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Abstract

A novel algorithm for interactive multilabel image/video
segmentation is proposed in this paper. Given a small num-
ber of pixels with user-defined (or pre-defined) labels, our
method can automatically propagate those labels to the re-
maining unlabeled pixels through an iterative procedure.
Theoretical analysis of the convergence property of this al-
gorithm is developed along with the corresponding connec-
tions with energy minimization of the Hidden Markov Ran-
dom Field models. To make the algorithm more efficient,
we also derive a multi-level way for propagating the labels.
Finally the segmentation results on natural images are pre-
sented to show the effectiveness of our method.

1 Introduction
Image segmentation is an integral part of many im-

age processing applications. Fully automated segmentation
techniques have been constantly improving, however, to the
best of the authors’ knowledge, there are rarely any auto-
mated image analysis techniques which can be applied au-
tonomously with satisfactory results in general cases. That
is why the semi-automated techniques is needed.

A semi-automated segmentation algorithm allows the
users to participate in the segmentation procedure and give
some guidance for the definition of the desired contents to
be extracted, so we usually call it interactive segmentation.
According to [5], a practical interactive segmentation algo-
rithm must provide four qualities: (1) Fast computation; (2)
Fast editing; (3) An ability to produce arbitrary segmenta-
tion with enough interactions; (4) Intuitive segmentations.

In the last decades, many powerful techniques for inter-
active image segmentation have been proposed, such as ac-
tive contour / level set based methods [7][13] and graph cut
based methods [1][9][11]. However, despite their success
in many situations, there are still a few concerns associated
with these algorithms, e.g. it is usually hard to implement
the active contour/level set based methods, since they need
the user to specify several free parameters; the graph cut
based algorithms only return the smallest cut separating the
seeds (i.e. the labeled pixels), they often produce the small

cuts that minimally separate the seeds from the rest pixels
when the number seeds is very small, moreover, as the K-
way graph cut problem is NP-hard, one often require a use
of a heuristic to obtain the final solution.

In this paper, following the work in [4], we propose
a novel interactive image segmentation method called Ef-
ficient Label Propagation (ELP), which iteratively propa-
gates the labels of the seeds to the rest unlabeled pixels
through the image lattice. Theoretical analysis are pre-
sented to guarantee the convergence of the label propaga-
tion procedure. Moreover, to increase the efficiency of our
approach, we propose a coarse-to-fine scheme to propagate
the labels. And the user is allowed to actively adjust the ini-
tially labeled seeds according to the segmentation results.
We also provide some heuristics that can help the user to
achieve satisfactory results with minimum efforts. Finally
many experimental results are presented to show the effec-
tiveness of our method.

It is worthwhile to highlight the several aspects of our
proposed ELP algorithm here: (1) Fast computation. Al-
though our algorithm is very similar to random walker in
spirit, as we will show later, it is much faster than the ran-
dom walker method; (2) Fast editing. Due to its iterative
nature, our algorithm can perform fast editing by using the
previous solution as the initialization of the next propa-
gation; (3) Arbitrary/intuitive segmentation with minimum
human efforts. The experiments in this paper show that
our algorithm can produce arbitrary/intuitive segmentation
through minimum human efforts, which is guaranteed by
the active user feedback scheme.

So we can see that our algorithm has covered all the
qualities that a practical interactive image segmentation al-
gorithm should provide. One issue should be addressed
here is that independent of this work, Zhu et al. [16] also
proposed a label propagation approach for semi-supervised
learning. However, they need the data graph to be com-
pletely connected to guarantee the convergence of their al-
gorithm, which is infeasible for large scale applications like
image segmentation, since the storage requirement of it is
so high. On the contrary, our ELP can work on sparse data
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t = 5, 10, 20, 50, 100

2.3 Convergence Analysis
In this subsection we will analyze the convergence prop-

erty of the hard propagation procedure using Eq.(2) when
t → ∞. First let’s introduce two preliminary theorems [10].
Theorem 1 (Frobenius). Let A be an n × n nonnegative
matrix, and λmax is the largest eigenvalue of A, ri (i =
1, 2, · · · , n) is the sum of the i-th row of A, then

min
i

ri � r � max
i

ri (4)

Theorem 2 (H.Minc). Let A be an n×n nonnegative ma-
trix, and λmax is the largest eigenvalue of A, ri �= 0 (∀i =
1, 2, · · · , n) is the sum of the i-th row of A, then

min
i

(∑n

l=1
Ailrl/ri

)
� r � max

i

(∑n

l=1
Ailrl/ri

)

Note that theorem 2 provides us an improved spectral ra-
dius bound compared to theorem 1. Based on theorem 2,
we can derive the following theorem.

