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Abstract. The clustering problem, which aims at identifying the distri-
bution of patterns and intrinsic correlations in large data sets by parti-
tioning the data points into similarity clusters, has been widely studied.
Traditional clustering algorithms use distance functions to measure sim-
ilarity and are not suitable for high dimensional spaces. In this paper,
we propose CoF'D algorithm, which is a non-distance based clustering al-
gorithm for high dimensional spaces. Based on the maximum likelihood
principle, CoFD is to optimize parameters to maximize the likelihood
between data points and the model generated by the parameters. Exper-
imental results on both synthetic data sets and a real data set show the
efficiency and effectiveness of CoF'D.

1 Introduction

Clustering problems arise in many disciplines and have a wide range of appli-
cations. Intuitively, the clustering problem can be described as follows: let W
be a set of n multi-dimensional data points, we want to find a partition of W
into clusters such that the points within each cluster are “similar” to each other.
Various distance functions have been widely used to define the measure of sim-
ilarity. The problem of clustering has been studied extensively in the database
[20/13], statistics [57] and machine learning communities [8J12] with different
approaches and different focuses.

Most clustering algorithms do not work efficiently in high dimensional spaces
due to the curse of dimensionality. It has been shown that in a high dimensional
space, the distance between every pair of points is almost the same for a wide
variety of data distributions and distance functions [6]. Many feature selection
techniques have been applied to reduce the dimensionality of the space [17].
However, as demonstrated in [2], the correlations in the dimensions are often
specific to data locality; in other words, some data points are correlated with a
given set of features and others are correlated with respect to different features.
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As pointed out in [15], all methods that overcome the dimensionality problems
have an associated and often implicit or adaptive-metric for measuring neigh-
borhoods.

In this paper, we present COF, a non-distance based algorithm for clus-
tering in high dimensional spaces. The CoFD algorithm described here is an
improvement over our previous method [22] and it contains several major exten-
sions and revisions. The main idea of CoFD is as follows: Suppose that a data set
W with feature set S needs to be clustered into K classes, C1,...,Ck with the
possibility of recognizing some data points to be outliers. The clustering of the
data then is represented by two functions, the data map D : W — {0,1,..., K}
and the feature map F : S — {0,1,..., K}, where 1,...,k correspond to the
clusters and 0 corresponds to the set of outliers. Accuracy of such representation
is measured using the log likelihood. Then, by the Maximum Likelihood Princi-
ple, the best clustering will be the representation that maximizes the likelihood.
In CoFD, several approximation methods are used to optimize D and F' itera-
tively. The CoFD algorithm can also be easily adapted to estimate the number
of classes when the value K is not given as a part of the input. An added bonus
of CoFD is that it produces interpretable descriptions of the resulting classes
since it produces an explicit feature map. The rest of the paper is organized
as follows: section 2] introduces the core idea and presents the details of CoFD;
section Bl shows our experimental results on both the synthetic data sets and
a real data set; section M surveys the related work; finally our conclusions and
directions for future research are presented in section

2 The CoFD Algorithm

This section describes CoFD and the core idea behind it. We first present the
CoFD algorithm for binary data sets. Then we will show how to extend it to
continuous or non-binary categorical data sets in Section 241

2.1 The Model of CoFD

Suppose we wish to divide W into K classes with the possibility of declaring some
data as outliers. Such clustering can be represented by a pair of functions, (F, D),
where F': S — {0,1,..., K} is the feature map and D : W — {0,1,..., K} is
the data map.

Given a representation (F, D) we wish to be able to evaluate how good the
representation is. To accomplish this we use the concept of positive features.
Intuitively, a positive feature is one that best describes the class it is associated
with. Suppose that we are dealing with a data set of animals in a zoo, where
the vast majority of the animals is the monkey and and the vast majority of the
animals is the four-legged animal. Then, given an unidentified animal having four
legs in the zoo, it is quite natural for one to guess that the animal is a monkey

! CoFD is the abbreviation of Co-training between Feature maps and Data maps.
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because the conditional probability of that event is high. Therefore, we regard
the feature “having four legs” as a positive (characteristic) feature of the class.
In most practical cases, characteristic features of a class do not overlap with
those of another class. Even if some overlaps exist, we can add the combinations
of those features into the feature space.

