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Abstract Non-negative Matrix Factorization (NMF) and
Probabilistic Latent Semantic Analysis (PLSA) are two
widely used methods for non-negative data decomposition
of two-way data (e.g., document-term matrices). Studies
have shown that PLSA and NMF (with the Kullback-Leibler
divergence objective) are different algorithms optimizing
the same objective function. Recently, analyzing multi-way
data (i.e., tensors), has attracted a lot of attention as multi-
way data have rich intrinsic structures and naturally appear
in many real-world applications. In this paper, the relation-
ships between NMF and PLSA extensions on multi-way
data, e.g., NTF (Non-negative Tensor Factorization) and T-
PLSA (Tensorial Probabilistic Latent Semantic Analysis),
are studied. Two types of T-PLSA models are shown to
be equivalent to two well-known non-negative factorization
models: PARAFAC and Tucker3 (with the KL-divergence
objective). NTF and T-PLSA are also compared empirically
in terms of objective functions, decomposition results, clus-
tering quality, and computation complexity on both syn-
thetic and real-world datasets. Finally, we show that a hy-
brid method by running NTF and T-PLSA alternatively can
successfully jump out of each other’s local minima and thus
be able to achieve better clustering performance.
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1 Introduction

1.1 NMF and PLSA

Non-negative data have been widely studied in many ap-
plications and research areas. Typical examples include
document-term co-occurrence data (count data or binary
data) in text clustering and summarization; and friend-of-
friend network data in social community detection and
collaborative filtering. Among many non-negative data
analysis methods, non-negative data decomposition is one
of the most popular approaches. For decomposing non-
negative data, the two most widely used methods are Non-
negative Matrix Factorization (NMF) [21] from matrix
computation perspective and Probabilistic Latent Seman-
tic Analysis (PLSA) from the statistical learning perspec-
tive.

NMF factorizes an input nonnegative matrix into a prod-
uct of two new matrices with lower rank. The initial work
on NMF [18, 19] emphasizes that the NMF factors con-
tain coherent parts of the original data (images). Later
works [8, 22-24, 38] show the usefulness of NMF for clus-
tering with experiments on documents collections, and re-
cent theoretical results [5, 6] show the equivalence between
NMEF, K-means and spectral clustering. In contrast to NMF,
PLSA uses latent class models (or aspect models) to per-
form a probabilistic mixture decomposition. Expectation-
Maximization (EM) algorithm is a commonly used approach
to maximize the log-likelihood of the latent class models.
PLSA is often used in natural language processing, informa-
tion retrieval, and text mining related areas [15]. It has been
shown that NMF with the KL-divergence (Kullback-Leibler
divergence) cost function is equivalent to PLSA [7, 11].

@ Springer


mailto:wei.peng@xerox.com
mailto:taoli@cs.fiu.edu

W. Peng, T. Li

1.2 Multi-way data analysis

Recently, decomposing multi-way non-negative data has at-
tracted a lot of attention as multi-way data have rich in-
trinsic structures and naturally appear in many real-world
applications [1, 17, 36]. For example, in document cluster-
ing, the data over different time periods can be represented
as a three-way dataset as author x terms x time. In email
communications, the data can be represented as sender x
receiver X time. In web page personalization, the data can be
represented as user x query word x webpage [34]. In high-
order web link analysis, the data is represented as a three-
way dataset as web page X web page x anchor text [17]. In-
stead of performing traditional two-way data analysis (e.g.,
matrix decomposition) by unwrapping multi-way data into
matrices and assuming only pairwise relationships between
two dimensions (rows and columns), multi-way data analy-
sis methods (e.g., tensor decomposition) in these applica-
tions consider the relationships among multiple dimensions.
Typical examples of non-negative multi-way data analysis
methods are extensions of NMF and PLSA to multi-way
non-negative data, namely NTF (Non-negative Tensor Fac-
torization) and T-PLSA (Tensorial Probabilistic Latent Se-
mantic Analysis) respectively.