Theorem 3. Let A be an n× n Markovian matrix, and A s

is a square matrix of order K derived from A by deleting
n − K rows and n − K columns from A, rs

i is the sum of
the i-th row of A s, if ∃k, rs

k �= 1, λs
max is the maximum

eigenvalue of A s, then λs
max < 1.

Proof. A is a Markovian matrix means that Aij �
0,

∑
j Aij = 1. From theorem 1 we know that the spec-

tral radius of A (i.e. the maximum eigenvalue of A) sat-
isfies ρ(A) � 1. Since A s is a submatrix of A, then ac-
cording to theorem 2, the spectral radius bound satisfies

ρ(A s) � maxi

(
1
ri

∑n
l=1 A

s
ilrl

)
. Furthermore, for ∀i,

∑n

l=1
As

ilrl/ri = (As
i1r1 + As

i2r2 + · · · + As
iKrK) /ri

< (As
i1 + As

i2 + · · · + As
iK) /ri = 1.

where the inequality is due to 0 < ri � 1 and ∃ k, rk �= 1.

Therfore λs
max = ρ(A s) � maxi

(
1
ri

∑n
l=1 A

s
ilrl

)
< 1. �

Now let’s return to the basic label propagation procedure.
Based on theorem 3, we can prove the following theorem.
Theorem 4. When t → ∞, the label vector sequence {y t

u}
resulted from Eq.(2) will converge to the unique fixed point

yU = (I − PUU )−1PULyL.

Proof. Using Eq.(2), we can easily derive that

y �
U = lim

t→∞

[
P (t)

UU y 0
U +

(∑t

i=1
P (i−1)

UU

)
P ULyL

]
, (5)

where the superscripts in brackets, e.g. P (t)
UU represents

the t-th power of PUU , and y 0
U is the initial of yU . Since

PUU is a submatrix of P by deleting the rows and columns
corresponding to the labeled points, generally there must
exist some k such that the k-th row sum of PUU is smaller
than 1. Hence according to theorem 3, the spectral radius of
PUU is smaller than 1, thus

lim
t→∞

P (t)
UU = 0, lim

t→∞

∑t

i=1
P (i−1)

UU = (I − P UU )−1

Therefore

y �
U = lim

t→∞

[
P (t)

UU y 0
U +

(∑t

i=1
P (i−1)

UU

)
P ULyL

]

= (I − P UU )−1P ULyL �

Theorem 4 tells us that the hard propagation procedure will
finally converge to a fixed point, which gives us a theoretical
guarantee of the feasibility of the algorithm. Fig.2 gives us
an illustration on how the algorithm works.

2.4 Relationship with Energy Minimization of
Markov Random Field Models

As noted by [2], many vision problems can be naturally
formulated in terms of energy minimization on an Markov
Random Field (MRF). An MRF is described by a set of N
sites along with the symmetric neighborhood N on them.
On each site there is a random variable Yi which can take
values from a finite set.

For the image segmentation task, the sites correspond to
image lattice, and the random variables are the labels of
each pixel. Let Y = {Yi}N

i=1 be the collection of the la-
bel variables, then a joint event {Y1 = y1, · · · , YN = yN},
abbreviated Y = y , is a realization of Y where y =
(y1, · · · , yN ) is called a configuration of Y . Associated
with each configuration y is an posterior probability of the
MRF Pr(y ). By to the Hammersley-Clifford theorem [12],
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Pr(y ) =
1

Z

∏
i
exp(−ψi(yi)))

∏
i,j

exp(−ψij(yi, yj)),

where Z is a normalization constant, exp(−ψi(yi)) is the
likelihood of site i having a label yi and exp(−ψij(yi, yj))
is the prior for two neighboring sites having labels yi and
yj . The terms exp(−ψi(yi)) and exp(−ψij(yi, yj)) are also
called the unary and pairwise potentials of the MRF respec-
tively. The goal of MRF learning is to find the configuration
y ∗ = arg maxy Pr(y ) = arg miny E(y ), where

