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Abstract documents is known from the explicit ratings given by movie

With the explosion of user-generated web2.0 content in tpRthusiasts that visit these sites. From such a dataset,
form of blogs, wikis and discussion forums, the Internet h#& can hope to identify general linguistic indicators of
rapidly become a massive dynamic repository of public opiROSItve and negative opinions, e.g., sentiment-laden terms
ion on an unbounded range of topics. A key enabler of op#tich as “great” and “awful” respectively. The end goal of
ion extraction and summarization is sentiment classificatidhiS exercise would be to apply this knowledge to gauge
the task of automatically identifying whether a given pieg@ntiment around documents in a nearget domain Xy,

of text expresses positive or negative opinion towards a topfgich, for example may be a collection of blogs posts talking
of interest. Building high-quality sentiment classifiers ug0out products and services of keen interest to a company.
ing standard text categorization methods is challenging dUe process of building a sentiment classifier in this manner,
to the lack of labeled data in a target domain. In this pap@pplicable in the target domain, is appealing because it
we consider the problem of cross-domain sentiment analy§&okes no additional human effort. In this paper, we propose
can one, for instance, downloagted movie reviews from & mechanism to transform document label information in
rottentomatoes.com or IMBD discussion forums, learn lifne domain to anothevja words using a principled matrix
guistic expressions and sentiment-laden termsgémerally factorization framework. o _
characterizeopinionated commentary and then successfully Gleaning insights by monitoring and analyzing large
transfer this knowledge to the target domain, thereby buiimounts of user-generated online content is gaining im-
ing high-quality sentiment models without manual efforf#€nse importance. Recent surveys have estimated that a
We outline a novel sentiment transfer mechanism basedBfSsive number of internet users turn to online forums to
constrained non-negative matrix tri-factorizations of terr§0!lect recommendations for products and services, guiding
document matrices in the source and target domains. ff@ir own choices and decisions by the opinions that other
constrained matrix factorization framework naturally incofOnsumers have publically expressed. The trust placed on
porates document labels via a least squares penalty incutR€gopinion of another consumer is often much greater than
by a certain linear model and enables direct and explifi@t placed on advertisements for a product. For consumers,
knowledge transfer across different domains. We obtahgerefore, the plethora of information and opinions from di-

promising empirical results with this approach. verse sources helps them tap into the wisdom of crowds, to
Keywords: Sentiment analysis, Transfer learning, Norfid in making more informed decisions; while for produc-
negative matrix factorization ers, tracking the pulse of this ever-expanding blogosphere,
enables them discern what consumers are saying about their
1 Introduction products, which provides useful insight on how to improve or

. . .market products better. This theme is the motivation for this
Suppose that we download movie reviews from an online

review site and compile a large term-document mathix, paper. The problem of automated sentiment classification is

representin terms andn documents. Assume furthernaturallyacanonical task in this discussion.
P gn ' An in-depth survey of sentiment analysis literature [18]

that the sentiment associated with at least some of theﬁe . .
shows emphasis on two strands of research, both mainly

