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Label Propagation on K-partite Graphs

Chris Ding*

Abstract

Label propagation is an approach to assign class labels to un-
labeled data given some partially labeled data. In this paper, we
systematically generalize the Laplacian matrix based label propa-
gation method from pairwise graph data to data objects described
by bipartite and general K -partite graphs. By deriving explicit
label propagation formula, we show how information on one type
of variables can be transformed to other types of variables. For
example, in a word-document-author multi-relational dataset, in-
formation on words and on authors can effectively enhance the
document labeling. Motivating examples are presented to illus-
trate these new concepts. Extensive experiments are performed on
real-life datasets to show the effectiveness of our label propaga-
tion.

1 Introduction

With an explosive amount of data being accumulated, labeling
data for many supervised learning and data mining tasks requires
extensive human skills and extensive human labors. As a conse-
quence, most of the available data are in fact unlabeled or partially
labeled. Thus semi-supervised learning becomes a very active re-
search area. In semi-supervised learning, we have a large amount
of unlabeled data, and only a very small fraction of them are la-
beled. The learning task is to classify the unlabeled data based on
the labeled data.

There exists a very large number of semi-supervised learn-
ing methods (see a survey [23]): (a) The classification-based
approach, in which a classifier is first trained on the small la-
beled data and is gradually improved by incorporating unlabeled
data. Earlier methods mostly follow this approach [3]. (b) The
clustering-based approach, in which a clustering algorithm is used
on the whole data (labeled and unlabeled), with the labeled data
serving as penalty or regularization or prior information. Recent
methods mostly follow this approach, such as spectral clustering
based methods [11, 1, 4]. (¢) Special mechanisms, such as Gaus-
sian process [13], graph mincut [2], entropy minimization [10],
label sampling [17], and nonparametric transforms [25], etc. How-
ever, most if not all of these methods are focusing on homogeneous
data of the same type (the meaning will become clear very shortly).
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In many real world applications, however, there are often relational
data and a typical task often involves more than one type of data
points [15]. For example, in document analysis, there are terms
and documents and the data is represented as word-document ma-
trices. We wish to ask the following question. Suppose we have
partially labeled data on the word side, would that be helpful to
label the documents? Or if we have partially labeled data on both
document and word sides, how to make use both of them simulta-
neously?

Recently, a mechanism based on matrix factorization was pro-
vided in [14] to enable additional information/knowledge on the
word side to influence/help the clustering of documents. How-
ever, the model described in [14] is only focused on unsupervised
learning tasks on bipartite heterogeneous relational data. It does
not incorporate dual supervision and thus is not able to make use
of labeled data samples.

So far, most of these semi-supervised learning are restricted to
data of one type, using a single pairwise similarity matrix (graph).
Many other type of data appear often as well. A document-word
table is a good example of bipartite type relations among word
and documents. More general K -partite graph also occurs fre-
quently, such as document-word-author relations. This problem
can be modeled as 3D tensors and tri-partite graph.

A general k-partite graph is also sometimes called multi-
relational data. Multi-relational data mining approaches have
been developed for association mining and classification from
datasets involving multiple tables (relations) from a relational
database [7, 21]. Probabilistic relational learning methods are
studied in [9, 16]. However, these multi-relational data mining
methods are not designed to deal with semi-supervised learning
tasks on relational data. To our knowledge, the area of semi-
supervised learning for these bipartite, k-partite graphs data has
not been widely investigated. We note that the very recent work in
[18] proposes a dual supervision model for semi-supervised senti-
ment analysis using bipartite graph regularization.

In this paper, we explore this new area. Semi-supervised learn-
ing tasks on bipartite data have an interesting and unique feature
which do not appear on standard data. A bipartite data has two data
object types, say word object space and document object space in
a word-document relational tabie. In this paper, our main contri-
bution is to show that partial knowledge on one data space can
help knowledge discovery on the other data space. We call this
cross-propagation (see §3).

A K-partite graph has several bi-partite tables. We will show
both theoretically and experimentally, that partial knowledge on
one data space can help knowledge discovery on all other data
spaces (see §4.1). Technically, we propose a label propagation
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framework to carry out the semi-supervised learning on bipartite
graphs and on general K-partite graphs which is a model for multi-
relational data.

