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Abstract—Multi-task learning refers to the learning problem works that integrate MTL and SSL together, where they
of performing inference by jointly considering multiple related  assume that there are some labeled and unlabeled points
tasks. There have already been many research efforts on  4yqijaple for each task, and they use all these data samples

supervised multi-task learning. However, collecting suffiient . . . .
labeled data for each task is usually time consuming and and the task relationships to perform multi-task learning.

expensive. In this paper, we consider theemi-supervised multi-
task learning (SSMTL) problem, where we are given a small
portion of labeled points together with a large pool of unlakeled —
data within each task. We assume that the different tasks
can form sometask clusters and the task in the same cluster
share similar classifier parameters. The final learning prolblem
is relaxed to a convex one and an efficiengradient descent
strategy is proposed. Finally the experimental results on tth
synthetic and real world data sets are presented to show the
effectiveness of our method.

|. INTRODUCTION

In many practical problems, a learning task can usually
involve multiple related tasks. Solving those related sask
together is expected to be more advantageous than solvir
them independently because the knowledge from differen
tasks can help to improve the generalization ability of the
classifier constructed on each individual task. In receatse
the problem of learning multiple related tasks (usually re-
ferred to asnulti-task learning MTL)) has been investigated wiat
extensively [2][3][11][15][4][16], and the related apprches

; ; PR igure 1. A graphical illustration of learning with task gps, where the
have been applled to a varlety of appllcatlon areas, such é%rge nodes correspond to tasks, and the connected smak o€ the data

marketing [5], computer vision [19] and bioinformatics[9] points within the tasks. The tasks in a dashed line form a gaskp.
Clearly, the exploration of task relationships is at therhea

of multi-task learning. Many algorithms have been proposed Despite their empirical success and theoretical soungdness
to address this issue. Sheldon [18] and Katoal. [15] one of the major limitations of those traditional methods
assume task relationships are known beforehand; Argyriois that they assume all the tasks should be related with
et al. [3] assumes the data associated with those tasks shagach other. In practice, a more reasonable assumptiontis tha
some common latent features and derive an optimizatiotthe tasks can form differergroups and the tasks in each
strategy to obtain these features; Evgeniou and Pontil [11§roup should share similar classification rules (see Figr1 f
suppose that the classifiers of all these related tasks shaaegraphical illustration). There are some efforts based on
a common part of parameters; Allenby and Rossi [1] andhis assumption [6], [13], however, they are all supervised
Arora et al. [5] applied a hierarchical Bayesian model with approaches.

a common prior for the classifier parameters of all tasks.  In this paper, we propose a now&mi-supervised multi-
As another research linegmi-supervised learningSSl)  task learning(SSMT) framework, which assumes that we
[8] provides an alterative way to improve the classificationare given a partially labeled set associated with each task.
performances. SSL assumes we are given a partially labelédfe construct a linear classifier for each task according to
data set, and it makes inferences by making use of botthe underlying task-specific data manifolds. Then all the
labeled and unlabeled points [2], [16]. There are also somelassification vectors will be integrated together by a K-




means likeinter-task regularization term which can help We further define four concatenated matrices
explore the task clusters. After some relaxations, we show

that our problem is convex and an efficient gradient descent X = [X1, Xz, Xpn] € RPT (6)
method is derived to solve it. Moreover, we also show that H = diag(hy, hy, -  h,,) € R™*™ 7)
our algorithm can easily be kernelized to nonlinear cases. Y = diag(y1,y2, - ,¥m) € R™*™ 8)
Finally the experimental results on both synthetic and real G = diag(Gy,Ga, - ,Gp) € RX" 9)
world data sets are presented to show the effectiveness of T = diae(TrToerr ] RXR 10
our method. = diag(J1,J2, - ,Inm) € (10)