_ _ _ ~ geared towards single-domain applications. One strand has
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of posing sentiment classification as a standard supervised-tier scheme where sentences are first classifiexibs
learning task. In particular, a well-trained state of thjectiveversusobjective, and then the sentiment classifier is
art text classifier is able to outperform dictionary basegbplied on only theubjectivesentences leading to improved
approaches. On the other hand, the accuracy of such a pexformance. Empirical studies in these papers also suggest
classifier depends on the amount of labeled documentghat using more sophisticated linguistic models, incorporat-
the domain of interest. The cost of acquiring labeled dabag parts-of-speech and n-gram language models, do not im-
has started to motivate the application of semi-supervigambve over the simple unigram bag-of-words representation.
techniques [8] which attempt to use unlabeled exampleskeeping with these findings, we also adopt a unigram text
to learn high quality classifiers. Some recent papers hamedel. A subjectivity classification phase before our models
also attempted to combine dictionary-based approaches waite applied may further improve the results reported in this
supervised [16] and semi-supervised classification [23]. paper, but our focus is on transferring knowledge across do-
Transfer learning and domain adaptation (see e.g., [&]ains to build a sentiment classifier appropriate for a target
are natural complimentary techniques to attempt to leatomain with minimal manual effort.
from limited labeled data in a target domain, provided the While domain adaptation and transfer learning have re-
existence of related domains where labeled examples eg&ved great attention in machine learning recently, the ap-
more cheaply available. In this paper, we propose a nopétation to sentiment analysis a relatively very new effort.
two stage method based on constrained non-negative mdtriyarticular, we have empirically compared our approach
tri-factorizations. Starting from labeled documents in theith other reasonable baseline approaches and well-known
source domain, the first stage transfers document-side sami-supervised methods, but have not been able to address
timent into word-level sentiment. Assuming that documentemparisons with recently proposed transfer learning tech-
in source and target domains are represented over the samees [3, 24, 25] for this task in this paper. [1] conducted
vocabulary, the second stage transfers word sentiment leamtinitial empirical study on domain adaptation for senti-
in the first stage over to documents in the target domain. Went analysis. Bliter et al. [3] adapted a previously proposed
show that this kind of transfer can be easily implementsttuctural correspondence learnirgpproach to this prob-
using closed form update equations with convergence guam. The basic idea is to first choose a set of pivot words
antees. which occur frequently in both source and target domains
We begin this paper with a brief overview of relatednd/or have high mutual information with the source labels.
work. We then give a background of matrix factorizatiomhen, their approach models the correlations between the
techniques. In the section that then follows, we describgiaot features and all other features by training linear pivot
constrained matrix factorization framework where documemedictors to predict occurrences of each pivot in the unla-
labels are naturally incorporated via a least squares penbityed data from both domains. These pivot predictors are
incurred by a certain linear model. This framework fornthen used for define a projection for instances. If the projec-
the first stage of our cross-domain procedure. In the secdioth defines meaningful correspondences, a classifier trained
stage, we take the learnt factor associated with terms fromthe concatenation of original representation with this pro-
the first stage, and introduce it as labels on the word sideje&ted representation is likely to perform well on both source
second factorization on the target domain then produces émel target domains. [3] also suggested the use of small
final document labeling. Our cross-domain procedure is theamount of target domain labeled data to correct misaligned

described followed by detailed empirical studies. projections. In a sense, the discovery of low-rank factors in
the first stage of our approach influenced by labeled data in
2 Related Work the source domain, and its subsequent use as a prior in the

The recent book [18] provides a detailed survey of the fisk§cond stage, may be viewed as a form of pivoting. By being
of sentiment analysis from both natural language processi#ye to incorporate labels from the target domain, our model
and machine learning perspectives. In this section, @0 Provides for domain-specific context corrections.
briskly cover related work to position our contributions ~The matrix tri-factorization models explored in this pa-
appropriately in the literature. per are closely related to thg model_s proposed (ecently
Lexical approaches attempting to generate dictionari8d13, 22, 15, 14]. Though, their techniques for proving al-
capturing the sentiment of words have ranged from man@&fithm convergence and correctness can be readily adapted
approaches of developing domain-dependent lexicons [5f@ our models, [13] did not incorporate cross-domain super-
semi-automated approaches [10, 30, 11], and even an alnfidpn as we do. The dual supervision models of [22] are
fully automated approach [26]. Most semi-automated z§SO only applicable to single domains, and do not enforce
proaches have met with limited success [17]. Supervisé®i-negativity or orthogonality — aspects of matrix factor-
learning models have tended to outperform dictionary-badégtion models that have shown benefits in prior empirical
classification schemes [20]. Pang and Lee [19] suggestetiugdies, see e.g., [7]. In another recent paper [21], stan-
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dard regularization models are constrained using graphsotirce domain to estimafé whose columns reflect affinity
word co-occurences. Many of these papers are very receoflya word with positive or negative sentiment class; while
proposed methodologies that may well be adapted for cros-G we allow a higher rank so as to associate documents

domain applications. with & topics. We then usé’ as a topical representation
for documents, over which a linear predictive model is
3 Basic Matrix Factorization Model simultaneously learnt. The formulation will become clearer