We note that there are generally two types of tensor
factorization models: (1) Parafac (parallel factor analy-
sis) [29]: The Parafac model can be thought as a multi-
linear form of decomposition for the objective tensor: each
entry of the three-way tensor is approximated by a linear
combination of three vectors [29]. (2) Tucker: The Tucker
model, proposed by L.R.Tucker, includes Tucker1, Tucker2,
Tucker3, etc. Tucker model can be thought as multi-way
principle component analysis, and aims to give the opti-
mal low rank approximation of a tensor in given dimen-
sions [9]. HOSVD (Higher Order Singular Value Decom-
position [35, 37]) is Tucker3 (it allows rank reduction in all
three modes) with orthogonality constraints on the compo-
nents. Many multi-way models can be considered as the ex-
tensions or modifications of the above two types [1, 16, 39].
These multi-way models have also been applied to many ap-
plications such as web link analysis [17], web page person-
alization [34], social network analysis [3, 26], and others [2,
10, 27, 35]. Non-negative tensor factorization (NTF) is first
introduced by Shashua and Hazan in [32] and it uses Lee and
Seung’s multiplicative algorithm [20] to minimize the least
square errors. In this paper, we will study the non-negative
extensions of the two well-known tensor factorization mod-
els, Parafac and Tucker3.

Probabilistic Latent Semantic Analysis (PLSA) applies
the Expectation Maximization (EM) algorithm to perform
maximum likelihood estimation in a latent class model,
where the observed distribution is derived from a set of
latent classes [14, 15]. EM algorithm for two-way PLSA
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models can be naturally extended to higher dimensional ten-
sors by adding more latent variables in the maximum like-
lihood function. A few efforts have been done to extend
PLSA on multi-way data in different approaches recently.
For instance, Shashanka et al. proposed probabilistic latent
variable models for generalization of PLSA [31]. Chi et al.
also proposed an extension of PLSA called Probabilistic
Polyadic Factorization on multi-way data for personalized
recommendation [4].

1.3 Contribution of the paper

Although PLSA and NMF are shown to be equivalent
[7, 11], limited attempts have been reported to establish
the connections between T-PLSA and the well-known NTF
models, and to empirically demonstrate their similarities and
differences. The contribution of this paper is listed as fol-
lows:

e The paper studies two types of T-PLSA (ParaAspect and
TuckAspect‘) and two well-known NTF methods (non-
negative Parafac (NParafac) and non-negative Tucker3
(NTucker)). It shows that ParaAspect (with KL-diver-
gence objective) and NParafac, TuckAspect (with KL-
divergence objective function) and NTucker optimize the
same objective functions. In addition, the factorization
of non-negative Parafac and Tucker3 with column L1-
normalization is equivalent to that of ParaAspect and
TuckAspect, respectively.

e T-PLSA and NTF will be compared empirically in terms
of objective functions, decomposition results, clustering
quality, and computation complexity via extensive exper-
iments on both synthetic and real-world datasets.

e Due to different optimization procedures, ParaAspect and
NParafac, TuckAspect and NTucker are shown to con-
verge to different local minima even though they optimize
the same objective functions. This paper will demonstrate
that a hybrid method, by running NTF and T-PLSA alter-
natively, can successfully jump out of each other’s local
minima and thus be able to lead to better clustering solu-
tions.

A preliminary version of the work was presented as a
2-page poster at the 32nd Annual ACM SIGIR Confer-
ence [25]. In this journal submission, we included detailed
theoretical analysis and algorithm description, and more ex-
perimental results. The rest of the paper is organized as fol-
lows: Sect. 2 introduces the notations used in the paper and
presents the factorization models and objective functions of
T-PLSA and NTF. Section 3 shows that T-PLSA and NTF
optimize the same objective function. Section 4 describes

Para is from Parafac, Tuck is from Tucker3, Aspect comes from As-
pect model.
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and compares the algorithms of T-PLSA and NTF. Section 5
empirically compares T-PLSA and NTF from various per-
spectives on both synthetic three-way data and real-world
three-way data. Finally Sect. 6 concludes.

2 The factorization models and objective functions
of T-PLSA and NTF

2.1 Notation

The following notations are used throughout the paper.
Scalars are denoted by lowercase letters, e.g. x, and vec-
tors are denoted by boldface lowercase letters, e.g. X,
where the i-th entry is x;. Matrices are denoted by bold-
face capital letters, e.g. X, where the i-th column of ma-
trix X is xj, and the (7, j)-th entry is x;;. Three-way ar-
rays are denoted by boldface underlined letters, e.g. X,
which can be unfolded in the n-th mode to form a ma-
trix denoted by X,). The c-th frontal slice of X denoted
by X, is formed by holding the last mode of the multi-
way array fixed at ¢. The symbol ® is Kronecker prod-
uct that is the operation between two arbitrary matrices.
The Kronecker product of the matrix A € R“*? and the
matrix B € R°%4 is the matrix C € R4*%4  where each
entry is the product of two entries from A and B respec-
tively. The symbol © denotes Khatri-Rao product. A© B =
[a1 ®bjaz ®b2---ax @ bk] (A and B need to have the
same number of columns).

