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Abstract
Interval data is described by a group of variables,
each of which contains a range of continuous
values instead of the traditional single continu-
ous or discrete value. Traditional data analysis
simply replaces each interval by its representa-
tive (e.g., center or mean) and ignores the struc-
ture information of intervals. In this paper, we
study the problem of clustering interval data us-
ing the modified or extended interval data dissim-
ilarity measures. Our contributions are two-fold.
First, we discuss various approaches for mea-
suring the dissimilarities/distances between in-
terval data, investigate the relations among them,
and present a comprehensive experimental study
on clustering interval data. We show that the
extended interval data clustering achieves better
performance than traditional ones and produces
more meaningful and explanatory results. Sec-
ond, we propose a two-stage approach for clus-
tering interval data by exploiting the relations be-
tween the traditional distances and the modified
distances. Experimental results show the effec-
tiveness of our approach.

1. Introduction

Much of previous clustering work has been based on the
two-dimensional tabular data presentation where each data
sample is represented as a vector of quantitative/numerical
measurements. In real world applications, however, many
complex data types such as intervals and histograms have
been widely used [1, 19, 24]. Table 1 shows an example
of interval data table where each cell element contains the
range of meat prices in a certain supermarket. Note that
each element is an interval of real numbers rather than a
single value. Interval data appear naturally in many ap-
plications. In addition, interval data can be generated to
represent the variations/distributions of attributes by sum-
marizing large datasets [8, 17].

Traditional clustering techniques can be easily applied to
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1 [2.3, 3.6] [4.8, 6.9] [3.2, 5.7]
2 [3.8, 5.7] [5.1, 6.5] [2.8, 5.2]
3 [2.6, 3.9] [5.3, 7.8] [4.2, 4.5]

Table 1.An example of interval data table

interval data types by replacing each interval with a rep-
resentative (e.g, the median of the points in the interval).
However, this approach ignores the structure information
of the interval. As shown in Figure 1, if we use the cen-
troids to represent the intervals, we can not distinguish be-
tweenA andB. Very limited work has been reported on
clustering interval data.

([1,4],[2,4])
A

([2,3],[1,5])
B

C
([6,7],[2,4])

Figure 1.Limitations of using representative centroids to replace
intervals. A,B, C are three data objects with two interval at-
tributes. A andB have the same centroids. The representative
centroid ofC has the same Euclidean distance to the representa-
tive centroids of bothA andB.

In this paper, we study the problem of clustering interval
data, an important yet largely under-addressed problem.
First, we discuss various approaches for measuring the dis-
similarities/distances between interval data and investigate
the relations among them. We also present a comparative
study on various datasets. We show that the extended inter-
val data clustering achieves better performance than tradi-
tional ones and produces more meaningful and explanatory
results. Second, observe that there exists a natural two-
level hierarchical representation for interval data: at the
first level, the representative (e.g., the median of the points
in the interval) can be used to generate a coarse represen-
tation of the interval data; at the second level, a fine repre-
sentation is given by the interval to show its structure infor-



mation. The relationship between the coarse and fine rep-
resentations motivates a two-stage approach for clustering:
at the first stage, the coarse representation is used to obtain
a rough partition of the data; at the second stage, the fine
representation is employed to refine the partition and gen-
erate fine clusterings. Experimental results show that the
two-stage approach reduces the computation costs while
maintaining the clustering quality. The rest of the paper
is organized as follows: Section 2 presents various distance
measures for interval data and investigates the connections
among them. Section 3 describes the K-mean type algo-
rithm for clustering interval data. In particular, it discusses
the objective criterion and illustrates the optimization pro-
cedure. Section 4 introduces the two-stage approach for
clustering interval data, Section 5 shows the comparative
clustering results on real data sets, Section 6 provides the
conclusion and discusses future work.

2. Interval Distance Measures and Their
Relationships

In this section, we discuss various distance measures for
interval data and investigate the connections among them.
It should be pointed out that: although the following dis-
cussion is based on datasets having only interval type data,
it can be easily generalized to datasets having interval data
type as well as traditional single-value data type.

2.1. Interval Distance Measures

Interval data can be represented by a vector of inter-
val values. LetA = (A1, A2, · · · , Ap) and B =
(B1, B2, · · · , Bp) be two interval objects withp at-
tributes(variables) whereAi = [ai, bi] andBi = [ci, di]
indicate the values of the interval for theith variable.

