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Abstract—Ensemble clustering has emerged as an important
elaboration of the classical clustering problems. Ensemble
clustering refers to the situation in which a number of different
(input) clusterings have been obtained for a particular dataset
and it is desired to find a single (consensus) clustering which
is a better fit in some sense than the existing clusterings. Many
approaches have been developed to solve ensemble clustering
problems over the last few years. However, most of these
ensemble techniques are designed for partitional clustering
methods. Few research efforts have been reported for ensemble
hierarchical clustering methods. In this paper, we propose a hi-
erarchical ensemble clustering framework which can naturally
combine both partitional clustering and hierarchical clustering
results. We notice the importance of ultra-metric distance
for hierarchical clustering and propose a novel method for
learning the ultra-metric distance from the aggregated distance
matrices and generating final hierarchical clustering with
enhanced cluster separation. Experimental results demonstrate
the effectiveness of our proposed approaches.
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I. INTRODUCTION

Recently, as a way for overcoming the results instability
and improving clustering performance, ensemble clustering
has emerged as an important elaboration of the classical clus-
tering problems. Ensemble clustering refers to the situation
in which a number of different (input) clusterings have been
obtained for a particular dataset and it is desired to find a
single (consensus) clustering which is a better fit in some
sense than the existing clusterings [20]. Many approaches
have been developed to solve ensemble clustering problems
over the last few years [5][9][11][12][15][23][13].

However, most of these existing ensemble techniques are
designed for partitional clustering methods. Few research
efforts have been reported for ensemble hierarchical clus-
tering methods. Different from partitional clustering where
the clustering results are “flat” and can thus be easily rep-
resented using vectors, clustering indicators, or connectivity
matrices [20][12], the results of hierarchical clustering are
more complex and typically represented as dendrograms or
trees. In addition, hierarchical clustering methods have no
global objective functions. These properties have made the
ensemble hierarchical clustering problem more challenging.

In this paper, we propose a hierarchical ensemble clus-
tering (HEC) framework. In this framework, the input could

be both partitional clusterings and hierarchical clusterings.
The output is a consensus hierarchical clustering. We dis-
cuss three cases below.

(1) The input data consists of partitional clusterings.
In this case, we first construct the aggregate consensus
distance from these partitional clusterings. We then generate
a consensus clustering using the consensus distance. If we
stop here, that would be the usual ensemble clustering. In
HEC, we can further build a structure hierarchy on top of
the consensus clustering using the consensus distance.

Firstly, a structure hierarchy on top of a clustering so-
lution is useful to organize and understand the discovered
knowledge (topic or pattern). Secondly, the cluster structure
hierarchy resolves a problem in the usual ensemble clus-
tering when the input partitional clusterings have different
number of clusters. In this case, K, the number of clusters
in the final clustering solution is not uniquely determined
(the issue of finding the most appropriate number of clusters
in a dataset is an unsolved problem in data mining; in
practice K is determined by trial and error.) On the other
hand, in ensemble clustering, we consider input partitional
clusterings are meaningful results, including the number of
clusters in each input partitional clustering. Therefore, if the
number of clusters of input partitional clusterings has a range
[K1,K2], then K of the final ensemble clustering should be
K ∈ [K1,K2]. From this analysis, in HEC framework, we
can set K = K2 for the bottom clusterings (leaves) of the
structure hierarchy. In this way, the “true” number of clusters
is guaranteed to be inside the cluster structure hierarchy.

(2) The input data consists of hierarchical clusterings,
a set of dendrograms. In this case, we first construct the
aggregate dendrogram distance between objects. From this
distance, we then generate a hierarchical clustering as the
final solution.