Let IV be the total number of data points and let d be the number of features.
Since we are assuming that the features are binary, W can be represented as a
0-1 matrix, which we call the data-feature matrix. Let 1 <i < Nand 1 <j <d.
We say that the jth feature is active in the ith point if and only if W;; = 1. We
also say that the 7th data point possesses the ith feature if and only if W;; = 1.

The key idea behind the CoFD algorithm is the use of the Maximum Likeli-
hood Principle, which states that the best model is the one that has the highest
likelihood of generating the observed data. We apply this principle by regarding
the data-feature matrix as the observed data and the representation (D, F) as
the model. Let the data map D and the feature map F' be given. Consider the
N x K matrix, VT/(D7 F), defined as follows: for each i, 1 <4 < N, and each j,
1 < j < d, the ij entry of the matrix is 1 if 1 < D(i) = F(j) < K and 0 other-
wise. This is the model represented by F' and D. interpreted as the consistence of
D(i) and F(j). Note that W (D, F) = 0if 0 = D(i) = F(j). Forall i, 1 <i < N,
§,1<j<d be{0,1}, and ¢ € {0,1}, we consider P(W;; = b | Wi;(D, F) = ¢),
the probability of the jth feature being active in the ith data point in the real
data conditioned upon the jth feature being active in the ith data in the model
represented by D and F. We assume that this conditional probability is depen-
dent only on the values of b and ¢. Let Q(b, ¢) denote the probability of an entry
being observed as b while the entry in the model being equal to ¢. Also, let p(b, ¢)
denote the proportion of (,;) such that W;i; = b and W;;(D, F) = ¢. Then the
likelihood of the model can be expressed as follows:

log L(D, F) = log [ [ P(Wi; | Wi (D, F)) =log [ [ Q(b, ¢)*P(")

1,7 b,c
= AN'S p(b, ) log Q(b,¢) = —ANH(W | W(D,F)) (1)
b,c
D, F= argrgia}dog L(D,F) (2)

We apply the hill-climbing method to maximize log L(D, F'), i.e., alternatively
optimizing one of D and F' by fixing the other. First, we try to optimize F
by fixing D. The problem of optimizing F' over all data-feature pairs can be
approximately decomposed into subproblems of optimizing each F(j) over all
data-feature pairs of feature j, i.e., minimizing the conditional entropy H(W.; |
W.j (D, F)). If D and F(j) are given, the entropies can be directly estimated.
Therefore, F'(j) is assigned to the class in which the conditional entropy of W
is the smallest. Optimizing D while fixing F' is the dual. Hence, we only need
to minimize H(W;. | Wi.(D,F)) for each i. A straightforward approximation
method for minimizing H(W.; | W.;(D, F)) is to assign F(j) to argmaxy ||{i |
Wi; = k}||. This approximation method is also applicable to minimization of
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H(W;. | Wi.(D, F)) where we assign D(i) to argmaxy, [|[{j | W;; = k}||. A direct
improvement of the approximation is possible by using the idea of entropy-
constrained vector quantizer [10] and assigning F'(j) and D(%) to arg maxy (||{¢ |
Wij =k} +log(@)) and arg maxy(|[{j | Wi; = k}|| —l—log(%)), respectively,
where d(k) and N (k) are the number of features and the number of points in
class k.

There are two auxiliary procedures in the algorithm: EstimateFeatureMap
estimates the feature map from the data map; EstimateDataMap estimates the
data map from the feature map. Chi-square tests are used for deciding if a
feature is an outlier or not. The main procedure, CoFD, attempts to find a best
class by an iterative process similar to the EM algorithm. Here the algorithm
iteratively estimates the data and feature maps based on the estimations made
in the previous round, until no more changes occur in the feature map. The
detailed pseudo-code of EstimateFeatureMap and EstimateDataMap can be
found in [21]. It can be observed from the pseudo-code description in Fig [l that
the time complexities of both EstimateFeatureMap and EstimateDataMap are
O(K x N x d). The number of iterations in CoFD is not related to N or d.