First, as mentioned in Section 1, a naive way for measuring
the distance between the intervals is to compute the dis-
tances between their representatives. We refer to the naive
approach astraditional method. Hence based on differ-
ent choices of distance, we obtaintraditional L1 distance
andtraditional L2 distancefor interval data. Second, there
are other distance measures which explicitly consider the
boundary or the structure of the intervals. Typical examples
include Hausdorff distance [5], city-block distance [24],
and Minkowski(or Euclidean) distance [4]. We refer to
these type of measures as extended/modified dissimilarity
measures for interval data.

Table 2 lists various distance measures for interval data.
The first row in Table 2,U1, is one of most common dis-
similarity measures for interval data [9]. It computes the
distance between symbolic data by comparing their posi-
tions, spans, and contents. Specifically, the distanceU1
between these two interval objects A and B consists of

three types of dissimilarity measures(normalized to [0, 1])
Dπ(Ai, Bi), Ds(A

i, Bi), andDc(A
i, Bi). Dπ indicates

the relative positions of two attribute values on the real line,
where|Y i| is the maximum interval length along variablei.
Ds computes the span of interval data where|Ai| = bi−ai,
|Bi| = di − ci, andmax(bi, di) − min(ai, ci) (also de-
noted byAi ∪ Bi) is the span length ofAi andBi. Dc

considers the non-common parts ofAi andBi, wherein-
ter is the length of|Ai ∩ Bi|. Actually Dc is the normal-
ized length of non-common part ofAi andBi. WhenAi

andBi intersect each other,inter can be represented by
min(bi, di) − max(ai, ci), otherwise it is zero.

Note that|Ai∪Bi|−|Ai∩Bi| computes the outer-side near-
ness betweenAi andBi. and2|Ai∩Bi|−|Ai|−|Bi| com-
putes the inner-side nearness betweenAi andBi. Hence,
U2 dissimilarity measure computes the length of non-
common parts of interval values with a parameterγ that
controls the effect of the inner-side nearness and the outer-
side nearness and it can be thought as an approximation
to Dc in U1. In traditionalL1 andL2, ai+bi

2 and ci+di

2
are centroids ofAi andBi respectively. ModifiedL1 and
L2 distances are the natural generalization of traditionalL1

andL2 distances by taking into account the interval bound-
aries. The last dissimilarity measure in Table 2 is the Haus-
dorff distance which was initially defined to compare two
sets [5].

2.2. Relations Among Various Measures

In this section, we investigate the non-trivial relation-
ships among various distance measures. The relationships
among various measures are summarized in Figure 2.

First, theU2 dissimilarity measure can be viewed as an
approximation toDc in U1 as it computes the length of
non-common parts of interval values with a parameterγ

that controls the effect of the inner-side nearness and the
outer-side nearness.

Second, different choices ofγ yield different distance mea-
sures. Whenγ = 0, φu2 becomes|Ai ∪Bi| − |Ai ∩Bi|. It
can be easily shown that in this case, withq = 1, the object-
wise dissimilarity measureU2 is equivalent to the city-
block distance (i.e., modifiedL1 distance). Whenγ = 0.5,
component-wise dissimilarityφu2(A

i, Bi) can be denoted
as

n = φu2(A
i, Bi) =

bi − ai

2
−

di − ci

2
=

|Ai| − |Bi|

2
.

(1)
whereAi ⊆ Bi or Bi ⊆ Ai (one component contains the
other component). Similarly, whenAi and Bi intersect,
φu2(A

i, Bi) becomes

m = φu2(A
i, Bi) =

ai + bi

2
−

ci + di

2
, (2)



Name Object-wise dissimilarity measure Component-wise dissimilarity measure
U1 du1(A, B) =

∑p

i=1 D(Ai, Bi) Du1(A
i, Bi) = Dπ(Ai, Bi) + Ds(A

i, Bi)

+Dc(A
i, Bi),whereDπ(Ai, Bi) = |ai−ci|

|Y i| ,

Ds(A
i, Bi) = |Ai|−|Bi|

max(bi,di)−min(ai,ci) ,

andDc(A
i, Bi) = |Ai|+|Bi|−2·inter

max(bi,di)−min(ai,ci) .

U2 du2(A, B) = q
√

∑p
i=1[φu2(Ai, Bi)]q φu2(A

i, Bi) = |Ai ∪ Bi| − |Ai ∩ Bi|
+γ(2|Ai ∩ Bi| − |Ai| − |Bi|).