2.2 The factorization models of T-PLSA and NTF

Let F = (f;;) be a non-negative matrix. In document clus-
tering, it is viewed as a document-word co-occurrence ma-
trix. The NMF factorization model is F ~ CHT with ¢ij >0
and h;; > 0. The PLSA latent variable model can be written
as fij = P(wi.dy) = Y, (P(wilzi) P(dj|2) P (zi)). where
P (w;, d;) is the joint probability of the i-th word and j-th
document, P(w;|zx) and P(d;|zx) are probabilities of i-th
word and j-th document conditioned on the class zj.

NTF and T-PLSA are the extensions of NMF and PLSA
on multi-way data, respectively. Without loss of general-
ity, three-way data are mainly focused in this paper. Let
F=(fij),where 1 <i<n,1<j<m,and 1=<1[<t,
be a non-negative tensor. It can be viewed as a document-
word-time co-occurrence tensor indicating the occurring fre-
quency of a particular word appearing in a particular doc-
ument at a particular time or a sender-receiver-time tensor
showing the number of emails sending from a particular
sender to a particular receiver in a particular time. Normal-
ize F by Ll-normalization that Ziﬂ fiji =1, fiji can be
viewed as the joint probability of d;, w;, and ¢;.

2.2.1 NTF factorization models

There are generally two most well-known tensor decompo-
sition models, Parafac and Tucker. Both of them try to
reconstruct the original tensor F >~ C. Parafac with non-
negative constraints can be written as

G, =US V', (1)

or

Cijl = Z(uipvjpslp)v 2
14

where U e Rk Ve R"*k § e R*™>*k S isa diagonal ma-
trix with the /-th row of S on the diagonal, and u;, > 0,
vjp =0, 575 > 0. Note that it only allows the same number
of factors in each mode, and the i-th factor in one mode only
interacts with the i-th factors in other modes (e.g., one-to-
one interactions). Rank-1 decomposition is a type of Parafac
with orthogonality constraints on components [1].
The non-negative Tucker3 can be written as

Ciji = Z(gpqruipvquzr), (3)
pqr

where U € Rk v e R"*k § ¢ Rk, and G €
Rkixkaxks ' HOSVD (High Order SVD) is also called
Tucker3 tensor model with orthogonality constraints on
components [1].

2.2.2 T-PLSA factorization models

Two types of PLSA extension on multi-way data can be
derived by simply adding more latent factors. In order to
relate them to NParafac and NTucker, in this paper, one
type of PLSA extension mentioned in [31] is referred as
ParaAspect model and the other type introduced by [4]
is called TuckerAspect model. ParaAspect factorization
model can be written as

fiji = P, wj,e)

= Z(P(di lxp) P(wjlxp) Plerlxp) P(xp)), “
p

where (x,|1 < p < k) are latent class variables/factors,
and P(d;, wj, e;) is the joint probability of d;, w;, and ¢;.
P(di|xp), P(wj|xp), and P(e|x,) are the probabilities of
generating d;, w;, and ¢; respectively, when the class x, is
chosen.

TuckAspect has a different latent variable model from
ParaAspect. It contains several sets of latent factors (xp|1 <
p <k1), (gl <q <kz),and (z,|1 <r <ks3). Documents,
words, and time are generated from different latent fac-
tor sets, e.g. P(di|xp), P(wjlyy), and P(e;|z,). In addi-
tion, the joint probability of these factors is generated, e.g.
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P(xp,yq,2r). The factorization model of TuckAspect is
presented as

fijt = Pdi,wj,e)

= Z(P(di|xp)P(wj|)’q)P(el|Zr)P(xpa yqszr))~ (5)
P

2.3 The objective functions of T-PLSA and NTF

NParafac and NTucker minimize the KL-divergence be-
tween the original data and the reconstruction:

il
JNTE = Z (fijl log St _ fiji + Cijl>~ 6)
ijl Cijt
ParaAspect and TuckAspect maximize the log-likelihood
L= (fijilog P(d;, wj.e)) = —Jr-pLsA- @)
ijl

By adding a minus sign, they minimize the objective func-
tion JT-pLSA.

3 The equivalence of T-PLSA and NTF

In this section, T-PLSA and NTF will be shown to be equiv-
alent. First, ParaAspect (with KL-divergence objective) and
NParafac, TuckAspect (with KL-divergence objective) and
NTucker are shown to optimize the same objective func-
tions. Then, we show that the factorization of NParafac and
NTucker with column L1-normalization is equivalent to that
of ParaAspect and TuckAspect, respectively.