Algorithm CoFD(data points: W, # of classes: K)
begin
let W1 be the set of randomly chosen nK distinct data points from W
assign each n of them to one class, say the map be D1;
assign EstimateFeatureMap(W1,D1) to F;
repeat
assign F' to F'1;
assign EstimateDataMap(W,F) to D;
assign EstimateFeatureMap(W D) to F;
until conditional entropy H (F|F1) is zeros;
return D;
end

Fig. 1. Clustering algorithm

2.2 Refining

Clustering results are sensitive to initial seed points. Randomly chosen seed
points may make the search trapped in local minima. We use a refining proce-
dure, whose idea is to use conditional entropy to measure the similarity between
a pair of clustering results. CoFD attempts to find a best clustering result hav-
ing the smallest average conditional entropy against all others. The clustering
results are sensitive to the initial seed points. Randomly chosen seed points may
result trapping into local minima. We present a refining method (Figure 2]). The
idea is to use conditional entropy to measure the similarity between a pair of
clustering results. CoFD is to find a best clustering result which has smallest
average conditional entropy to all others.
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Clustering a large data set may be time consuming. To speed up the algo-
rithm, we focus on reducing the number of iterations. A small set of data points,
for example, 1% of the entire data set, may be selected as the bootstrap data set.
First, the clustering algorithm is executed on the bootstrap data set. Then, the
clustering algorithm is run on the entire data set using the data map obtained
from clustering on the bootstrap data set (instead of using randomly generated
seed points).

Algorithm Refine(data points: W, the number of clusters: K)
begin
do m times of COFD(W,K) and
assign the results to C; for i =1, -+, m;
compute the average conditional entropies
T(C;) = % Z;n:l H(C;|C;) fori=1,---,m;
return arg ming,; 7'(C;);
end

Fig. 2. Clustering and refining algorithm

2.3 Informal Description

CoFD presents an effective method for finding clusters in high dimensional spaces
without explicit distance functions. The clusters are defined as the group of
points that have many features in common. CoFD iteratively selects features
with high accuracy and assigns data points into clusters based on the selected
features. A feature f with high accuracy means that there is a “large” subset
V of data set W such that f is present in most data points of set V. In other
words, feature f has a small variance on set V. A feature f with low accuracy
means that there is no such a “large” subset V of data set W on which feature
f has a small variance. That is, f spreads largely within data set W. Hence
our algorithm repeatedly projects the data points to the subspaces defined by
the selected features of each cluster, assigns them to the clusters based on the
projection, recalculate the accuracies of the features, then selects the features.
As the process moves on, the selected features tend to converge to the set of
features which have small variances among all the features.

CoFD can be easily adapted to estimate the number of clusters instead of
using K as an input parameter. We observed that the best number of clusters
results the smallest average conditional entropy between clustering results ob-
tained from different random seed point sets. Based on the observation, CoFD
of guessing the number of clusters is described in Figure Bl

2.4 Extending to Non-binary Data Sets

In order to handle non-binary data sets, we first translate raw attribute values
of data points into binary feature spaces. The translation scheme in [I8] can be
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Algorithm GuessK(data points: W) {L is the estimated maximum number of clusters;}
begin
for Kin2---L do
do m times of COFD(W,K) and
assign the results to Ck; for i =1,---,m;
compute the average conditional entropies
T(Cxi) = % Z;n:l H(CK]"CKi) for ¢ = 1, e, My
end
return arg ming min; T'(Ck;);
end

Fig. 3. Algorithm of guessing the number of clusters

used to discretize categorical and continuous attributes. However, this type of
translation is vulnerable to outliers that may drastically skew the range. In our
algorithm, we use two other discretization methods. The first is combining Fqual
Frequency Intervals method with the idea of CMAC [4]. Given m instances, the
method divides each dimension into k bins with each bin containing 7* + v ad-
jacent valued?. In other words, with the new method, each dimension is divided
into several overlapped segments and the size of overlap is determined by 7.
An attribute is then translated into a binary sequence having bit-length equal
to the number of the overlapped segments, where each bit represents whether
the attribute belongs to the corresponding segment. We can also use Gaussian
mixture models to fit each attribute of the original data sets, since most of them
are generated from Gaussian mixture models. The number of Gaussian distribu-
tions n can be obtained by maximizing the Bayesian information criterion of the
mixture model. Then the value is translated into n feature values in the binary
feature space. The jth feature value is 1 if the probability that the value of the
data point is generated from the jth Gaussian distribution is the largest.

3 Experimental Results

There are many ways to measure how accurately CoFD performs. One is the
confusion matriz which is described in [2]. Entry (o,7) of a confusion matrix is
the number of data points assigned to output cluster o and generated from input
cluster 1.