whereG; = X:Xt is the Gram matrixfor taskt. Then we

II. THE ALGORITHM have

. . ) . W = XH (11)
In the multi-task setting, we are given a set of data points 0y 5 9
X = {x;}7,. Eachx; is associated with a specific task Jioss = Y —JGH|% (12)
t (t=1,2,---,m). We denote byZ, the set of indices of ~A_ Intra-Task Regularization
the data points associated to the taskor semi-supervised In our Semi-Supervised Multi-Task Learni@SMTI
;mljlt:)—t?slc; Iea_rr:mg, V\ée ass(;Jmetth?rt] fo_r Z‘T"Ch ta?ﬁ h"’l“’g | framework, we propose to explore both the intra-task and
¢ 1abeied points, and we denote e INdices of the 1abeleg,ia task information to help determine the classificatio
§amp|es in taskasZ,, the indices of the unlab_eled Samples ¢ ction. In this section we will introduce how to explore
in task ¢ as Tu,, thenZ, = I, UZ_ut- If x; is labeled, the intra-task information.
ye den?e its label by;. For cc(;nfvenlenﬁe, Wlf assumcle that Specifically, within each task we first want the classifi-
L < Ui Ze., Yi € {+1, _1}T’ and for each task we can 1eam ..o function to have a better generalization abilityjalah
a Ilne_ar classifief:(x) = w, X, such th‘?‘t the predicted label motivates us to punish the norm ef;, since it relates to
of x in task¢ can be determined by sigf(x)). We denote the reciprocal of the classification margin [20]. Thus we can

P ... d><m I . . . .
by W = [wi, wa, -, wy] € RT™ the matrix whose 5445t the following regularization term to penalize themor
columns are the successive vectors we want to estimate.

We use square loss to measure the prediction quality of C=»_[wil|> =Y || X¢h|> =tr(H'G'H) (13)
t

the linear classifiers, i.e., for tagkthe prediction loss would t
be Secondly, we want that for each task, the predicted labels
t T 2 should be sufficiently smooth with respect to its corre-
= i — Ui 1 L e >R . )
Jioss iezz: (Wi X; = 3) @ sponding intrinsic data manifold. According to [7], such
c smoothness can be measured by
Then the total prediction loss becomes S, = WtTXtLtXtTWt (14)
Tioss = (w, %; — yi)? (2) whereL; € R"*" is thegraph Laplacianconstructed for
;igt ! taskt, whose(i, j)-th entry is [10]
We define the data matrix associated with thh task as Li(i,j) =4 iz (15)
S d;i — si;, otherwise

X, € R™": From therepresentor theorenfl7], we can

write w, as a linear combination of the data points in taskWheresi; is the similarity between thé-th andj-th data
t, i.e. points associated with theth task, which can usually be

computed by the following Gaussian function
Wi = ZiEZ hfxi = Xih; (3)

t It — ¢
. o . sij = exp | — 5 (16)
whereh; = [l hL,--- b ]7 is the combination coeffi- 207}
cient vector. Define the label truncated identity matrix for

I . 7o where we usex! to represent theé-th data point in task.
taskt asJ, € R™**™ which is a diagonal matrix with v P P

Therefore the total smoothness of the classification fonsti

o can be measured by
R e @ o LxT
, otherwise S = ) &= w X,LX w
t t
and the initial label vector for taskasy, € R™*! with _ Z h; G,L,Gh,
i t
N Yis if 1€ ILt
we(i) = { 0, otherwise ©) = (HTGLGH) (A7)



where restrict the non-diagonal elements B to be zeros,
L =diag(Ly,Lo,--- ,L,,) € R™*" (18) which are thus linear and will not effect the convexity
of the problem of minimizing7.
o The constraint oM is a bit more complicated because
of its special structure as defined in Eq.(22) and the

is the concatenated Laplacian matrix.
Combining Eq.(13) and Eq.(17) we can construct a intra-

task loss as integer values inE (see Eq.(21)). To relax it, we
Tinira = 1 (HTGH) 1Sty (HTGLGH) observe that (1M is idempotent; (2M is symmetric.
ThereforeM is an orthogonal projector, i.elM and
- tr (HT (G + JGLG) H) (19) I— M are all positive semi-definitéPSD). Moreover,

o from its definition we can easily see thalM = m —k.
B. Inter-Task Regularization Thus we relaxM to lie in the following set
Besides exploring the information within each task, an-
other important issue is how to explore the task relatigrshi M={M:0=M=1, trM =m — k} (25)
in multi-task learning. Some previous works assume that | 1are e us@® < M < I to denote that bottM and
the inter-task relationships are known beforehand [18][15 I— M are PSD.