3.1 The equivalent objective functions
Recall (7), T-PLSA minimizes

Jr-pLsa=— Y _(fijilog P(di, wj, ep).
ijl

If a constant ), (fijilog fiji) is added (it is a constant be-
cause fjj; is the input), T-PLSA minimizes

Jiji
JT-pLSA = ( ijilog —————|. 3
O ey
Then by adding

Z[P(di,wj,ez)—fi,/z]
ijl
:Zp(dllijvel) _Zﬁ/l: 1—-1 :0,

ijl ijl

@ Springer

T-PLSA minimizes
J1-pLSA
i ! P(d;i,wj,er) ! !

Referring to (6), (9) is exactly the objective function of NTF.
3.2 The equivalent factorization

Unlike T-PLSA, NParafac and NTucker have an infinite
number of solutions. Normalization is a way to make
NParafac and NTucker invariant. In order to compare NTF
and T-PLSA, we use L1-normalization for probabilistic for-
mulations. Let the normalized input tensor ) _; 1 fijr=1.In
the following the NParafac factorization will be shown to be
equivalent to that of ParaAspect.

NParafac and ParaAspect: Let D", DS, and DY be
the square diagonal matrices with entries d;‘j, dj 0 and d}.’j
be Y, uij, > ;sij, and ), v;;, respectively. U=um"y)!,
S= S(D%)~L, and V= V(DY) are denoted as the column
L1-normalized matrices of U, S, and V. NParafac factoriza-
tion of (1) can be written as

F,=USHVT,
or

fijt =Y _(hppiiipDjpdip), (10)
p

where H is a diagonal matrix that
H=D"DSD".

We can observe that the factorization in (10) is equiva-
lent to ParaAspect model in (4) with it;, = P(d;|x}), Sip =
P(eilxp), Vjp = P(wjlxp), and hp, = P(xp). Similar to T-
PLSA,

D=1, D dp=1 Y §=1
i j I

resulted from the column L1-normalization. Moreover,
>, hpp =1 because

Z fiji=1= Z(hpp’;ipﬁjp@z?) = thp'
ijl ijlp p

NTucker and TuckAspect: The factorization model of
NTucker in (3) can be written as

Fp=UGy eV, (11)
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where F ; is F matricized on the first mode because of the
following:

(Ug(l))i, kox(r—1)+q = Z(”ipgpqr)a
p

and

(S®VY ) lox(r—1)4g, mx =1+ = SirVjqs

then

fijl = (E(]))i, mx(-1)+j = Z(gpqruipvqulr)~
pqr

Similarly let D", DS, and DY be the diagonal matrices
with entries being column summation values of U, S, V. fJ,
S, and V are normalized versions of U, S, and V. Equa-
tion (11) is reformulated as

- & o XN T
Fy=UH;,S®V)",
where
H,, =D"G,(D*®D").

Then (11) can be written in the same factorization format as
TuckAspect in (5)

fl'jl :Z(hpqrﬁipﬁjq§lr)~ (12)

pqr

Similar to the derivation between NParafac and ParaAspect,

D=1, D D=1 Y & =1
i j I
> hpgr=1.

pqr

Thus ’/A‘ip = P(di|xp)’ lA)jq = P(wj|yq)s Si- = P(eylzr), and
hpqr = P(xps Vg s Zr).

4 The algorithm comparison of T-PLSA and NTF

Although T-PLSA and NTF are similar in terms of the ob-
jective functions and factorization, they have different com-
putational algorithms because they have different ways to
optimize the objective function. T-PLSA use EM algorithm
and NTF use multiplicative update rules proposed by [21].
In this section, we compare computational algorithms of T-
PLSA and NTF.

4.1 Algorithm of NParafac and Tucker3

Non-negative Parafac and Tucker3 use multiplicative update
rules proposed by [21] to alternatively update each com-
ponent by minimizing the KL-divergence. For updating the
component matrix U in non-negative Parafac, let

Z=@SoWnT, (13)
and E(l) = 0, then

> (zpjoij/(UL);;)
2.j2pj '

For updating other components of NParafac, we just need to
simply matricize F on the other modes, and Z is changed to
be (SO U)T and (VO U)T respectively. Similarly they can
be updated according to (14).