For input map I, which maps data points to input clusters, the entropy H (I)
measures the information of the input map. The task of clustering is to find
out an output map O which recover the information. Therefore, the condition
entropy H(I]|O) is interpreted as the information of the input map given the
output map O, i.e., the portion of information which is not recovered by the
clustering algorithm. Therefore, the recovering rate of a clustering algorithm

2 The parameter v can be a constant for all bins or different constants for different
bins depending on the distribution density of the dimension. In our experiment, we
set v = |m/5k].
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is defined as 1 — H(I|O)/H(I) = MI(I,O)/H(I), where MI(I,0O) is mutual
information between I and O.

To test the performance of our algorithm, we did experiments on both syn-
thetic and real data sets. The simulations were performed on a 7T00MHz Pentium-

IIT IBM Thinkpad T20 computer with 128M of memory, running on octave
2.1.349 on Linux 2.4.10.

3.1 A Continuous Synthetic Data Set

In this experiment we attempted to cluster a continuous data set. We used the
method described in [2] to generate a data set Wi. Wy has N = 100,000 data
points in a 20-dimensional space, with K = 5. All input classes were generated
in some 7-dimensional subspace. Five percent of the data points was chosen to
be outliers, which were distributed uniformly at random throughout the entire
space. Using the second translation method described in Section 2.4], we mapped
all the data point into a binary space with 41 features. Then, 1000 data points
were randomly chosen as the bootstrap data set. By running CoFD algorithm on
the bootstrap data set, we obtained clustering of the bootstrap data set. Using
the bootstrap data set as the seed points, we ran the algorithm on the entire data
set. Figure @ shows the confusion matrix of this experiment. About 99.65% of the
data points were recovered. The conditional entropy H(I]O) is 0.0226 while the
input entropy H (1) is 1.72. The recovering rate is thus 1—H (I|0)/H (I) = 0.987.
We made a rough comparison with the result reported in [2]. From the confusion
matrix reported in the paper, their recovering rate is calculated as 0.927, which
seems to indicate that our algorithm is better than theirs in terms of recovering
rate.

o ™A B C D E O | [owsu T[1 234567
1 1 0 1 17310 O 12 A 0 000O0O01

2 0 15496 O 2 22 139 B 02000000

3 0 0 0 0 24004 1 C 39000000

4 10 0 17425 O 5 43 D 0020000

5 20520 O 0 0 0 6 E 2 0113004
Outliers | 16 17 15 10 48 4897 F 0 000085

G 0 020300

Fig. 4. Confusion matrix for Continuous Synthetic

Data Set Fig. 5. Confusion matrix of Zoo

We made a rough comparison with the result reported in [2]. Computing
from the confusion matrix reported in their paper, their recovering rate is 0.927.

3 GNU Octave is a high-level language, primarily intended for numerical computations.
The software can be obtained from http://www.octave.org/.
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3.2 Zoo Database

We also evaluated the performance of the CoFD algorithm on the zoo database
available at the UC Irvine Machine Learning Repository. The database contains
100 animals, each of which has 15 boolean attributes and 1 categorical attributed.
We translated each boolean attribute into two features, whether the feature is
active and whether the feature is inactive. We translated the numeric attribute,
“legs”, into six features, which correspond to 0, 2, 4, 5, 6, and 8 legs, respectively.
Figure @lshows the confusion matrix of this experiment. The conditional entropy
H(I|O) is 0.317 while the input entropy H(I) is 1.64. The recovering rate of this
algorithm is 1 — H(I|O)/H(I) = 0.807. In the confusion matrix, we found that
the clusters with a large number of animals are likely to be correctly clustered [l

CoFD comes with an important by-product that the resulting classes can be
easily described in terms of features, since the algorithm produces an explicit
feature map. For example, the positive features of class B are “feather,” “air-
borne,” and “two legs.” Hence, class B can be described as animals having
feather and two legs, and being airborne, which are the representative features
of the birdsH

3.3 Clustering of Technical Reports

We applied our CoFDalgorithm to cluster the collection of technical reports
published in the years 1989-2000 in our department based on the words in their
abstracts. We obtained data points from the abstracts by removing stop words
and then applying words stemming operations. Then we computed the frequency
of each remaining word. We selected the top 500 frequent words and transformed
the original dataset into a categorical data set according to the occurrence of
these 500 words. The recovering rate is 0.5762 and the confusion matrix is shown
in Table[Bl We loosely divided the research areas into four groups: Symbolic-Al,
Spatial-Al, Systems, and Theory. Thus there are four clusters in the result.
The columns of the confusion matrix are the four groups in the order they are
mentioned. The result shows that Systems and Theory are much different from
each other, and are different both from Symbolic-Al and from Spatial-Al, that
Symbolic-Al and Spatial-Al are similar to each other, and that Symbolic-Al is
more similar to Spatial-Al. We also used K-means to this task, whose recovering
rate was about 0.27.