Our proposed models are based on non-negative matrix 3§-We proceed.
factorization [7]. In these models, am x n term-document
matrix X is approximated by three factors that specify soft Matrix Factorization Model for Sentiment Analysis
membership of terms and documents in onépfandk, 4.1 Basic Description In the section, we describe a con-
classes respectively: strained matrix factorization framework where document la-
bels are naturally incorporated via a least squares penalty in-
curred by a certain linear model. In particular, this frame-
(3.1) X ~ FSG". work allows document topics are discovered and words sen-
_ ) ) ~ timents are disambiguated simultaneously and forms the first
where I is anm x k; non-negative matrix representingage of our cross-domain procedure. The matrix factoriza-
knowledge in the word space, i.esth row of I repre- oy model is essentially performing semi-supervised senti-
sents the posterior probability of woridbelonging to the yaont analysis.
k1 classes( is ann x ky non-negative matrix represent- e assume that a few documents are manually labeled
ing knowledge in document space, i.e., théh row of G for the purposes of capturing some domain-specific conno-
represents the posterior probability of documemelonging (4tions leading to a more domain-adapted model. The partial
to thek; classes, and is ank; x k; nonnegative matrix |ahe|s on documents can be described using matrix Y’

providing a condensed view of. whereY;; = 1 if the document expresses positive sentiment,
The matrix factorization model is similar to the probaandyZ2 — 1 for negative sentiment.

bilistic latent semantic indexing (PLSI) model [9]. In PLSI,  \we consider the following model for topic-based semi-
X is treated as the joint distribution between words a%glpervised sentiment analysis:

documents by the scalingy — X = X/ > Xij thus
>=; Xij = 1). X is factorized as (4.4)
(3.2) argmin | X — FSGT|]2 + BTr((GW — Y)TD(GW —Y)),
XxWSDT,ZWik :1,ZDjk = LZSkk =1. FSGW
k k k

where > 0 is a parameter which determines the extent

V)\éh(ireé/( Sli) tr};m f:hn Wo:jd-cliocumen(;_?em?nt|cbmgtlr_![x,to which we enforce the prior knowledge respectivélyis
i WV 1S e word class-conditional probability,, ., -, o non-negative matrix representing knowledge in

andD is the document class-conditional probability &hib the word space, i.ei-th row of F represents the posterior

the (I:Zlisssl probqgmty d'SF”bL:tt'On' lution for th Iprobability of word: belonging to the sentiment classes,
provides a simuitaneous solution for theé WoIG o o, 1 non-negative matrix representing knowledge

and document class conditional distribution. Our modﬁl document space, i.e., theth row of G represents the

provides simultaneous sol_ution fqr c_Iustering the FOWs aBgsterior probability of documetitbelonging to the: topic
the columns ofX. To avoid ambiguity, the Orth()gona“tyclasses, and is an2 x k, nonnegative matrix providing a

conditions condensed view oK. D is an x n diagonal matrix whose
T T entry (D),; = 1 if the sentiment category of theth word is

(33) Fr=1cG6=1 known (i.e., specified by theth row of Y) and(D);; = 0

can be imposed to enforce each rowfandG to possess otherwise. W are the cqefficients o_f a linear modgl that

only one nonzero entry. Approximating the term-documepfiedicts sentiment/I¥, given the topical representatich

matrix with a tri-factorization while imposing non-negativip?f documents. Thus, via the second term, the real valued

and orthogonality constraints gives a principled frameworgntiment predictiong; W, are fit to the labeled dafe.

for simultaneously clustering the rows (words) and columns ) o )

(documents) ofX. In the context of co-clustering, thesé-2 Algorithms The optimization problem in Eq.( 4.4)

models return excellent empirical performance, see e.g., [§3" Pe solved using the following update rules

In the following, we takek; = 2 andk, = k where
k is a rank parameter for our algorithm. The rationale for (XGST)
these choices is that we intend to use sentiment labels for &) Fir = Flkm
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(XTFS+ BDYTWT) 4, which equals to(G*A + DG*B — Q)G = 0. This

(4.6) ij — ij

GSTFTEFS + BDGWWT], is identical to the KKT complementary slackness condition
J
Eq.(4.12). O
FTX@);
(4.7) Sit < Sikm Convergence

We have the following theorem regarding to the conver-
gence of the algorithm:

(GTDY )i
(4.8) Wi < Wik (GTDGW ), THEOREM4.2. The iteration of the update rule f@x con-
verges.
The update rules fofF, S, W have been derived (See [7]).
Here we derive the update rule Eq.(4.6) for The proof of Theorem 2 can be found in Appendix.