1.1 Organization of The Paper

In §2, we review the label propagation theory based on Repro-
ducing Kernel Hilbert Space theory, a regularization theory on a
simple similarity graph. The emphasis is the importance of the
kernel function of the inverse Laplacian for label propagation. In
§3, we generalize this to bipartite graph, and derive several con-
crete relations for label propagation connecting the two sides (two
types of nodes on the bipartite graph). We show theoretically how
knowledge on one side could help the learning of the other side.
In §4, we generalize this to general K -partite graph, and derive
several concrete relations for label propagation connecting the K
sides. We also show the consistency between these approaches. In
85, we present systematic experimental results on the label propa-
gation on bipartite and tri-partite datasets. Our results demonstrate
the benefits of using bi- and tri- partite information to help learning
on other sides.

2 Label Propagation Theory

Our label propagation approach is motivated by the work of
Zhou et al [22]. We derive it from the theory of Reproducing Ker-
nel Hilbert Space (RKHS) [8] at strong regularization limit.

Suppose we have n = n; + n,, data {x; };—; where the first n;
data have class labels {h;};L,, and the second n, data are unla-
beled. Our task is to assign class labels to those unlabeled data.

We first consider 2-class problems, where h; = +1 for labeled
data. We initially set h; = O for unlabeled data. Besides the
partially labeled data, we have a matrix of pairwise similarities
W = (w;;) among the data point. W which can be viewed as
the edge weights on a graph. Our task is to learn the classification
function h; = f(x;).

To be consistent, one requirement is that for the error for the
labeled data

ny

> lhi = fxa))?

=1
is minimized. For the unlabeled data x;, since initial label is h; =
0and f(xi) = £, 330, 1[hi — f(x:)]* = ny is a constant.
Thus we may minimize the total squared error:

n
D i = fxa))? = [ —£]%,
i=1
where f = (f -+, fu)7, fi = f(xi),and h = [hiha - hy)T
In statistics, we often add a penalty (regularization) term to ensure
smoothness of certain quantities such as derivatives. RKHS seeks
the function f(-) that minimizes

ﬂﬂ:}jM—f@gP+ﬁﬂn*f (1)

RKHS theory is equivalent to the uniform convergence theory of
Vapnik [20]. When the loss function [h; — f(x;)]? is replaced by
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the hinge function
(1= hif(xi)]+,
the dual space solution gives SVM.
Solution of RKHS for the quadratic loss function is

f=K(K+8I) 'h. 2)
At the large 3 limit, we get the solution
1 1. o 1 3
f=—-(K-zK"4+ %K —--)h 3

In this paper, we use only the first term. Since the proportional
constant 1/4 is unimportant, we obtain the final label propagation
results:

f = Kh. “
Standard kernel machines are used for supervised learning with
h; = %1. For semi-supervised learning we set h; = 0 for those
unlabeled data.

2.1 Combinatorial Laplacian

Given a graph with n nodes and edge weights W = (W;;),
where W;; represents similarity between nodes 4, j. The combi-
natorial Laplacian is defined to be

L=D-W,

where the diagonal matrix contains row sums of W: D
diag(dy, -+ ,dn) ,di = > ,; Wi;. Let eigenvectors of L be:

(&)

where 0 = A1 < A2 < --- < )\, are the eigenvalues. We assume
the graph is connected (otherwise we deal with each connected
component one at a time). L has a zero mode, i.e., the eigenvector

q=e/Vvn, e=(1-1)". 6)

with zero eigenvalue: (D — W)q: = 0. Note this is a constant
function on the nodes of the graph. This is a critical fact that will
be critically important later on.

We define the Laplacian Kernel as

K= (D-w);'

Lar = MeQr, dp Qi = Spk.

N

where the positive part (-) implies that the zero mode is excluded.
KC is a kernel. First, K is clearly a semi-positive definite func-
tion. Second, any function f € R™ can be expanded in the basis
of K,i.e, (qz, - ,u,) plus a constant e/y/n = qi.
Using the Laplacian kernel, our label propagation results Eq.(4)

becomes L

YN A ®)
(D—-W)y

Our work is partially motivated by the work of Zhou et al [22]
who propose the consistency framework that minimizes the func-
tional

Bl = > Ik~ £ 4 5

f= h.

n
fi fi \2
— Wsj. 9
1;;1( T T e ©
Note that d; explicitly appear in the second term of Eq.(9), but not
in the first term — somehow d; is not treated symmetric. More
importantly, the strong regulation limit of the solutions are differ-

ent.