In this paper, we will not make such assumption and we . . .
bap b Combining all above things together, we can derive that

will design a paradigm to explore such information auto- . ised multi-task | ina f K aims t
matically. Specifically, we assume there are hidden claster®Ul S€MI-Supervised mulli-task fearning framework aims 1o

among those tasks, and the tasks in similar clusters shou&?lve the following problem

share similar weight vectors. Using the k-means criterion, ming v Y — JIGH|2 + M\ tr (HT (G + 6GLG)H)
assuming the tasks can formuldteclusters, we can write ’ F

the objective +Xotr(XHMH'X )
k s.t. HeH, MeM (26)
. — — w2
Jivier = Z; TXG:. %7 =%l (20) where we usé{ to denote the set of block diagonal matrices

taking the form as in Eq.(7). In this way, we got a problem
where 7, represents the-th task,m; denotes the-th task  that is convex in botd and M, in the following section
cluster.w; is the mean classification vector of tixh task  we will introduce an efficient optimization method to solve

cluster. it.
Now we introduce amn x k task cluster indicator matrix
E with its (4, j)-th entry D. Optimization
o 1, it T; e (21) A mqst stra}ightfo.rward. way to_solve problem (26) is
W= 0, otherwise al_ternatlve optlml_zat|onwh|cr_1 .|terat|vely solvgé\d_(or H)
with H (or M) fixed. Specifically, whenM is fixed as
Let _ M = M*, we should solve the optimal by

M=I-E (ETE) ‘BT (22)

ming  J = |[Y — JGH||2 + M\ #r (HT (G + 0GLG) H)

+Xotr(XHM*H'X ")
st. HeH (27)

Then Eq.(20) can be rewritten as
Tinter =tr(WMW ') = t»(XHMH'X")  (23)
C. Semi-Supervised Multi-Task Learning with Task Regulars

. First we ignoring the constraint d, then sincg7 is convex
izations

in H, then the optimaH can be obtained at the zero point
Combining all things together, we can derive the following of the following gradient

objective for semi-supervised multi-task learning:

aj _ T *
j - u7loss + A1\71'nt7“a + A2\71'nte7“ 8_H _2((/\1G + G(J + AléL)G)H B GY + )\QX XHM )
= [[Y - JGH|% + A\itr (HT (G+J0GLG) H) By settingd.7/0H = 0, we can get that
+Aotr(XHMH'X ") (24) (MG +GJ + \ML)G)H + WX XHM* = GY (28)

which is convex with respect to botll and M. Now we  Thjs is ageneralized Sylvester equatiaich can be solved
will analyze the constraints oH and M. with O(n +m)? [14], which is prohibitive whem andm
« According to the definition ofH in Eq.(7), there are become large. Therefore we give up such idea and apply the
no specific constraints oH except its block-diagonal simple gradient descent to solve the optirkfor problem
structure. Such structure constraints are equivalent t¢26).



Starting with an initial pointH, the gradient descent E. Kernelization

method successively updateb by In this section, we will present the kernelized form of
0T our algorithm. Specifically, we assume that there are some
H =H""'+a (29)  nonlinear mapy : R — F that maps the data points from

OH g the spaceR¢ to some high-dimensional (possibly infinite)

where the superscripts correspond to the numbers of erati feature spac&, and then we will run our task regularization
steps,a is the step size, and.7/0H can be computed by method inFF. Let
Eq.(28}, whereM* should be computed by