4.3 Update Rule for G We solve optimization Eqg.(4.4)5 Cross-Domain Knowledge Transfer
with F, S, W fixed. The objective function can be rewritterll

as n this section, we show that our matrix factorization model

enables a novel knowledge transfer mechanism, which is
L(G) =Tr (X — FSG")" (X — FSG") + a||D(GW —Y)|},, directandexplicit

or, 51 Transfer Mechanism Let X; and X, be term-
document matrices in the source and target domains respec-
49)  L(G)=Tr(AGTG + BGTDG — 267 : ger e pe
(4.9) (@) ( @) tively. We assume that the number of terms is the same: if
whereA, B, () are constant matrices the vocabularies differ, we simply pad zero columns and re-
o . express the matrices under the same unified vocabulary so
A=S"F'FS, B=aWW", @ =DYW that the column indices in both matrices correspond to the

same word. Moreover, |6 represent an x m diagonal
Matrix with Vi; = 1if ¢ is a shared word, i.e., it occurs in
both domains, or in other words the associated column is
Qir non-zero for bothX; and X5.
(4.10) Gik Gikm- In domainX;, we have some labeled documents. The
’ partial labels on documents can be described ugjnghere
SubstitutingA, B, @ into Eq.(4.10), we recover the updategyl)“ = 1 if the document expresses positive sentiment,

In the following, we prove that a local optimal solution t
ming L(G) is given by the following update rule:

rule Eq.(4.6) forG. and(Y71);; = 1 for negative sentiment. Note that one may
also use soft sentiment polarities though our experiments

Correctness are conducted with hard assignments. We first transfer this

We have the following theorem regarding to the correctocument label knowledge to words by learniAgn a 2-
ness of the algorithm: way clustering via our matrix factorization model,

. . (5.14)

THEOREM 4_.1. If the iteration of the_ update _rule foG L0 12X, — FSGT |2+ 5Tr [(GW — YD (GW — Ylﬂ
converges, it converges to a local optimal solution. F.G,S,\W
Proof. where the notation Tl) means trace of the matrig. Here,

From the constrained optimization theory, the KKB > 0 is a parameter which determines the extent to which
complementary slackness condition, &> 0 is given by  we enforce labeled informatior); is an x n diagonal
matrix whose entryD,);; = 1 if the category of the-th
(4.11) (GA" + GA+ D'GB + DGB —2Q)G, = 0. document is known (i.e., specified by ttx¢h row of Y7)
o ~and(Dy); = 0 otherwise. Note that ifD; = I, then

BecauseA” = A,B" = B and D is diagonal, this is we know the class orientation of all the documents and thus

reduced to have a full specification of;. Let the solution ofF be F7,
which contains the knowledge to be transferredkto This
(4.12) (GA+ DGB — Q)ikGir, = 0. knowledge transfer is achieved by next solving the following

2-way clustering:
When the update iteration Eq.(4.10)converges, the converged y g

solutionG* satisfies min | X2 = FSGT|” + BTr [(GW2 — ¥2) Da(GWa — Va)|
Q,L-k F,G,S,Ws
(4.13) i = GG AT DO By (5.15) +aTr [(F = F)'V(F = 1)
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The key part here is the third term which enforces the word 1000 negative movie reviews drawn from the IMDB
sentiment polarity onX, to be approximately close té} archive of the rec.arts.movies.reviews newsgroups.
which is learnt fromX7; the extent of this approximation is
determined by parameter> 0. The constraint only applies
to the common terms iX;, X» as enforced by the diagonal
matrix V. The solution for Eq.(5.15) gived, Sa, Ga, Wa).
This mechanism therefore transfers the document sentiment
G of domainX; to the document sentimefity W5 in do-

main X5, via word sentiment polarities ifi;, schematically
shown in Figure 1. It can be easily seen that the transfer
mechanism is direct and explicit (via word sentiment polari-
ties).

e Lotusblogs: The data set is targeted at detecting sen-
timent around enterprise software, specifically pertain-
ing to the IBM Lotus brand [23]. An unlabeled set
of blog posts was created by randomly sampling 2000
posts from a universe of 14,258 blogs that discuss is-
sues relevant to Lotus software. In addition to this un-
labeled set, 145 posts were chosen for manual labeling.
These posts came from 14 individual blogs, 4 of which
are actively posting negative content on the brand, with
the rest tending to write more positive or neutral posts.
Share Common Vocabulary The data was collected by downloading the latest posts

from each blogger’'s RSS feeds, or accessing the blog’s

archives. Manual labeling resulted in 34 positive and
X1 X2 111 negative examples.