As for updating the component matrix U in non-negative
Tucker3,

(14)

Uip =Uip

Z=(saV)Gh)" (15)

The updating algorithm is still following (14). Other com-
ponents can be solved by matricizing F and G on the
other modes. Z is changed to be ((S(X)U)Q(Tz))T and

((V®U)Qr(r3))T. G is a close form solution that G4, =

UTX ,(S® V).
4.2 Algorithm of ParaAspect and TuckAspect

ParaAspect and TuckAspect use the standard EM algorithm
to maximize log-likelihood functions. In Expectation step,
the posterior probabilities of latent variables are computed
based on the current parameters. For ParaAspect, the poste-
rior probability is calculated as

P (x)P(d]x) P(w|x)P(s|x)

P(x|d, w,e) = . (16)
2 (P(x)P(d]x)P(w|x)P(e|x))
For TuckAspect, the posterior probability is
P(x,y,zld, w,e)
P(x,y,2)P(d]x) P(wl|y)P(s]2) a7

T Y Py D PP W) P(s)

In Maximization step, the parameters are estimated based on
the computed posterior probabilities of the latent variables
and the original input tensor. For example P (d|x) is updated
for ParaAspect as following

Zu)’e(fd,w,ep(x|da ws e))
Zd,w,e(fd,w,ep(x|ds w9 e)) '
The updating algorithms for ParaAspect and TuckAspect

are omitted here. Detailed algorithms can be found in [31]
and [4].

Pd|z) =

(18)
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4.3 Summary

From the above algorithm descriptions, we observe the fol-
lowing differences between NTF and T-PLSA:

e NTF updates one component by fixing other components,
and updated component can be subsequently used to up-
date the other components. However, T-PLSA updates the
components only based on the posterior probability of the
latent variables.

e NParafac and ParaAspect have the same computational
complexity, which is O (mntk). On the other hand, Tuck-
Aspect has larger computational = complexity
O (nmtkykak3) than NTucker with O (mtkkaoks +nmtky),
or O (nmtky) when n > kyks.

e Though NParafac and ParaAspect have the same com-
putational complexity, ParaAspect requires more space
for calculating the posterior probabilities of the latent
variables, which needs O (mntk) number of space units
(if saving all entries). NParafac only requires O (nmt)
with k <« min(n,m,t). Moreover, TuckAspect needs
O (nmtkikaks) space units while NTucker only needs
space O (nmt + mtkoks + ntk1kz + nmki1ky), or O (nmt)
when n > koks, m > k1ks, and t > kik».

In summary, we can see that NTF and T-PLSA have differ-
ent algorithms to solve their models. From our experimental
results in Sect. 5, we note that NTF and T-PLSA have sim-
ilar computation convergence rate, that is, they take almost
the same number of rounds to converge. Since NTF requires
less computation and space than T-PLSA for each round,
NTF is more efficient than T-PLSA.

5 Empirical comparison between T-PLSA and NTF
5.1 Discussion

It is actually very advantageous to know that NTF and T-
PLSA are equivalent and have different pros and cons. As
discussed in Sect. 4.3, the NTF algorithm has less com-
putational and space complexity than T-PLSA. Thus if the
computation speed of T-PLSA is an issue for solving some
problems, NTF can be the alternative for T-PLSA by view-
ing the component factors as probability parameters. On
the contrary, T-PLSA has a more solid statistical founda-
tion as a probabilistic mixture model. Its statistical proper-
ties enable T-PLSA to perform model selection and to assess
the number of classes in the model. However, there is lim-
ited literature on how to determine the number of factors
for NTF. Now knowing the equivalence between T-PLSA
and NTF, we could borrow the model selection technique
from T-PLSA for determining the number of factors for
NTF. For example, most model selection criteria like BIC
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(Bayesian Information Criterion) [30] for probabilistic mod-
els are equal to the log-likelihood of the model offset by the
number of parameters. The “log-likelihood value” of NTF
can be easily calculated because NTF and T-PLSA have the
equivalent objective functions and factorization as proven
in Sect. 3. In order to further understand the equivalence
and difference between T-PLSA and NTEF, in the follow-
ing they will be compared empirically in terms of objec-
tive functions, decomposition results, clustering quality, and
computation complexity via extensive experiments on both
synthetic datasets and real-world datasets.

5.2 Experiment setup
5.2.1 Data description

Three real-world datasets are used in our experiments. Two
are from the DBLP computer science bibliography, one from
Enron emails.