TraditionalL1 dTraL1(A, B) =
∑p

i=1 DTraL1(A
i, Bi) DTraL1(A

i, Bi) = |a
i+bi

2 − ci+di

2 |.
ModifiedL1 dModL1(A, B) =

∑p
i=1 DModL1(A

i, Bi) DModL1(A
i, Bi) = (|ai − ci| + |bi − di|).

TraditionalL2 dTraL2(A, B) =
∑p

i=1 DTraL2(A
i, Bi) DTraL2(A

i, Bi) = (ai+bi

2 − ci+di

2 )2.
ModifiedL2 dModL2(A, B) =

∑p

i=1 DModL2(A
i, Bi) DModL2(A

i, Bi) = ((ai − ci)2 + (bi − di)2).
Hausdorff dHau(A, B) =

∑p

i=1 DHau(Ai, Bi) DHau(Ai, Bi) = max(|ai − ci|, |bi − di|).

Table 2.Dissimilarity measures for interval data.U1 denotes Gowda and Diday’s dissimilarity measure [9] andU2 denotes Ichino and
Yaguchi’s first formulation of a dissimilarity measure [13]. ModifiedL1 is also known as city-block distance.|X| denotes the length of
the intervalX.

In this case, the object dissimilarity measuredu2 is thus
equal to traditional Minkowski dissimilarity measures for
interval data. In particular, whenq = 1, du2 is equiva-
lent to traditionalL1 distancedTraL1; whenq = 2, du2

is equivalent to traditionalL2 distancedTraL2. Hausdorff
distance synthesizes two possible situations of U2 in the
case ofγ = 0.5 at the same time. It can be represented as

dHau(A, B) =

p
∑

i=1

max(|m − n|, |m + n|) = |m| + |n|.

(3)

Observe that whenAi andBi intersect, the numerator of
Dc can be replaced by|ai − ci| + |bi − di|. So in this
situationDc is a normalized version of the modifiedL1

distance. WhenAi ⊆ Bi or Bi ⊆ Ai, Ds is also the
normalized version of modifiedL1 distance.Dπ is the nor-
malized Hausdorff distance when|ai − ci| > |bi − di|. In
addition, from formulas ofDTraL1, DModL1, DTraL2, and
DModL2, it is easy to deduce thatDModL1 > 2 × DTraL1

andDModL2 > 2 × DTraL2.

Figure 2.The Relations Among Various Dissimilarity Measures
for Interval Data

3. Clustering Interval Data

In this section, we present an alternative optimization pro-
cedure for clustering interval data. This procedure is a
natural extension of the popular K-means type algorithm.

Note that the following discussion can be easily general-
ized to datasets having interval data type as well as tradi-
tional single-value data type.

3.1. Introduction

Interval data can be represented by a vector of interval
values. LetA = {A1, A2, · · · , An} be a set of interval
objects. Each objectAi can be represented by a vector
Ai = (A1

i , A
2
i , · · · , A

p
i ), where there arep interval val-

ues thatAj
i = [aj

i , b
j
i ] and a

j
i ≤ b

j
i . Suppose we want

assign the symbolic objects in A intoK clustersC =
(C1, C2, · · · , CK), whereCk, 1 ≤ k ≤ K denotes thek-th
cluster. We also usei ∈ Ck to denote that thei-object is in
clusterCk. The clusters have their corresponding represen-
tations or prototypesG = (G1, G2, · · · , GK), whereGk

can be also represented as vectors of interval values such
thatGk = (g1

k, g2
k, · · · , gp

k), andg
j
k = [xj

k, y
j
k].

As discussed in Section 1, the clustering problem is deter-
mined by four basic components: the (physical) data repre-
sentation, the distance/dissimilarity measures, the objective
criterion, and the optimization procedure. The data repre-
sentation for interval data is a vector of interval values and
the distance measures are studied in Section 2. We now
present the objective criterion and describe the optimiza-
tion procedure.

3.2. Objective Criterion

The goal of clustering is to find the representation for each
cluster such that a corresponding criterionδ(k), defined as
the sum of distances between the representation and all ob-
jects in that cluster, is minimized. Let the representationof
clusterCk begk, and interval objects in clusterCk beAi

(i ∈ Ck). Based on different distance measures,δ(k) has



different representations as follows1:

1. δ(k) =
∑

i∈Ck
dTraL1(Ai, gk);

2. δ(k) =
∑

i∈Ck
dModL1(Ai, gk);

3. δ(k) =
∑

i∈Ck
dTraL2(Ai, gk);

4. δ(k) =
∑

i∈Ck
dModL2(Ai, gk);

5. δ(k) =
∑

i∈Ck
dHau(Ai, gk).