Qt = [(b(xi)v (b(xg)’ Ty ¢(Xfu)] (38)
M" = arg min tr(XHMH'X") (30)  wherex! is thei-th data point in the-th task. Then from the
representor theorem we know that the classification vector
Considering the eigenvalue decomposition\df for taskt¢ can be written as
M = TIAIT" (31) wi = &0 (39)

wherea; € R™*! is the combination coefficient vector for

where A = diag(A\i, A2, -+, \p) € R™*™ s a diagonal s .
tag(Ar, Ao ) 9 taskt. We denoteK; as the kernel matrix for task with

matrix with \;'s the eigenvalues aM. Then

Ki(i,j) = o(xt) T p(xE 40
minpge g tr(XHEMH X T) (32) _ () = ¢lxi) ¢.( i) (40)
— MiNg<y, <1 3% \mm kO™ tr(XHVAVTHTXT) and define two concatenated matrices
here O™ i t of orth | matrices R™*™. W A? = diag(af,af,---.af) RV (41)
where O™ is a set of orthogonal matrices iR™>™. We o xn
further consider thsingular value decompositiof8VD) of K = diag(Ky Ky, Kpm) €R (42)
XH: Then
T
XH=UxV (33) The = Y —IKA?| (43)
Then Tira = tr((A9)T(K+IKLK)A®)  (44)
tr(XHMH'X ") = tr(USV TIAIL'VEUT)  (34) TS = (<1>A¢M(A¢)T4>T) (45)
whenII =V, then whereY € R™*™ J ¢ R*™*" L € R"*" are defined

m in EQ.(8), Eq.(10) and EQ.(18) respectively, adel =
tr(XHMH X)) = tr(USASUT) = Z/\i"? (35) (@1, Do, -, P, is the c_oncatenated data matrix in the
et feature space. However, in general we cannot comgute

explicitly. Therefore we can transfor(ﬁiﬁter to
Therefore

" Tirrer = tr (®A'M(A?)T@T) = tr (A'M(A”) @ @)
min tr(XHMH 'X") = min > \o7  (36)
Mem 0<X;<1, 4 -

S Ai=m—k i=

We can define theompositekernel matrixK € R"*" as

Then problem (30) becomes an eigenvalue optimization Ilél If{” Elm
problem as K — 2 2 2m (46)
ming,, Zi:l \io? (37) K, K, - K,

st Vi=l.,m 0<A <l whereK;; € R"*" = & &, is the kernel matrix between

Z:; Ai=m—k the data points in taskand j. We can perform Choleskey

L . decomposition t&K as
which is alinear programmingproblem that can be solved

efficiently. After we get the optimal,’s, we can geM* and K =FF' (47)
proceeds with the gradient calculation. Note that sHdeas  ith F ¢ R"*", then

a special block-diagonal structure, we only need to update

the non-zero entries during the gradient descent process. Tinter = tr (FTA¢M(A¢)TF) (48)

In this way, we can minimize7 = MTi
Un fact, we should comput&¥ 17 = duJ + O T OM, however, Y &7 Jioss + M Tintra +

- . ¢ .
the constraints oM makes.7 non-differentiable orM, thus we us&y J /\2\71_"75“ to get the optlmaIA by the same approach asin
instead. section II-D.



IIl. EXPERIMENTS 0.95

In this section, we will introduce a set of experimental 09

results to show the effectiveness of our method. P
% 0.85(

A. A Toy Example % o8

We first construct a toy example to evaluate our method. 3
There are totally 6 tasks with binary classes. The data 2 0751
from each class was generated fromGaussian mixture B 07 ]

del (GMM). For Tasks 1, 2, and 3 the GMM g K- KSSMTTR
model ( ). For Tasks 1, 2, an e param- g 0.68 —B-MTPNBC |
eters for class one (denoted with a blue star) are drawn ® LSSMTTR
from a three-component mixture defined as follows. Mix- 0.6/ _e_ggc’;’g';
ture weights (three componentg).3,0.3,0.4); respective 0.55 ‘ ‘ ‘ ‘ ‘
two-dimensional means(1,1),(3,3) and (5,5); and re- ° 10 nj,?\be,oﬁgbdedfasta %0 %
spective covariance matriceés; = 83 2(7) , Yy = (a) Averaged AUC vs. number of labeled data