E(y ) =
∑

i
ψi(yi) +

∑
i,j

ψij(yi, yj). (6)

If we define the likelihood energy as

ψi(yi) =

{ ∞, yi �= li, x i ∈ XL

0, otherwise , (7)

where li is the predefined label of the labeled pixel x i, and
XL is the labeled pixel set. The prior energy is usually take
a form that measures the smoothness of the label over the
whole image, for example, ψij(yi, yj) =

∑
i,j W ij(yi −

yj)2, where W ij is the similarity computed from Eq.(3). If
we relax the constraint that yi ∈ {−1,+1} and allow it to
take continuous values, then the minimization of Eq.(6) is
equivalent to solving the following optimization problem

min
y

∑
i,j

W ij(yi − yj)
2, s.t. yi = li (1 � i � l).

The solution of the above problem is just[18]3, y �
U =

(I − PUU )−1PULyL, which is the same as Eq.(6). There-
fore, our method can also be derived from the framework of
energy minimization of MRF with some relaxations.

2.5 Extension to Multilabel Segmentation

It is easy to extend the hard label propagation procedure
to multilabel segmentation problems. Suppose there are c
classes and the label set becomes L = {1, 2, · · · , c}. Let
M be a set of n × c matrices with non-negative real-value

entries. Any matrix F =
[
FT

1 ,F
T
2 , · · · ,FT

n

]T ∈ M cor-
responds to a specific classification on X which labels x i

as yi = argmaxj�cF ij . Thus F can also be viewed as a
function which assign labels for each data point. Initially,
let F0

ij = 1 if x i is labeled as j, and F0
ij = 0 otherwise, and

for unlabeled points, F0
uj = 0 (1 � j � c). If we split F as

F = [FT
L,F

T
U ]T , then the labels of the unlabeled data can

be predicted iteratively by

F t
U = P ULF L + P UU F t−1

U . (8)

Fig.3 shows us two examples using Eq.(8) for multilabel
image segmentation, where the two figures the left column
are the original images with seeds, and the figures in the
right column are the results after 100 iterations.

3 Label Propagation on a Grid Graph
Since in this paper we only consider for the label propa-

gation on a grid graph, i.e. each node (pixel) only connects
with its four-connected neighbors, if we color the grid graph

3Note here that since the labels of the labeled pixels have already been
constrained, we only need to derive the labels of the unlabeled pixels yU .

in a checkerboard pattern that every edge connects nodes
of different colors, then we can find that the grid graph is
bipartite. In this section we will describe how our label
propagation scheme can be performed more efficiently for
a bipartite graph while getting essentially the same results
as the standard algorithm.

The main observation here is that for a bipartite graph
with nodes V = A ∪ B, when computing the labels using
Eq.(1) the labels of the nodes in A only depends on the la-
bels of the nodes in B and vice versa. In particular, if we
know the labels of the nodes in A at iteration t, we can
compute the labels of the nodes in B at iteration t + 1. At
this point we can compute the labels of the nodes in A at
iteration t + 2. Thus the labels of the nodes in A at iter-
ation t + 2 can be computed without ever computing the
labels of those nodes at iteration t + 1. This motivates the
following modification of the standard label propagation al-
gorithm for bipartite graphs.

In the new scheme the labels of the pixels are initialized
in the standard way, but we alternate between updating the
labels of the pixels in A and the labels of the pixels in B.
For concreteness let ȳt

p be the label of node p at iteration
t under this new label propagation scheme. When t is odd
we update the labels of the nodes in A and keep the old
values for the labels of the nodes in B. When t is even we
update the labels of the pixels in B but not those in A. So we
only update half the labels in each iteration. Moreover we
can store new labels in the same memory space where the
old labels were. This is because in each iteration the labels
being updated do not depend on each other. Therefore by
induction we can show that for all t > 0, if t is odd (or even)
then

ȳt
p =

{
yt

p if p ∈ A (if p ∈ B)
yt−1

p otherwise
(9)

That is, the labels ȳt
p updated under the new scheme are

nearly the same as the yt
p updated under the standard

scheme. Note that when label propagation converges, this
alternative label propagation scheme converges to the same
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(a) Level 0 (b) Level 1

α 2 × 2
α− 1

fixed point. This is because after convergence yt−1
p = yt

p.