3.3. Clustering Procedure

The optimization procedure is a variant of K-means type
algorithm. The clustering is carried out by an iterative pro-
cedure that alternates between identification of the clus-
ter representations to minimizeδ and allocation of interval
data to the closest cluster.

Proposition 1 The prototypeGk = (g1
k, g2

k, · · · , gkp) of
clusterCk that minimizesδ, defined in Section 3.2, is given
as follows:

1. For traditionalL1 distance,gj
k = x

j
k, wherex

j
k is the

median of the set{
a

j

i
+b

j

i

2 |i ∈ Ck};

2. For modifiedL1 distance,gj
k = [xj

k, y
j
k], wherex

j
k is

the median of{aj
i |i ∈ Ck} and y

j
k is the median of

{bj
i |i ∈ Ck};

3. For traditionalL2 distance,gj
k = x

j
k, wherex

j
k is the

mean of the set{
a

j

i
+b

j

i

2 |i ∈ Ck};

4. For modifiedL2 distance,gj
k = [xj

k, y
j
k], wherex

j
k

is the mean of{aj
i |i ∈ Ck} and y

j
k is the mean of

{bj
i |i ∈ Ck};

5. For Hausdorff distance, the representation interval

data isg
j
k = [xj

k, y
j
k], wherexj

k = median{
a

j

i
+b

j

i

2 |i ∈

Ck} − median{
a

j

i
−b

j

i

2 |i ∈ Ck}, and y
j
k =

median{
a

j

i
+b

j

i

2 |i ∈ Ck} + median{
a

j

i
−b

j

i

2 |i ∈ Ck}.

Remark 1 Note that the representation prototypes for tra-
ditional L1 distance andL2 distance are shown in [11].
The representation prototypes for modifiedL1 distance and
L2 distance are natural generalizations of the traditional
ones. The derivation of the representation prototype for
Hausdorff distance follows from Equation 3.

Proposition 1 provides the basis of theIdentification Step
for the clustering procedure, i.e., to identify the representa-
tions of clusters to minimizeδ.

1We don’t includeU1 andU2 distance measures here as, in
practice, they are usually reduced to other measures [3].

Proposition 2 An interval objectAj is assigned to the
clusterm with the prototype which is nearest to that ob-
ject:

1. m = argminm=1,···,KdTraL1(Aj , gm);

2. m = argminm=1,···,KdModL1(Aj , gm);

3. m = argminm=1,···,KdTraL2(Aj , gm);

4. m = argminm=1,···,KdModL2(Aj , gm);

5. m = argminm=1,···,KdHau(Aj , gm).

Proposition 2 establishes theAllocation Step of the clus-
tering procedure, i.e., assigning each interval objectAj to
the clusterm with the prototype which is nearest to that
object.

3.4. Clustering Procedure

Based on the above Proposition 1 and Proposition 2, the
clustering procedure can be described as follows: An initial
cluster configuration is first generated. This can be done by
randomly assigning interval objects intoK clusters or by
choosingK interval objects as the initial representations of
the clusters. Then the clustering procedure iterates between
the identification step and allocation step until it converges
or some stopping criterion is met.

4. A Two-stage Approach

4.1. Motivation

There exists a natural two-level hierarchical representation
for interval data: at the first level, the representative (e.g.,
the median of the points in the interval) can be used to
generate a coarse representation of the interval data; at
the second level, a fine representation is given by the in-
terval to show its structure information. Since the tradi-
tional distance is obtained by computing the distance be-
tween the representatives of two intervals, sometimes we
also refer the coarse representation as traditional distance
and the fine representation as modified distance. The rela-
tionship between the coarse and fine representations moti-
vates a two-stage approach for clustering: at the first stage,
the coarse representation is used to obtain a rough parti-
tion of the data; at the second stage, the fine representation
is employed to refine the partition and generate fine clus-
terings. The two-stage approach reduces the computation
costs while maintaining the clustering quality.

4.2. The Two-Stage Approach

Note that the traditional distance ignores the structure of
the interval. However, it is simple and easy to compute. On



the other hand, the modified distance considers the inter-
val structure and needs more computations. Let traditional
interval distance such as traditionaldTraL1 anddTraL2 be-
tween objectx andy bedTra(x, y), and the corresponding
modified interval distance bedMod(x, y). From Section 2,
we know thatdMod(x, y) > dTra(x, y). This relationship
plays an important role in the two-stage approach for clus-
tering interval data.