DBLP Datasets: DBLP datasets are extracted from the
DBLP computer science bibliography that can be down-
loaded at http://www.in formatik.uni-trier.de/~ley/db/. We
extract author names, publication titles and the correspond-
ing years of the publications. Among these records, 1000
active researchers with their publication titles for the last 20
years (from 1988 to 2007) are chosen for our experiments.
The researchers are selected from the program committee
members from the flagship conferences in computer science
and they are divided into 9 different research areas: Data-
base, Data Mining, Software Engineering, Theory, Com-
puter Vision, Operating System, Machine Learning, Net-
working, and Natural Language Processing based on the
authors’ major activities (e.g., the conference venues of the
publications and the conference program committee mem-
berships). These different areas will serve as the ground-
truth labels for our experimental comparison purpose. The
data are preprocessed by using standard text preprocessing
techniques. The terms are extracted from the publication ti-
tles. Stop words are removed and we do not perform stem-
ming. For each year, a binary matrix with each entry denot-
ing the co-occurrence of the corresponding author and the
term in that year is constructed. Then, the data are actually
a three-way array with the author, term, and year modes.
We conduct experiments on two such three-way datasets:
DBLP9 which contains 20 years publication titles of 1000
authors from all 9 areas and 1000 key terms with the highest
occurrence frequency, and DBLP4 which contains 20 years
publication titles of 250 authors who are randomly chosen
from 1000 authors in 4 areas Data Mining, Software Engi-
neering, Theory, and Computer Vision. 200 key terms are
also extracted. DBLP4 and DBLP9 have different cluster
structures: the clusters in DBLP4 are more well-separated
than those in DBLP9.
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Table 1 The dimensions and the number of classes of real-world
datasets

Data Mode 1 Mode 2 Mode 3 Classes
DBLP4 100 200 20 4
DBLP9 1000 1000 20 9
Enron 184 184 44 4
Table 2 The descriptions of 3 synthetic datasets

Data Mode 1 Mode2 Mode3 Noise2 Noise3 Ciln
Synl 200 20 10 0 0 5
Syn2 50 100 10 50 5

Syn3 1000 200 30 100 10

Enron Dataset: The Enron email dataset containing
email communications among 184 users is obtained from
[28]. We remove the emails before 13-Nov-1998 and af-
ter 21-Jun-2002 and our data is a 184 users x 184 users x
44 months three-way data. The class labels are unknown.
The number of classes is set to 4 according to [3], which
defined 4 roles for Enron email senders/receivers.

Synthetic Datasets: Three sets of synthetic data are gen-
erated for experiments. The purpose of using synthetic data
is that the detailed cluster structures are known, hence we
can adjust different factors such as noise levels and clus-
ter structures systematically. Synthetic data are generated by
using the algorithm proposed by Milligan [12]. The clus-
ters are nonoverlapping and truncated multivariate normal
mixtures. Basically the dimension with clustering structures
(called cluster dimensions) is created based on a cluster
length chosen from a uniform distribution. The mean and
standard deviation of the cluster on this dimension can be
derived from this cluster length. The dimension without
clustering structures (called noise dimensions) is created
from a uniform distribution in some generated range. Thus
cluster dimensions and noise dimensions are independent
from each other.

The brief descriptions of the real-world datasets is listed
in Table 1. Table 2 summarizes the characteristics of the
synthetic datasets. The first column lists the dataset names.
The next three columns list the number of cluster dimen-
sions in mode 1, mode 2, and mode 3. The fifth and sixth
columns contain the number of noise dimensions in mode 2
and mode 3. The last column provides the number of clus-
ters.

5.2.2 Clustering quality evaluation measures
In order to compare the clustering performance, we use Nor-

malized Mutual Information (NMI), Adjusted Rand Index
(ARI), and Accuracy(ACC) as our performance measures.

These measures provide good insights on how the clustering
results agree with the true labels.

Normalized Mutual Information measures how cluster-
ing results share the information with the ground-truth la-
bel [33]. Generally, larger the NMI value, better the cluster-
ing quality is. Its value is between [0, 1]. The NMI of the
entire clustering solution is computed as:

NMI
P P@,j)
Zi,j(P(lv J)log, p(i)lpj(j))

/=P @log, PU) X, (—P()log, P()

. (19)

where P (i) is the probability that an arbitrary data point be-
longs to cluster i, and P(j) is the probability that an arbi-
trary data point belongs to ground-truth class i. P(i, j) is
the joint probability that an arbitrary data point belongs to
cluster i and also class j. NMI is actually the mutual in-
formation between clustering and ground-truth class knowl-
edge divided by the maximum value of clustering entropy
and class entropy.

The Rand Index is defined as the number of pairs of ob-
jects that are both located in the same cluster and the same
class, or both in different clusters and different classes, di-
vided by the total number of objects. Adjusted Rand In-
dex (ARI) adjusts Rand Index by setting the value between
[0, 1] [13].

b _
nn—1)/2

RI= bc ?