3.00.0 and¥; = 3.0 =051 potafor class 2

0.0 3.0 -0.5 0.3
in Tasks 1, 2, and 3 are drawn from a single Gaussian with

mean (2.5,1.5) and diagonal covariance with symmetric
variance 0.5 . For Tasks 4, 5 and 6 the GMM parameters for
class one (denoted with blue star) are drawn from a three-
component mixture defined as follows. The three mixture
weights are(0.3,0.3,0.4); the respective two-dimensional
means are(0.5,0.5), (3,2), and (5,5) and the respective
covariances ar&,, X3, Yi. In Tasks 4, 5, 6 the data for
class two are drawn from a single Gaussian with m@af),
and diagonal covariance with symmetric variance 0.5.
Besides our method, we also implemented talti-
Task Parameterized Neighborhood-Based Classification
(MTPNBQ method [16], the Supervised Cluster-based (b) Hinton diagram
Multi-Task Learning(SCMTL) method [13] and th&ingle- Figure 2. (a) Performance of various multi-task learningogthms on
Task Gaussian Random Fiel(STGRF [21]. Note that Tasks 1-6 for the data in Figure 1. The horizontal axis is thenlper of
MTPNBC is a semi-supervised multi-task learning methodabeled data in each task. The vertical axis is the AUC aeetawer the
. o o . . . six tasks and 50 independent trials (b) The Hinton diagraimetfieen-task
with probabilistic classifiers, SCMTL is a supervised multi sharing found by our linear semi-supervised multi-taskriegy method,
task learning method, and STGRF is a semi-supervisedveraged over 50 independent trials.
single-task learning method. For aBemi-Supervised Multi-
Task Learning with Task Regularizatig@SMTTIR method,
the regularization parameteds and )\, are all set by 5- value of the corresponding element. The Hinton diagram
fold cross validation from the exponential gaé+14, The in Figure 2(b) also shows the agreement of the sharing
graph Laplacian for each task is constructed in the same wayechanism of the SSMTTR with the similarity between the
as in [21]. For theKernel SSMTTRKSSMTTRmethod, we  tasks.
just use the Gaussian kernel with its width set by 5-fold
cross validation fron2l—4:1:4] B. Application in Landmine Detection Based on Airborne
Each curve in Figure 2(a) represents the mésra Under ~ Radar Data
the ROC Curve(AUC) score over 50 independent trials  \ve consider the remote sensing problem considered in
as a function of the number of labeled data, from whichi16] pased on data collected from a real landmine %ield
we can clearly observe the superiority of our methodsy, this problem there are a total of 19 sets of data, col-
To gain a better understanding of the clustered StrucCturgycieq from various landmine fields by an actual synthetic-
that SSMTTR finds for the six tasks, we plot the Hinton gneryre radar system. Each data point is represented by a

diagram [12] of the between-task sharing matrix foundg_yimensional feature vector extracted from the data. The
by the Linear SSMTTRLSSMTTR averaged over the 50 (|55 label is binary (mine or false mine).

trials. The (i, j)-th element of sharing matrix is equal to

5 L )
eXp(__HWi - WJ” /2), \_Nh|Ch IS represente_d by asquare In - 2the gata set is downloaded from http:/www.ee.dukeethafin/
the Hinton diagram, with a larger square indicating a largetLandmineData.zip.

tasks

tasks
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Figure 3. (a) Performance of various multi-task learningoathms; (b)
The Hinton diagram of between-task sharing found by ouralineemi-
supervised multi-task learning method, averaged over hoependent
trials.

Each of the 19 data sets defines a task, in which we aim
to find landmines with a minimum number of false alarms.

Hinton diagram of the between-task sharing matrix found
by the Linear SSMTTRLSSMTTR averaged over the 100
trials, is shown in Figure 3(b), where tHg, j)-th element

of sharing matrix is equal texp(—||w; — w;||*/2). From
the figure we can easily discover the task-cluster structure

IV. CONCLUSIONS

In this paper we propose a novel semi-supervised multi-
task learning algorithm based on task regularizations. Our
algorithm assumes that the multiple tasks form several task
clusters and the tasks in the same cluster will share similar
classification vectors. After relaxations, we show that our
algorithm can be cast into a convex optimization problem
and can thus be efficiently solved. Finally the experimental
results on both toy and real world problems are presented
to show the effectiveness of out method.
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