM algorithm) for 
lustering andproposed a posterior partition algorithm whi
h is 
lose to the soft assignments of EM for
lustering. The relationship between maximum likelihood and 
lustering is also dis
ussedin [Jordan, 2001℄.5 Con
lusionsIn this paper, we proposed a novel 
lustering method whi
h does not require the distan
efun
tion for high dimensional spa
es. The algorithm performs 
lustering by iterativelyoptimize the data map and the feature map. We have adopted several approximationmethods to maximize the likelihood between the given data set and the generated model.Extensive experiments have been 
ondu
ted and the results show that the algorithm is botheÆ
ient and e�e
tive.Our 
ontributions are:� We propose a non-distan
e based 
lustering algorithm in high dimensional spa
esbased on maximum likelihood prin
iple.� We 
ome up with a new perspe
tive of viewing the 
lustering problem by interpretingit as the dual problem of optimizing the feature map.� As a by-produ
t, the algorithm also produ
es the feature map whi
h 
an provideinterpretable des
riptions of the resulting 
lusters.� Our algorithm also provides a method to sele
t the number of 
lusters based on the
onditional entropy.� We introdu
e the re
overing rate, an a

ura
y measure of 
lustering, to measure theperforman
e of 
lustering algorithms and to 
ompare 
lustering results of di�erentalgorithms.Our future work in
ludes developing more dire
t methods to optimize the data map andthe feature map, designing the parallel and distributed versions of our algorithm and thein
remental 
lustering algorithm based on our algorithm.
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