(20)

Vii(Vij—1 (V: —
where a = Zij%’ b = ZiVl(Vzl 1), c =

> j w, Vij is the number of objects that are in both
the class i and cluster j, V; is the number of objects in class
i, and V/ is the number of objects in cluster j. Higher the
Adjusted Rand Index, more resemblance between the clus-
tering results and the labels is.

Accuracy (ACC) discovers the one-to-one relationship
between clusters and classes, and measures the extent to
which each cluster contains data points from the correspond-
ing class. It sums up the whole matching degree between all
class-cluster pairs. Its value is also between [0, 1]. Accuracy
can be represented as:

ACC = max( Y T Lm))/N, 1)

Cr. L

where Cj denotes the k-th cluster, and L,, is the m-th class.
T (Cy, L) is the number of entities that belong to class m
are assigned to cluster k. Accuracy computes the maximum
sum of T (Ck, L;,) for all pairs of clusters and classes, and
these pairs have no overlaps. Generally, greater the accuracy,
better the clustering performance is.
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Fig. 1 (a) and (b) are comparisons of ParaAspect and non-negative Parafac on Jparafac and JparaAspect. and (c) and (d) are comparisons of Tuck-
Aspect and non-negative Tucker3 on Jrycker and JTuckaspect as referenced to (6) and (7)

5.3 Result analysis

5.3.1 Objective function and clustering performance
comparison

For all synthetic datasets and real-world datasets, NTF
(NParafac and NTucker) and T-PLSA (ParaAspect and
TuckAspect) are initialized from the same random start-
ing points and are executed until convergence. All exper-
imental results are obtained by averaging 10 trials. The
objective functions Jpurafac (6) and Jparaaspect (7) are cal-
culated for both non-negative Parafac and ParaAspect. We
observe that they have very similar values (as their differ-
ence is less than 0.1) for all datasets as shown in parts (a)
and (b) of Fig. 1. Similarly, non-negative Tucker3 and
TuckAspect have almost equal values for Jyycker (6) and
JTuckAspect (7) for all datasets as shown in parts (c) and (d)
of Fig. 1.

In addition, the clustering results of NTF and T-PLSA
are compared in terms of Adjust Rand Index, Accuracy, and
NMI on DBLP and synthetic datasets where the class la-
bels are given as shown in Fig. 2. We note that NTF and
T-PLSA have similar clustering performance in most cases

@ Springer

because they try to minimize the same objective functions.
On the other hand, they also show the different cluster-
ing performance values because they use different compu-
tational algorithms to optimize the objective functions and
thus may end up in different local minima as discussed in
Sect. 4.

5.3.2 Author and word occurrence probability comparison

In order to obtain a better understanding that NTF and T-
PLSA have equivalent objective functions and factoriza-
tions, we further compare the top author and word occur-
rence probabilities of four clusters by running non-negative
Parafac and ParaAspect on DBLP4. The results are shown
in Fig. 3. In this figure, the X axis are 10 authors (upper
figure) and 10 words (lower figure) with the highest occur-
rence probability #;, and 9, from (10) in 4 clusters. Note
that they are illustrated as the declining solid lines along the
Y axis. The dotted lines present the probabilities of the same
authors and words P(d;|xp), P(w;|xp) of the correspond-
ing clusters resulting from the ParaAspect algorithm. The
solid lines and the dotted lines with the same symbols are
from the corresponding clusters of Parafac and ParaAspect.
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Fig. 2 The clustering performance comparison between ParaAspect, non-negative Parafac, and their hybrid method (the upper row), and between
TuckAspect, non-negative Tucker3, and their hybrid method (the lower row)

Fig. 3 Top authors and words

DBLP4 Authors

probabilities of 4 clusters by
running non-negative Parafac
and ParaAspect on DBLP4

——m— C1 for NParafac
— m — C1forParaAsp
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——#—— (2 for NParafac
— # — C2for ParaAsp
——@—— C3for NParafac
Z S Gl e
for NParafac
- — C4 for ParaAsp

We observe that the top 10 authors and words of each cluster
from NParafac are also the top 10 authors and words of clus-
ters from ParaAspect, and every pair of solid curves and dot-
ted curves tightly overlap with each other with very similar
slopes. Basically it empirically verifies that it;, = P (d;|x)
and 9, = P(wj|x,) as shown in Sect. 3.2.