e Political Candidate blogs: For our second blog do-
Y1 Fl F2 G2w2 main, we used data gathered from 16,742 political
blogs, which contain over 500,000 posts. As with the
similar word sentimon Lotus glataset, an unlabeled set was created by randomly
polaritieson the sampling 2000 posts. 107 posts were chosen for label-
common vocabulary ing. A post was labeled as having positive or negative
sentiment about a specific candidate (Barack Obama or
Hillary Clinton) if it explicitly mentioned the candidate
in positive or negative terms. This resulted in 49 posi-
tively and 58 negatively labeled posts.

Figure 1: The Knowledge Transfer Mechanism

5.2 Algorithm Procedure The optimization in Eq.(5.14) e Amazon Reviews. The dataset contains product re-

can be solved using the update rules described in Section 4.2. views taken from Amazon.com from 4 product types:
The optimization in Eq.(5.15) can be solved using the Houseware-Kitchen (HK), Books, DVDs, and Elec-

following update rule (update rules fét, S, W are the same tronics [3]. The dataset contains about 4000 pos-

as those in Egs.(4.6, 4.7,4.8)): itive reviews and 4000 negative reviews and can
- be obtained fronittp://www.cis.upenn.edu/
(5.16) Fy < Fi (XGS™ +aVF)ik ~ mdredze/datasets/sentiment/

[FFTXGST + aV Fly
For all datasets, we picked 5000 words with highest

The algorithm consists of an iterative procedure using tdecument-frequency to generate the vocabulary. Stopwords
above rules until convergence. The correctness and conwate removed and a normalized term-frequency representa-
gence of the updating rules can be rigorously proved usitign was used.

the standard auxiliary function approach [12].

6.2 Matrix Factorization for Sentiment Analysis We
6 Experiments use the algorithms described in Egs.(4.5,4.6,4.7,4.8) for

In this section, we perform two sets of experiments: tif€mi-supervised sentiment analysis, the corresponding
first set of experiments is to evaluate the performanceRrameter for enforcing document labels, are set to be 1. We
sentiment analysis based on matrix factorization model g#impare our matrix factorization method (MF) with the fol-
the second set of experiments is used to perform croving three semi-supervised approaches:

domain sentiment analysis. e (1) The algorithm proposed in [28] which conducts

semi-supervised learning with local and global consis-

6.1 Datasets Four different datasets are used in our exper- tency (Consistency Method);

iments.
e (2) Zhu et al’s harmonic Gaussian field method cou-
e MoviesReviews: This is a popular dataset in sentiment  pled with the Class Mass Normalization (Harmonic-
analysis literature [20]. It consists of 1000 positive and CMN) [29];
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Figure 2: Accuracy results with increasing number of label&iure 4: Accuracy results with increasing number of labeled
documents on Movies dataset documents on Political dataset
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Figure 3: Accuracy results with increasing number of label&tgure 5: Accuracy results with increasing number of labeled
documents on Lotus dataset documents on Amazon dataset

e (3) Green’s function learning algorithm (Green's Funéhe sentiment polarity approximation across two different
tion) proposed in [6]. domains, is set to bé. Figure 6 shows the results from