(3) The input data consists of both partitional clusterings
and hierarchical clusterings. In this case, we construct the
consensus distance from the partitional clusterings and the
dendrogram distance from hierarchical clusterings. We com-
bine these two distances into a single distance, and then
generate a hierarchical clustering as the final solution. Figure
1 illustrates this case. The dataset is shown in Fig.1(A) and
their distances are shown in Fig.1(B). K-means clustering



Figure 1. An illustrative example of hierarchical ensemble clustering with both partitional and hierarchical clusterings as input. The dataset is shown in
(A) and their distances are shown in (B). K-means clustering are performed in (C) and lead to a consensus distance matrix in (E). A hierarchical clustering
is done in (D) and leads to a dendrogram distance matrix in (F). The consensus distance matrix of (E) and the dendrogram distance matrix in (F) are
combined in (G) and the final hierarchical clustering are generated in (H).

are performed with different numbers of clusters in Fig.1(C)
and lead to a consensus distance matrix in Fig.1(E). A
hierarchical clustering is done in Fig.1(D) and leads to
a dendrogram distance matrix in Fig.1(F). The consensus
distance matrix of Fig.1(E) and the dendrogram distance
matrix in Fig.1(F) are combined in Fig.1(G) and the final
hierarchical clustering are generated in Fig.1(H).

In this paper, we focus on the ensembles of hierarchical
clustering and the related computational algorithms, because
the ensemble of partitional clustering has been thoroughly
studied. In particular we investigate various descriptor ma-
trices for representing dendrograms and propose a novel
method for deriving final hierarchical clustering by fitting
an ultra-metric from the aggregated descriptor matrix. Our
experimental evaluation also provides a systematic empiri-
cal study on the ensemble hierarchical clustering problem.
Experimental results have demonstrated the effectiveness of
our proposed approaches.

II. RELATED WORK

Ensemble Clustering: The problem of ensemble clus-
tering is to find a combined clustering result based on mul-
tiple clusterings of a given dataset. However, most existing
ensemble clustering techniques are designed for combining
partitional clustering methods.

Consensus Tree: Consensus tree has been widely stud-
ied in bioinformatics when comparing the evolution of
species to reach a consensus or agreement [1][2]. Most
techniques for finding consensus tree are based on agree-
ment subtrees (e.g., sub structures that are common to all

the trees) [8][24]. It is very difficult for these consensus
tree techniques to preserve the structural information while
including all the existing leaves from the input trees [21]. In
this paper, we propose a framework for ensemble hierarchi-
cal clustering based on descriptor matrices to preserve the
common structures from the input hierarchical clusterings
and also generate a full consensus tree.

Metric Fitting: The problem of fitting a tree metric to
the (dis-)similarity data on pairs of objects from a given set
has been studied quite extensively [4]. Ultra-metric naturally
corresponds to a hierarchy of clusterings of the data. Given
a dissimilarity D on pairs of objects, the problem of finding
the best ultra-metric du such that ||D − du||p is minimized
is NP-hard for L1 and L2 norms (e.g., when p = 1 and
p = 2) [3]. In this paper, we propose a new method for
fitting an ultra-metric to the aggregated descriptor matrix.

III. ULTRA-METRIC AND DENDROGRAM
RECONSTRUCTION

A dendrogram is a rooted tree that represents the result
of a hierarchical clustering. On the root, leaves represent
data objects and internal nodes represent clusters at various
levels. Given a dendrogram, our task is to assign distances
between leave nodes. This problem has been studied in
literature. In Section IV, we will describe several commonly
used dendrogram distances (also called descriptors). We note
that each of these dendrogram distance is in fact an ultra-
metric distance. This is important because given an ultra-
metric distance matrix D = (dij), we can reconstruct the
original tree.



A. Ultra-metric Distance

Definition 1: A distance matrix D = (dij) is a metric,
if it has the following properties: the nonnegativity, the
symmetry, and the triangle inequality

dij ≥ 0, dij ≤= dik + dkj , i ̸= k ̸= j.

It should noted that although the nonnegativity and sym-
metry hold for many distance measures in data mining, the
triangle inequality does not always hold for many distances.