2.2 Label Propagation for Multi-class Problems

In above analysis for 2-class semi-supervised learning, we use
a single vector h on n data points:
h; = =1 for data point x; with known labels;
hi = 0, for data point x; with unknown labels.
as the input. After computing f according to Eq.(8), we interpret
the results as x; belongs to C class if f; > 0; x; belongs to C—
classif f; < 0.

In label propagation for multi-class problem, we write

F=[D-W]'H

where H = (hy,--- , hg) for K classes. The input H is specified
as: If labeled data point x; has a known class label k, H;;, = 1;
H;,, = 0 otherwise. After F'is computed, we assign x; to class
k= arg max]- FI]

3 Cross Propagation on Bipartite Graphs

A bipartite graph can be represented by an m X n rectangular
nonnegative matrix (a contingency table) P. we view it as the
adjacency matrix of a bipartite graph. There are two type of nodes:
x-nodes (each is represented by a column in the table P, and y-
nodes (each is represented by a row in the table P). P;; denotes
the weight (similarity) between y-node 7 and x-node j.

Suppose we have n = n; + n, x-node data {x;};—; where
the first n; data has class labels {h{ }'L,. Suppose we have m =
m; + m,, data {y;}iZ, where the first m; data has class labels
{hY}™ . The task is to assign class labels to unlabeled z-nodes
and unlabeled y-nodes.

Although we expect that the labeled x-nodes will affect the la-
beling of unlabeled x-nodes, we will show that the labeled y-nodes
will affect the labeling of unlabeled x-nodes. This interesting fea-
ture of learning on a bipartite graph is called cross-propagation.

We first consider 2-class problems, where h; = +1 for labeled
data. The label propagation is to minimize the following clustering
objective

Jo= Y (fF=h)?+ D (f) =B +8Y (fF = £1)’piss
=1 j=1 @
(10)
which is a generalization of Eq.(1). Let
df =Y Py, d} =) Py
Jj=1 =1
Denote
fT, hT,
where
0o P D* 0
and
D" = diag(df, - ,dy,), DY = diag(d¥,--- ,d%,).
We have
f=[D—-W];'h. (13)
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It can be shown that

(D-Ww)"=

(D, — PD,;'P")7!

( - PD,'PT ) (D, — PD,;'PT)"'PD,"
(Dy — P"D;'P)"'PD;

(D, — PT"D;tp)~!
Thus we obtain

1 [ (D.—PD;'P")"'(h, + PD, " hy) (14)
£~ |(Dy — P"D;'P)"'(h, + P"D;'h,)

where h, represents the partial labels for rows of P and h,, repre-
sents the partial labels for columns of P.

This equation is interesting in several aspects: (a) For row la-
bels h*, (D, — PD, ' P") ;" is the appropriate kernel function.
(b) There are two terms contributing to £*. The first term involving
h, is the standard one. The second term involving h,, suggests that
the partial labels on column variables propagate to row variables.
Suppose P is a word-document matrix. This says partial labels on
documents can also determine the labels on words. Similar results
apply to column labels f¥.

This equation is one of our main results of this work. It shows
how the label information on one type of nodes is propagated to
the other type of nodes. In a word-document relation, the results
suggest label information on words (such as partially labeled in-
formation) can influence the labeling of documents. We call this
cross propagation.

4 Label Propagation on K-partite Graphs

The label propagation on bipartite graph can be generalized to
K -partite graph. A K-partite graph has K type nodes x”,p =
1,--+, K. Each type has (z},---,2% ) nodes. The K-partite
graph contains up to K (K — 1)/2 bipartite (two-way) similarity
relations PP?, p,q = 1,--- , K. For example, P'? contains all
n'n? similarities between type-1 nodes (1, -+ ,xp, ) and type-2
nodes (x3,--- ,z2,.).