Assume we want to cluster the interval data such that
when two objectsx and y are in the same cluster then
dMod(x, y) ≤ δ (Note that the clustering objective here
is a little bit different from the objective criterion discussed
in Section 3. The relations of the two objective criteria are
discussed in [14].). Let’s denote the final clustering as
CM = {CM

1 , CM
2 , · · · , CM

t }.

Proposition 3 Suppose we first use traditional dissimilar-
ity measuresdTra to partition the data into a number of
partitions such that: ifa and b are in the same partition,
dTra(a, b) ≤ δ, otherwisedTra(a, b) > δ. Then, if two ob-
jectsx andy are in the same cluster ofCM , x andy must
be in the same partition obtained usingdTra.

Remark 2 Proposition 3 follows from the fact that
dMod(x, y) > dTra(x, y) as described in Section 2.

Proposition 3 serves as the foundation for the two-stage ap-
proach for clustering interval data. Its key idea is to make
clustering both efficient and exact. In the first stage, we uti-
lize traditional dissimilarity measures (as rough and cheap
distance measures) to partition the data into a certain num-
ber of overlapping partitions (similar to that of [18]). Then
modified interval dissimilarity measures(rigorous and ex-
pensive) are used to perform clustering with the constraint
that the interval objects in the same final cluster should also
in the same partition obtained in the first stage. This could
reduce the computation of distances between the objects
not in the same partitions [18]. Formally, assume after the
first stage, if two objectsx andy are not in the same parti-
tion, thendTra(x, y) > δ. SincedMod(x, y) > dTra(x, y),
we havedMod(x, y) > δ. On the other hand, Ifx andy

are located in the same partition,dTra(x, y) ≤ δ. Then
dMod(x, y) may be less than or equal toδ, or greater than
δ. So whendMod(x, y) ≤ δ, they will be assigned into the
same cluster. Otherwise, new cluster will be derived from
the current partition. In a word, objects in the same final
cluster must be in the same partition.

4.3. Related Work on Multi-level Clustering

The two-stage approach can be thought of as a simple
multi-level clustering approach. The work that are closely
related to multi-level clustering can be characterized as
scale-space clustering [16, 26, 22], annealing for cluster-
ing [20, 2, 7, 12] and multi-resolution approaches [6, 21,

23]. The scale-space theory models the blurring effect of
lateral retinal interconnection by applying Gaussian filters
to a digital image [16]. In a nutshell, scale-space clustering
performs a blurring process in which smaller blobs merge
into larger ones until the whole image contains only one
light blow at a low enough level of resolution. This blurring
process is thus leading to a hierarchical clustering process.

Clustering via annealing provides clustering solutions at
different scales where the scale is directly related to the
temperature parameter which models the rate of distortion.
The phase transition in the annealing process indicates the
effective number of clusters in the solution which grows as
the temperature is lowered.

The multi-resolution approach includes Wavecluster [23]
and Multi-resolution instance-learning [6, 21]. Waveclus-
ter applies wavelet transform on the spatial data feature
space for detecting arbitrary shape clusters at different
scales. The high frequency parts correspond to the cluster
boundary while the low frequency parts correspond to the
clusters. Finding dense (connected) regions in the trans-
formed space is equivalent to finding the clusters. The
multi-resolution instance-learning tries to utilize the KD-
tree structure to improve the learning efficiency.

Most of these work aims for spatial clustering where the
data sets are images. For the spatial data, clustering at
different resolutions/scales usually corresponds to different
number of clusters and there is an induced hierarchical pro-
cedure associated with the clustering. In our work, we do
not assume a nested hierarchical clustering across differ-
ent resolutions. In fact, there is a natural hierarchy repre-
sentation for the interval dataset and it is not obtained by
Gaussian filtering or annealing process. Second, we have
a novel clustering procedure which utilizes the relationship
between the coarse and fine representations. The two-stage
approach reduces the computation costs while maintaining
the clustering quality.

5. Experiments

In this section, we conduct three sets of experiments: i) we
present a comprehensive experimental study to compare in-
terval clustering with traditional clustering on real datasets;
ii) we apply the interval data clustering to cluster replicated
microarray data; iii) we evaluate the two-stage approach.
The toolkits developed for interval data clustering can be
downloaded from the author’s homepage. The software is
written in J# in Microsoft .NET framework. It has been
tested on Windows XP operating systems.