A more restricted version of the triangle inequality is
called ultra-metric inequality:

dij ≤ max(dik, djk) (1)

for all triplets of points i, j, k.
Definition 2: A distance measure is an ultra-metric if it

satisfies the ultra-metric inequality and the nonnegativity and
symmetry.

A distance measure automatically satisfies the triangle
inequality if it satisfies the ultra-metric inequality. Thus
an ultra-metric distance is also a metric distance; But the
inverse is not true.

B. Dendrogram reconstruction and Ultra-metric

Ultra-metric distance plays a critical role in our HEC
frame because of the unique reconstruction property. Sup-
pose, we are given a dendrogram G and we construct a
dendrogram distance D using a particular method M .

The following proposition holds:
Proposition 1: From a given ultra-metric distance D, a

unique dendrogram G can be constructed, in the sense that
if we construct the distance from G, we recover D exactly.

Note that Proposition 1 does not exclude the possibility
that two different ultra-metric distances D1, D2 lead to the
same reconstructed dendrogram G.

C. Hierarchical ensemble clustering algorithm strategy

With above discussions on ultra-metric distances and
dendrogram, we outline the algorithmic strategy of our
Hierarchical ensemble clustering. Our central strategy is
listed below:

1) Use a dendrogram distance measure to generate an
ultra-metric dendrogram distance for each input den-
drogram (see Section IV). The consensus distance
matrix for partitional clustering results are discussed
in Section IV.

2) Aggregate the ultra-metric dendrogram distances as
well as the consensus distance for partitional cluster-
ings. (see Section V)

3) Finding the closest ultra-metric distance from the
aggregated distance. (see Section V)

4) Construct the final Hierarchical clustering. (see Sec-
tion V)

IV. DENDROGRAM DISTANCES

What essential to a dendrogram is the ultra-metric in-
formation maintained by its pairwise distance matrix. For
instance, a dendrogram generated by the single-link hier-
archical clustering algorithm can be viewed as a weighted
dendrogram, in which every internal node is associated with
a continuous variable indicating the merge distance within
all leaves covered by the internal node. The merge distance is
called the height. If we replace the height of an internal node
with its rank order (i.e., the level) which is maintained glob-
ally to the whole dendrogram, then a weighted dendrogram
becomes a fully ranked dendrogram [16]. Dendrogram de-
scriptor can be regarded as a distance function describing the
relative position of a given pair of leaves in the dendrogram
and is used to characterize a corresponding dendrogram.

We now introduce the dendorgram descriptors that will
be used in our investigation. The first three dendrogram
descriptors are based on a fully ranked dendrogram and use
the level information [14][16]. The other descriptors do not
directly consider level information.

• Cophenetic Difference (CD) : the lowest height(i.e.,
merge distance) of internal nodes in the dendrogram
where two specified leaves are joined together. For
example, CD between nodes v and x in Figure 2 is
30.

• Maximum Edge Distance (MED): the depth of node
in a bottom-up view. All leaf nodes are assigned as
depth 0, the depth of any internal nodes is gener-
ated in a bottom-up manner where Depth(C1, C2) =
max(Depth(C1),Depth(C2)) + 1. For example, MED
of nodes v and x in Figure 2 is 2 since Depth(v, x) =
max(Depth(v, w),Depth(x)) + 1 = max(1, 0) + 1.

• Partition Membership Divergence (PMD): By utilizing
the property that a hierarchical clustering result implies
a sequence of nested partitions obtained by cutting the
dendrogram at every internal node, the PMD is defined
as the number of partitions of the hierarchy in which
two specified leaves are not in the same cluster.

• Cluster Membership Divergence (CMD): the size of
the smallest cluster in the hierarchy which contains two
specified leaves.

• Sub-dendrogram Membership Divergence (SMD): the
number of sub-dendrograms in which two specified
leaves are not included together.

To illustrate these descriptors, Table I presents the descrip-
tor matrices for the example dendrogram given in Figure 2.