In semi-supervised learning, we assume that the first n! of

type-p nodes are labeled with class labels (h{,---,h”,). The
1
task is to predict the labels for the unlabeled nodes of all types
simultaneously.
Denote ,
T £l
=1 | f=]:
fry £
Let
D =diag(D*, D?,--- D"), D" = diag(d}, 5, - ,d%),

where d = 3° >, P/ and

0 P12 PIK
W= (P12)T 0 P2K
(PIK)T (PQK)T 0

The corresponding solution is given by Eq.(13).



4.1 Cross Propagation on a Tri-partite Graph

Let us consider the tri-partite graph. An example application
is word-document-author relationship. Let x represents words,
y represents documents, and z represents authors. In many sit-
uations, the relation A = P'? between words and documents is
known, the relation B = P23 between authors and documents is
known, but the relation C' between word and authors is unknown.
Thus we set C' = P32 = 0.

The similarity matrix W and D matrix are

0 A 0 D,
W=|4AT 0 B]|, D= D, (15)
o BT o D,

In general, we directly solve the kernel function K = (D—W); ",
and obtain the label propagation

. h,
f,| =K | hy (16)
f. h.
For analytic solution, we have
(D-W)' =D V*(1 -W) 'D/? (17)
We can show that
I+ AAAT AN AAB
(I-w)'= AAT A AB (18)
BTAAT BTA 1+ BTAB
where

A=(—-ATA-BB")™!
represents the influence propagation between different classes.
From this, we obtain the components K. For example,

Kaw = D V(I + AAATYD; /2 (19)

is the self-propagation from h,, to f;.
K». = D;Y?AABD; '/?

is the double cross-propagation from h. to f,. We call this double
cross propagation because P'® = 0, and the propagation is a two-
step propagation: first from z nodes to y nodes using B = P
and second from y nodes to z nodes using A = P12,

This results have several interesting features. First, the label or
partial label information on authors (z) can infer the label infor-
mation on words (z), even though there is no direct link between
words and documents. This is indicated in the term AABh,.
which shows the author label information is passed from z-nodes
on to y-nodes using weight matrix B. Then using A to transfer
into matrix A and to nodes x.

Consistency with bi-partite propagation

Second, we demonstrate that when B = 0, the tri-partite propa-
gation reduces to the bi-partite propagation. We show that /Cy,, of
Eq.(19) is identical to

(D, — PD,'P")7! (20)

according to Eq.(14). The proof is omitted due to the space limit.
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5 Experiments

In this section, we present our experimental results on four real
world datasets to evaluate our proposed cross label propagation
methods.

5.1 Dataset Description

The following four datasets are used in our experiments.

o DBLP Dataset: This dataset is obtained from DBLP Com-
puter Science Bibliography '. We extract the paper titles pub-
lished by 552 relatively productive researchers from 9 cate-
goriesUsing the ACM Keywords Taxonomy?, we obtain the
category information for terms and use it as the prior knowl-
edge in the word space.

o CSTR Dataset: This dataset contains the abstracts of techni-
cal reports (TRs) published in the Department of Computer
Science at a research university from 1991 to 2007. There
are 550 abstracts and they are divided into four research ar-
eas.We also use the category information of terms obtained
from ACM Keywords Taxonomy as prior knowledge.

e Citeseer Dataset: The real-world data set for experimen-
tation was generated by sampling documents from Cite-
Seer.We collected the documents by those top authors in
CiteSeer ranked by their numbers of documents. Then we
collected the venues of these documents. We kept those
venues with most documents in the prepared subset and dis-
carded the venues that include fewer documents. The sam-
pled dataset includes 1000 documents, 2500 words and 681
authors.

e BBS Dataset: This is a dataset sampled from the Bulletin
Board Systems (BBS) data in [12]. A BBS system contains
many boards with similar themes. Once a user posts an initial
article on a board, the others can show their opinions using
reply articles. The initial article and reply articles constitute
a topic. People’s behaviors on the BBS usually reflect their
interests. The dataset contains 1309 users, 1200 topics and
12 boards.

5.2 Evaluation Measure

We use accuracy and normalized mutual information (NMI) as
performance measures. Accuracy discovers the one-to-one rela-
tionship between clusters and classes and measures the extent to
which each cluster contains data points from the corresponding
class and it has been used as performance measures for cluster-
ing analysis [6]. Generally, the greater accuracy, the better clus-
tering performance. NMI [19] measures the amount of statistical
information shared by two random variables representing cluster
assignment and underlying class label. In general, the larger the
NMI value, the better the clustering quality.