4 Multi-Level Label Propagation

One problem with our label propagation scheme is that
the labels of the unlabeled pixels are updated locally and
in parallel, which implies that it will take many iterations
to propagate the labels for a long distance over the graph.
In this section we will describe a multilevel technique to
circumvent this problem.

The basic idea of our multilevel method is to perform it in
a coarse-to-fine manner, so that the long range interactions
between pairwise pixels can be captured by the short ones
in coarse graphs. Inspired by [3], our method use such a hi-
erarchy only to initialize initial label vector of the unlabeled
pixels at successively finer levels.

More concretely, the standard label propagation algo-
rithm introduced in section 2 aims to find a fixed point (i.e.
Eq.(6)) of the label updating rule (i.e. Eq.(2)). We usu-
ally initialize the labels of the unlabeled points to be zero
(one can also refer to [16] for the same initialization). Then
a straightforward idea is to initialize these labels close to
the fixed point for accelerating the convergence of our al-
gorithm. This is the reason why the method described here
works: we run label propagation at one level of resolution
to get an estimation of the labels of the next finer resolu-
tion, which can speed up the label propagation procedure to
converge to the fixed point.

In our multilevel algorithm, the grid graph G0 corre-
sponding to the original image is repeatedly coarsened to
G1,G2, · · · ,GM , such that in the α-th level, the blocks of
2α × 2α pixels are grouped together to formulate a set of
supernodes, and these supernodes are connected in a grid
structure (Fig.4 gives us an intuitive illustration). The sim-
ilarities between pairwise supernodes in Gα are taken to be
the sum of similarities between the nodes in Gα−1 compris-
ing the supernodes, i.e. W α

ij =
∑

u∈i,v∈j W 0
uv , where i

and j are the supernodes of Gα containing pixels u, v ∈ G0

respectively. Then the transition probability on Gα can be
computed as Pα

ij = W α
ij/

∑
j W α

ij .
Another requirement to perform our multilevel method is

defining a proper Y α
L for each Gα. This can further be de-

composed to two subproblems: (1) determining which su-
pernodes should be labeled; (2) determining the labels of
the labeled supernodes. Intuitively, the graph of the α-th
level should represent the labelings where all pixels in the
same supernode are assigned the same label. However, this
is not always true. For example, if the seed pixels provided
by the user are close to the boundary of the two classes, then
it is possible that a supernode in a coarsened graph contains
the pixels belonging to each class. Therefore, we propose
to treat a supernode in Gα to be labeled if it contains labeled
pixels, and compute the label of the i-th supernode in Gα by

(Y α
L)ic =




1, ∀u ∈ i, lu = c
#(icL)/#(iL), ∃u, v ∈ i, lu = c, lv �= c
0, otherwise

where u and v are the labeled pixels whose label are de-
noted by lu and lv , #(iL) represents the number of labeled
pixels contained in i, and #(icL) denotes the number of la-
beled pixels contained in i whose labels are c. Having de-
termined Y α

L and Pα, we can propagate the labels on the
graphs of each level using Eq.(8) as

(F α
U )t = P α

ULF α
L + P α

UU (F α
U )t−1. (10)

After having got the labels of the supernodes in Gα, we
then initialize the labels of the nodes in Gα−1 as follows:
the labels of the four nodes that form the same supernode
are initialized as the same label of that supernode. Then the
labels can be propagated in a coarse-to-fine manner.

We have found that with this multilevel approach it is
enough to run label propagation for a small number of iter-
ations at each level (around five). Note that the total number
of nodes in the hierarchy is just 4/3 the number of nodes at
the finest level. Thus for a given number of iterations the
total number of label updates in the hierarchical method is
just 1/3 more than the number of updates in the finest level.

Fig.5(a) gives us an example to demonstrate the effec-
tiveness of our method, where we use standard label prop-
agation and the multilevel method for segmenting the pyra-
mid image shown in Fig.6, and a total of three levels is used
for the multilevel method. As we stated in section 2.4, the
label propagation algorithm can be viewed as to pursue a
relaxed solution of minimizing the energy of an MRF. The
ordinate of Fig.5 is the energy of such an MRF (computed
by Eq.(6)), and the abscissa corresponds to the number of
iterations. We can see that the multilevel method computes
a low energy solution in just a few iterations per level, while
the standard algorithm takes hundreds of iterations.

5 Experiments
In this section we will show a set of experiments to il-

lustrate the effectiveness of our method. For all the experi-
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