As discussed in Section I, our framework can be naturally
extended to ensemble both partitional and hierarchical clus-
tering results by representing the partitional clustering results
with a distance matrix. Formally let X = {x1, x2, · · · , xn}
be a set of n data points. Given a set of T clusterings (or
partitions) SP = {P 1, P 2, · · · , PT } of the data points in X ,
the ij-th entry of the associated consensus distance matrix



Figure 2. A Dendrogram Example.

Table I
DENDROGRAM DESCRIPTORS FOR THE SAMPLE DENDROGRAM IN

FIGURE 2.

1: CD 2: CMD
v w x y z

v 0 10 30 40 40
w 10 0 30 40 40
x 30 30 0 40 40
y 40 40 40 0 20
z 40 40 40 20 0

v w x y z
v 1 2 3 5 5
w 2 1 3 5 5
x 3 3 1 5 5
y 5 5 5 1 2
z 5 5 5 2 1

3:MED 4: PMD
v w x y z

v 0 1 2 3 3
w 1 0 2 3 3
x 2 2 0 3 3
y 3 3 3 0 1
z 3 3 3 1 0

v w x y z
v 0 1 3 4 4
w 1 0 3 4 4
x 3 3 0 4 4
y 4 4 4 0 2
z 4 4 4 2 0

5:SMD
v w x y z

v 1 1 2 3 3
w 1 1 2 3 3
x 2 2 2 3 3
y 3 3 3 2 2
z 3 3 3 2 2

D is the number of times that the i-th data point and the j-th
data point are not in the same cluster. Note that the distance
matrix can be combined with the dendrogram descriptors
to form the aggregated distance matrix for dendrogram
combination. A weight can be assigned to the distance
matrix to ensure that it is at the same scale of the dendrogram
descriptors.

V. DENDROGRAM COMBINATION

Suppose we have computed consensus distance Dp from
the input partitional clusterings and aggregated dendrogram
distances Dh from the input hierarchical clusterings. Our
tasks now are

1) Find an ultra-metric distance T which is the closest to
D = Dp +Dh.

2) Construct the final hierarchical clustering based on T .
For (2) after the ultra-metric T is obtained, we obtain the

final hierarchical clustering by performing alpha-cut [6]. In
the rest of this section we will concentrate on (1), i.e., how
to compute T .

First we note that the aggregated distance D will not be
ultra-metric, even if each individual dendrogram distance
is an ultra-metric. We compute the ultra-metric distance

T which is closest to D, instead of using D directly due
to the following two reasons. The first reason is for the
unique reconstruction of the eventual dendrogram, the final
hierarchical clustering, as discussed in Section V.

The second reason is an interesting property of our way
of constructing T , the close approximation of D. We use
a transitive dissimilarity to construct T , which has the
tendency that the solution for T attracts nearby data objects
into a closer approximity and therefore enhances the cluster
separation (thus improves the clustering quality). In the
following, we first describe the algorithm to construct T
and then demonstrate the clustering separation property.

A. Transitive Dissimilarity

First, the nonnegative distance D can be viewed as the
edge weight on a graph. Our task is to construct the transitive
dissimilarity starting from D.

The idea of transitive dissimilarity is to preserve tran-
sitivity of a graph, more precisely a social network with
n persons represented as (V1 · · · , Vn). If person V1 knows
person V2, and person V2 knows person V3, transitivity
implies that person V1 knows person V3. Turning this into
distances, the transitivity of V1 → V2 → V3 can be enforced
as

d13 ≤ max(d12, d23),

i.e., the distance d13 should be no worse than either d12 or
d23.

Now consider 4 persons. One can see the above en-
forcement satisfies the associativity: i.e., if both d13 ≤
max(d12, d23) and d24 ≤ max(d23, d34) hold, then

d14 ≤ max(d12, d23, d34).