IThe dblp.xml file is available for download at http://www.
informatik.uni-trier.de/ ley/db/.

2Available on the page of http://www.computer.
org/portal/pages/ieeecs/publications/author/
ACMtaxonomy.html.



(a) Accuracy Results (b) NMI Results

Figure 1. Performance results on DBLP

dataset.

5.3 Experimental Results on Bi-partite Graphs

In this section, we compare our method (denoted by CP-Bi:
Cross Propagation on Bi-partite graphs) with five semi-supervised
clustering approaches: (1 ~ 3) The algorithm proposed in [22]
which conducts semi-supervised learning with local and global
consistency (Consistency Method), and two of its variants (Vari-
ant Consistency 1 and Variant Consistency 2) [22]; (4) Zhu et al.’s
harmonic Gaussian field method coupled with the Class Mass Nor-
malization (Harmonic- R reen’s function learning
algorithm (Green’s Function) proposed in [5]. All of these meth-
ods do not make use of the knowledge in the word space.

(b) NMI Results

(a) Accuracy Results

Figure 2. Performance results on CSTR
dataset.

5.3.1 Experiments Using Prior Knowledge

In this set of experiments, we compare our proposed CP-Bi algo-
rithm with other semi-supervised algorithms on four datasets as
described in Section 5.1. Ten percent of the words in each dataset
are labeled and used as prior knowledge. For each dataset, we also
vary the percentage of the labeled documents from 5% to 20%.
The performance results on the four datasets are presented in Fig-
ure 1, Figure 2, Figure 3, and Figure 4, respectively. The results are
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(a) Accuracy Results (b) NMI Results

Figure 3. Performance results on Citeseer
dataset.

(a) Accuracy Results (b) NMI Results

Figure 4. Performance results on BBS

dataset.

obtained by averaging 15 trials. From the experimental compari-
son, we observe that: (1) The performance of the semi-supervised
clustering algorithms generally increases as the percentage of la-
beled documents increases. (2) Our cross propagation method uti-
lizing word space prior knowledge outperforms other algorithms
which do not take such knowledge into consideration. The com-
parison demonstrates that cross label propagation enables the in-
formation on one type of variables be transferred to other types of
variables.

5.3.2 Percentage of Labeled Words

In this set of experiments, we perform CP-Bi on DBLP dataset and
CSTR dataset to investigate the effects of the percentage of labeled
words on clustering quality. We fix the percentage of labeled doc-
uments in each dataset as 10% and the results are also obtained by
averaging 15 trials. Figure 5 and Figure 6 clearly show that while
the percentage of labeled words increases, the accuracy and NMI
results on both datasets are improved.

5.4 Experimental Results on Tri-partite Graph

In this section, we compare the proposed cross label propaga-
tion method (CP-Tri) which uses both word space and author space
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(a) Accuracy Results (b) NMI Results

Figure 5. Results with different percentage of
labeled words on DBLP dataset.

005 01 03 005 01

0.15 0.2 025
Percentage of Labeled Words

0.15 0.2 025
Percentage of Labeled Words

(a) Accuracy Results (b) NMI Results

Figure 6. Results with different percentage of
labeled words on CSTR dataset.

knowledge with the proposed method (CP-Bi) which uses word
space knowledge and other semi-supervised algorithms which do
not make use of any external information on BBS and Citeseer
datasets. In each dataset, ten percent of documents, words and
authors are labeled and they are used as prior knowledge. The
results are obtained by averaging 15 trials. From Figure 7, we ob-
serve that using more external prior knowledge can improve the
clustering performance.

6 Conclusion

In this paper, we show how information on one type of vari-
ables can be transformed to other types of variables by deriving ex-
plicit label propagation formula. We systematically generalize the
Laplacian embedding to bipartite and general K -partite graphs and
present algorithms for simultaneous clustering of multi-relational
data, and semi-supervised label propagation. Extensive experi-
ments performed on real-life datasets on demonstrate the effec-
tiveness of our label propagation approach.
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(b) NMI Results

(a) Accuracy Results

Figure 7. Results on Tri-partite graph.
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