4 The original data set has 101 data points but one animal, “frog,” appears twice. So
we eliminated one of them. We also eliminated two attributes, “animal name” and
“type.”

5 For example, cluster no. 1 is mapped into cluster C; cluster no. 2 is mapped into
cluster B; etc.

6 Animals “dolphin” and “porpoise” are in class 1, but were clustered into class E,
because their attributes “aquatic” and “fins” make them more like animals in class
FE than their attribute “milk” does for class C'.
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3.4 Dermatology Database

We also evaluated our algorithms on the dermatology database from the UC
Irvine Machine Learning Repository. The database is used for the differential
diagnosis of erythemato-squamous diseases. These diseases all share the clini-
cal features of erythema and scaling, with very little differences. The dataset
contains 366 data points over 34 attributes and was previously used for classi-
fication. In our experiment, we use it to demonstrate our clustering algorithm.
The first translation method described in Section -4 was used for preprocessing.
The confusion matrix of CoFD, on this dataset is presented in Figure [7

Input ouput T[T 2 3 45 6
Output 1 2 3 4 X E 0T 050
A 8 9 5109 B [112130 2 4 0
B 9 3835 C 0 0721 0 0
C 7440 3 D 0140155 0
D 486 3 E 0 70 4430
F 0 220260 0

Fig.6. Confusion matrix of
technical reports. Fig.7. Confusion matrix of

Dermatology Database.

Our algorithm scales linearly with the number of points and features. More
detailed experiment results are presented in [21].

4 Relative Work

Traditional clustering techniques can be broadly classified into partitional clus-
tering, hierarchical clustering, density-based clustering and grid-based clustering
[T4]). Most of the traditional clustering methods use the distance functions as ob-
jective criteria and are not effective in high dimensional spaces. Next we review
some recent clustering algorithms which have been proposed for high dimensional
spaces or without distance functions and are largely related to our work.

CLIQUE [3] is an automatic subspace clustering algorithm for high dimen-
sional spaces. It uses equal-size cells and cell density to find dense regions in
each subspace of a high dimensional space. CLIQUE does not produce disjoint
clusters and the highest dimensionality of subspace clusters reported is about
10. CoFD produces disjoint clusters.

In [Tf2], the authors introduced the concept of projected clustering and de-
veloped algorithms for discovering interesting patterns in subspaces of high di-
mensional spaces. The core idea of their algorithm is a generalization of feature
selection which allows the selection of different sets of dimensions for different
subsets of the data sets. However, their algorithms are based on the Euclidean
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distance or Manhattan distance and their feature selection method is a variant
of singular value decomposition (SVD). Also their algorithms assume that the
number of projected dimensions are given beforehand. CoFD does not need the
distance measures and the number of dimensions for each cluster. Also it does
not require all projected clusters to have the same number of dimensions.

Cheng|9] proposed an entropy-based subspace clustering for mining numerical
data. There are also some recent work on clustering categorical datasets, such as
ROCK and CACTUS, and on clustering based on decision tree. Our algorithm
can be applied to both categorical and numerical data.

Strehl and Ghosh[19] proposed OPOSSUM, a similarity-based clustering ap-
proach based on constrained,weighted graph-partitioning. OPOSSUM is based
on Jaccard Similarity and is particularly attuned to real-life market baskets,
characterized by high-dimensional sparse customer-product matrices.

Fasulo[11] also gave a detailed survey on clustering approaches based on
mixture models, dynamical systems and clique graphs. The relationship between
maximum likelihood and clustering is also discussed in [16]. Similarity based on
shared features has also been analyzed in cognitive science such as the Family
resemblances study by Rosch and Mervis.

5 Conclusions

In this paper, we proposed a novel clustering method which does not require the
distance function for high dimensional spaces. The algorithm performs clustering
by iteratively optimize the data map and the feature map. We have adopted
several approximation methods to maximize the likelihood between the given
data set and the generated model. Extensive experiments have been conducted
and the results show that CoFD is both efficient and effective.

Our future work includes developing more direct methods to optimize the
data map and the feature map, designing the parallel and distributed versions of
our algorithm and the incremental clustering algorithm based on our algorithm.
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