Generalizing to any path Pij between i and j, on the
graph, the transitive dissimilarity on a path Pij (a set of
edges connect Vi and Vj) can be defined as

T (Pij) = max(di,k1 , dk1,k2 , dk2,k3 , · · · , dkn−1,kn , dkn,j).
(2)

So for any given pair of vertices Vi and Vj , the transitive
dissimilarity varies according to different paths chosen be-
tween Vi and Vj . The minimal transitive dissimilarity is
defined as:

mij = min
Pij

(T (Pij)), for given vertices Vi and Vj . (3)

It is clear that mij ≥ dij ,∀Vi and Vj , which implies that
minimal transitive dissimilarity extends vertices further than
the original distance matrix.

Proposition 2: For any weighted dissimilarity graph, the
minimal transitive dissimilarity between any pair of vertices
holds the ultra-metric inequality:

mij ≤ max(mik,mkj),∀i, j, k.
Proof: Let Pij is a set of all paths in which each element

indicates an existing path connecting Vi and Vj as its end



points. (Pik, Pkj) is describing a path starting from Vi to
Vj via Vk in a weighted graph. It is clear that (Pik, Pkj) is
a subset of Pij . We define W (Pij) as edge weights of any
directly connected vertices in all possible paths Pij.

mij = min
Pij

max[W (Pij)]

≤ min(Pik, Pkj)max(W (Pik, Pkj))

= min(Pik, Pkj)max[max[W (Pik)],max[W (Pkj)]]

= max[min
Pik

(max[WPik
]),min

Pkj

(max[WPkj
])]

= max(mik,mkj).

Then, we use the modified Floy-Warshall algorithm [7]
to compute the updated transitive dissimilarity of all pair of
vertices in the weighted graph. In particular, given input G,
the adjacent matrix of a weighted graph with N nodes, the
algorithm procedure is described in Algorithm 1.

Input: G: Pair-wise distance matrix of data set
Output: M: Minimum Transitive dissimilarity matrix

closure of G

Init: M = G;
for k ← 1 to N do

for i← 1 to N do
for j ← 1 to N do

mij = min(mij ,max(mik,mkj));
end

end
end
return H ;

Algorithm 1: Modified Floyd-Warshall algorithm to com-
pute the minimum transitive dissimilarity of weighted
graph G

The following propositions are needed to show the cor-
rectness of the modified Floyd-Warshall algorithm.

Proposition 3: Suppose the edge weights of given graph
satisfy the minimal transitive dissimilarity as defined in
Eq.(3). The transitive dissimilarity are equal to the edge
weights.

Proposition 4: Given a pair of nodes (i,j). Let
(i, k1, · · · , km, j) be the path with the eventual maximal
transitive dissimilarity. After successive relaxation
(tightening) of edges (i, k1), (k1, k2), · · · , (km, j) in
order, the transitive dissimilarity achieves the final optimal
maximal transitive dissimilarity. This holds no matter what
other edges relax occur.

Proposition 5: Algorithm 1 correctly computes the min-
imum transitive dissimilarity.

Proof: The outer loop k = 1 to N guarantees that
all paths between any given vertices Vi and Vj will be
considered to achieve the eventual optimal path. Proposi-
tion 4 ensures that final correct solution will be reached no

matter how internal vertices along the path are involved.
Proposition 3 guarantees that any optimal solution obtained
before traversing all the possible solutions will be main-
tained without change in the future.

VI. EXPERIMENTS

A. Experiment Setup

To evaluate our ensemble framework, we focus on how
well the ensemble hierarchical solution reflects the character-
istics of the original dataset. Co-Phenetic Correlation Co-
efficiency (CPCC), which aims to evaluate how faithfully
a dendrogram preserves the pair-wise distances between the
original data samples [19] [17], is used as our performance
measure. Generally, the higher the CPCC value, the better
the clustering performance. Two datasets from UCI Machine
Learning Repository1 are used in our experiments. Both
datasets have data labels which will be used in CPCC
evaluation. The datasets and their characteristics are summa-
rized in Table II. All experiments are conducted under the
environment of Windows XP operating system plus Intel P4
1.83 GHz CPU and 4 GB of RAM.