every source domain to the target domains. Note that in the
We also compare the results of our method with those safbfigures, “All” refers all the documents in the collection
two supervised classification methods: Support Vector Mexcluding the training data. As can be seen, as supervision is
chine (SVM) and Naive Bayes. Both of these methods hawereased in the source domain in the form of labeled data,
been widely used in sentiment analysis. In particular, therformance gains effectively show up in the target domains
use of SVMs in [20] initially sparked interest in using maalso. We also note the effect of task relatedness: for example,
chine learning methods for sentiment classification. The iVD transfers more effectively than Books to Electronics
plementation of SVM is based on libSVM [4] and the imbut less effectively to Houseware-Kitchen.
plementation of Naive Bayes is based on the Weka software We also take a close look at the words that are highly
package [27]. relevant to the sentiment analysis for each domain. For
The results are presented in Figure 2, Figure 3, Figureséch source domain, the top 10 highest entropy words as per
and Figure 5. We note that our method either outperforis are as follows: (1) HK -easy return love poor perfect
all other methods over the entire range of number of labelextellent waste disappointed broke cled®) Electronics:
documents (Movies, Palitical), or ultimately outpaces othesturn excellent price terrible waste perfect highly easy poor
methods (Lotus, Amazon) as a few document labels comergturned (3) DVD: waste worst bad boring horrible love
wonderful enjoy excellent ridiculoug4) BOOKS: boring
6.3 Cross-Domain Sentiment Analysis In this section, disappointing waste excellent bad wonderful poor poorly
we perform cross-domain experiments on Amazon Revieluge easy The results demonstrate common word polarities
dataset which contains product reviews from different damong different domains.
mains: Houseware-Kitchen (HK), Books, DVDs, and Elec- We also compare our method with SVM on cross-
tronics. Table 1 gives the characteristics of the dataset acrdasiain sentiment analysis. To apply SVM on cross-domain
four different domains. sentiment analysis, the terms appeared in all domains are
In our experiments, the parameter which controls used as features and the classifiers are built using the labeled
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Z(GHY G0y > J(GEY). Thus J(G®) is monotone

Table 1: Amazon Reviews Dataset Description decreasing (non-increasing). The key is to find (1) appropri-

Domain # Negative| # Positive ateZ(@, G) and (2) its global minimum.
Book 980 1185 The first step is to find an appropriate auxiliary function
DbVD 872 894 for L(G). We can show that the following function
Electronics (Elec) 731 806
House & Kitchen (HK) 777 850

(G'A + DG'B),G'%,

]
Gl

Z(G,G") =Y [-2GuQir +
documents from the source domain only. ik

Figure 7 shows the performance comparison of oigran auxiliary function fod.(G); i.e., it satisfies the require-
method and SVM for different source domains. We olmentsL(G) < Z(G,G') andL(G) = Z(G, G). This is true
serve that our method for cross-domain sentiment anatythe following
sis achieves competitive performance with SVM. Figure 8
shows the performance comparison of our method with SURROPOSITION7.1. For any matricesA € R}*", B €
with increasing number of labeled documents where boBK*",G € R**,G' € R'**, with A and B symmetric,
and HK are used as source domains. The results on oftiherfollowing inequality holds:
cases are similar and thus are not included. k

(7.19) zn: 3 NGB G, Tr(GT AGB)

7 Conclusion ' Pt G, - '
The primary contribution of this paper is to propose and
benchmark new methodologies for cross-domain sentiment
analysis. Non-negative Matrix Factorizations constitute a The second step is to find the global maximg ¢) =
rich body of algorithms that have found applicability in a vaZ (G, G'). To this end, we show thd (G, G') in convex in
riety of machine learning applications: from recommendér The gradientis
systems to docur_‘nent cl_ustering. Wg ha_ve shown how to en- (G, @) 2(G' A+ DG B)ix G
able cross-domain sentiment analysis via a knowledge traﬁsgéai = —2Qir + - .
fer mechanism based on constrained non-negative matrix tri- G Gl
factorizations of term-document matrices in the source anHe Hessian matrix containing the second derivatives
target domains. Document labels are naturally incorporated
via a least squares penalty incurred by a certain linear model.  9°Z(G,G") 5.5, 2G' A+ DG B)ix
This framework enables direct and explicit knowledge trans- ~ 9G0G;e 7 G,

fer via common word sentiment polarities across different di | s with posit . &G G i
domains. Several extensions are possible to extend our {§ diagonal matrix with positive entries. T §G,G')isa

) ; ; function of7. and there is a unique global minimum
rent model: benchmarking against several very recently pF8-f_‘V€X ) : )
posed competing methodologies for sentiment analysis,\ﬂ‘h'ch can ob;ca_me? by SemBgZ.(G’G/)/aG““ = 0in
corporating hyperlinks between documents, and incorporlE:;lg' (7.20). Solving for, we obtain

ing synonyms or co-occurences between words etc. Thes , Qin

are topics for future work. (7.21) Gir = Gy, (G A+ DG B

Appendix: Proof of Theorem 2 According to Eq. (7.18)G(*+1) « G andG® « G’. we
We prove the convergence of the iterative update algoritfi¢over Eq.(4.6). |
of Eq. (4.10) by proving thak (G) is monotonically decreas-

ing (non-increasing) under the update Eq. (4.10). Acknowledgement
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