5.3.3 Algorithm computation comparison

As shown in Fig. 1, NTF and T-PLSA have similar objective
function values upon convergence. Since they adopt differ-

ent algorithms for optimization, one natural question is how
their convergence rates are different. We observe that NTF
and T-PLSA have similar convergence rate in our experi-
ments as shown in Fig. 4. Figure 4 shows the convergence
rate of non-negative Parafac and ParaAspect on Jparafac and
JParaAspect On 3 datasets. The X axis in both subfigures in-
dicates 20 iterations, the Y axis in the upper subfigure is
the objective function value Jparaaspect. and the Y axis in
the lower subfigure is the objective function value Jparafac-
Each curve shows the declining objective function values
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Fig. 4 The convergence rate of
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Table 3 The time spent on running T-PLSA and NTF for 5 iterations
on 6 datasets

6 8 10 12 14 16 18 20
Iterations

Table 4 The clustering performance of the hybrid algorithms on
DBLP4 and DBLP9

DBLP4 DBLP9 Enron Synl Syn2 Syn3 DBLP4 DBLP9
NParafac 1.59 6.59 0.77  0.026 0.08 7.20 ARI Hybrid(NParafac&ParaAsp) 0.6438 0.3426
ParaAsp 3.90 25.12 1.85 0.04 0.09 26.28 Hybrid(NTucker&TuckAsp) 0.5216 0.1839
NTucker 2.16 121.92 091 0.04 0.16 8.02 Accuracy Hybrid(NParafac&ParaAsp) 0.8647 0.5924
TuckAsp 47.84 1420 15.57  0.53 035  642.74 Hybrid(NTucker&TuckAsp) 0.8197 0.4793
NMI Hybrid(NParafac&ParaAsp) 0.6702 0.5051

Hybrid(NTucker&TuckAsp) 0.5924 0.306

on one dataset, the solid line curves are obtained from run-
ning non-negative Parafac, and the dotted line curves are ob-
tained from running ParaAspect. We observe that each pair
of the solid line curve and the dotted line curve with the
same symbol are largely overlapped. This means NParafac
and ParaAspect demonstrate similar convergence rates on
the datasets.

Although NTF and T-PLSA show similar computation
convergence rates, they have different computational com-
plexity as discussed in Sect. 4. The time (seconds) spent on 5
iterations of running non-negative Parafac, ParaAspect, non-
negative Tucker3, and TuckAspect algorithms on DBLP4,
DBLP9, Enron, Synl, Syn2, and Syn3 are listed in Ta-
ble 3. We can observe that T-PLSA spend more time than
their counterparts in NTF. Furthermore, we notice that T-
PLSA requires much more time than NTF when the ex-
perimental datasets become larger, and that TuckAspect has
much higher time complexity than NTucker compared with
ParaAspect versus NParafac. Basically, the experimental re-
sults are consistent with the discussion in Sect. 4.

5.4 A hybrid algorithm of NTF and T-PLSA

We have seen from the previous sections that NTF and
T-PLSA optimize the same objective functions and have
equivalent factorization forms as well. However, they have
different algorithms so that they would converge into dif-
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ferent local minima. Inspired by the hybrid NMF-PLSA al-
gorithm proposed in [7], similar hybrid T-PLSA-NTF al-
gorithm can be designed as following: running NTF and
T-PLSA iteratively on the solutions of each other to help
jump out their local minima until convergence. This hybrid
algorithm is guaranteed to converge because T-PLSA and
NTF will lower the objective function value and thus the
process is monotonic. In the experiments, we observe that
the hybrid algorithm can help NTF and T-PLSA jump out
of their local minima and achieve a better clustering per-
formance. The clustering performance based on ARI, Accu-
racy, and NMI of the hybrid algorithms (hybrid of NParafac
and ParaAspect and hybrid of NTucker and TuckAspect) on
DBLP4 and DBLPY is presented in Table 4 and Fig. 2. It
shows better clustering performance than by only running
NTF or T-PLSA indicated in Fig. 2.

6 Conclusion

In this paper, non-negative Tensor Factorization and Ten-
sorial Probabilistic Latent Semantic Analysis are related
formally for the first time. Two types of T-PLSA mod-
els are shown to be equivalent to non-negative PARAFAC
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and Tucker3 since their objective functions and factoriza-
tions are the same. Extensive experiments are conducted to
compare NTF and T-PLSA empirically in terms of objec-
tive functions, decomposition results, clustering quality, and
computation complexity on both synthetic datasets and real-
world datasets. In addition, a hybrid algorithm is proposed
by running NTF and T-PLSA alternatively to jump out of
each other’s local minima to achieve better clustering solu-
tions.
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