Name # samples # attributes # classes
Libras Movement 360 90 15

Madelon 2000 500 2

Table II
DATASET DESCRIPTIONS

B. Ensemble Hierarchical Clusterings

For experiments on ensemble hierarchical clusterings,
10 input dendrograms are generated for each dataset by
using different hierarchical clustering methods on differ-
ent attribute subsets. We evaluate our proposed method
for generating the final hierarchical solution by fitting an
ultra-meric using all five dendrogram descriptors (i.e., CD,
CMD, MED, PMD, SMD). We also compare our proposed
method (denoted as ultra in the experimental results) with
the method that directly performs single-link hierarchical
clustering on the aggregated descriptor matrices (denoted as
single-link or SL). Table III and Table IV present the exper-
imental results on two datasets using all input dendrograms,
respectively. From the experimental results, we observe that:
1) Our proposed method ultra generally outperforms single-
link across various descriptors; and 2) the ensemble solution
using all input dendrograms may be worse than the best
individual dendrogram, thus demonstrating the need for
ensemble selection.

C. Ensemble Partitional and Hierarchical Clusterings

We also conduct experiments to evaluate our proposed
method for combining both partitional and hierarchical
clusterings on the datasets. For each dataset, 10 partitional
clustering results are obtained by running K-means 10 times
and they are combined with 5 input dendorgrams. The

1The datasets can be downloaded from http://archive.ics.uci.edu/ml/.



Descriptor ultra single-link
CD 0.414 0.416

CMD 0.406 0.387
MED 0.35 0.361
PMD 0.258 0.261
SMD 0.438 0.44

Table III
EXPERIMENTAL RESULTS ON LIBRA MOVEMENT DATASET USING ALL
INPUT DENDROGRAMS. THE MAXIMUM CPCC VALUE FOR ANY INPUT

DENDROGRAM IS 0.329 AND THE AVERAGE VALUE OF ALL INPUT
DENDROGRAMS IS 0.18.

Descriptor ultra single-link
CD 0.08 0.052

CMD 0.076 0.077
MED 0.042 0.027
PMD 0.075 0.075
SMD 0.049 0.05

Table IV
EXPERIMENTAL RESULTS ON MADELON DATASET USING ALL INPUT

DENDROGRAMS. THE MAXIMUM CPCC VALUE FOR ANY INPUT
DENDROGRAM IS 0.064 AND THE AVERAGE VALUE OF ALL INPUT

DENDROGRAMS IS 0.018.

experimental results are shown in Figure 3. The results
demonstrate that our ensemble framework is able to combine
both partitional and hierarchical clusterings and improve
the performance. The results also show that our proposed
method ultra clearly outperforms SL on all datasets.

VII. CONCLUSION

In this paper, we propose a framework for ensemble
hierarchical clusterings. We introduce and study three impor-
tant components of the framework: Hierarchical Ensemble
Selection, Dendrogram Description and Dendrogram Com-
bination. We investigate five different dendrogram descriptor
matrices, and develop a novel method for fitting an ultra-
metric from the aggregated descriptor matrix. Our descriptor
matrices based framework can be naturally generalized to
ensemble both partitional clustering and hierarchical clus-
tering results as paritional clustering results can be easily
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Figure 3. The performance comparison of combining 10 partitional clus-
tering results with 5 selected dendrograms. max represents the maximum
CPCC value for any input dendrogram, and ave represents the average
CPCC value for the input dendrograms. ultra and SL represents the recovery
approaches for ensemble dendrograms by using ultra-matrix transformation
and single-link respectively. ultra+K and SL+K represents the combination
of K-means clustering results and previous two methods.

represented using distance matrices. Experiments are per-
formed to evaluate our proposed approaches and the results
demonstrate their effectiveness.
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