5.1. Comparing Interval Clustering With Traditional
Clustering on Interval Data

5.1.1. DATASETS DESCRIPTION

We use two datasets in our experiments: fish dataset and
waveform dataset. The fish dataset is based on a sam-
ple of 67 fishes whose species and mercury concentra-
tions in 6 organs have been recorded. It is collected by
researchers from LEESA and can be downloaded from
http://www-rocq.inria.fr/sodas/WP6/data/data.html. The
dataset is classified into 4 groups. The waveform dataset is
taken from [15]. The problem is based on the three differ-
ent waveforms h1, h2 and h3 that are the shifted triangular
distributions. The interval data representation of the dataset
contains 30 individuals where each individual is described
by 21 interval attributes. The interval objects 1 to 10 for the
wave-1 group, the interval objects 11 to 20 for the wave-2
group, the interval objects 21 to 30 for the wave-3 group.

Figure 3.Entropy Comparisons of the Clustering Results for Fish
Dataset

5.1.2. EXPERIMENTAL RESULTS

We use entropy which measures how classes distributed on
various clusters to evaluate clustering quality of these tra-
ditional and extended interval methods [29]. Generally, the
smaller the entropy value, the better the clustering qual-
ity is. The entropy results for fish and waveform datasets
based on different dissimilarity measures are shown in Fig-
ure 3 and Figure 4, respectively. It can be observed that, in
general, modified interval approaches are better than tradi-
tional approaches.

5.2. Clustering Replicated Microarray Data

Clustering techniques has been widely applied in microar-
ray to identify patterns of gene co-expression. To improve
the precision of inherently noisy microarray data and to as-
sess the reproducibility of observed patterns, experimen-

Figure 4.Entropy Comparisons of the Clustering Results for
Waveform Dataset

tal replicates are usually performed in microarray measure-
ments. However, the majority of current clustering tech-
niques are not able to accommodate appropriately repli-
cated microarray data [28]. In the section, we investigate
the use of interval data clustering for replicated microarray
data.

5.2.1. DATASETS DESCRIPTION

Yeast galactose data of Ideker et al. [25] which is ex-
pression gene data with repeated measurements was used
in our experiments. 205 genes galactose data are dec-
sribed by 20 experiments or expression levels (nine dele-
tions and one wild-type without galactose and raffi-
nose, nine single-gene deletions and one wild-type ex-
periment with galactose and raffinose). Each experi-
ment contains four replicate hybridization expression val-
ues based on four different measurements. The expres-
sion patterns of these genes reflect four functional cat-
egories which is used to calculate our clustering qual-
ities. The missing data values are preprocessed by
KNN impute [28]. This dataset can be downloaded
from http://expression.microslu.washington.edu/expressi-
on/kayee/medvedovic2003/medvedovicbioinf2003.html.

5.2.2. INTERVAL DATA REPRESENTATION

Let Aj = (a1
j , a

2
j , · · · , a

i
j) be the value set ofj-th at-

tribute with i repeated values inside,meanj be the aver-
age/mean of setAj , andδ be the standard deviation. Let
minj, maxj , min′

j, and max′
j be the minimum value,

the maximum value, the second minimum value, and the
second maximum value ofAj , respectively. There are
four ways to transform sets of repeated values to inter-



vals. They are: (i) MinMax:Aj = [minj, maxj ]; (ii)
MinMax’: Aj = [min′

j , max′
j ]; (iii) MeanVar1: Aj =

[meanj − δ, meanj + δ]; and (iv) MeanVar2: Aj =
[meanj − 2 × δ, meanj + 2 × δ].

5.2.3. EXPERIMENTAL RESULTS

By summarizing and computing on the raw yeast galactose
dataset, we got nine alternative datasets of raw data. Four
datasets, denoted as Measure 1, Measure 2, Measure 3 and
Measure 4, are derived by extracting a particular value from
the four experiment, respectively. One is composed by se-
lecting means of repeated values as representative exper-
iment values, one by selecting MeanVar1, one by Mean-
Var2, one by MinMax, and one by MinMax’.

To measure the clustering performance, we use entropy,
purity and adjusted Rand Index as they are widely used
in microarray data analysis. The larger the Purity value,
the better the clustering quality is [29]. Adjusted Rand In-
dex is a statistic to assess the clustering quality compared
against assigned known classes. The Rand Index is defined
as the number of pairs of objects which are both located
in the same cluster and the same class, or both in different
clusters and different classes, divided by the total number
of objects [27]. Adjusted Rand Index which adjusts Rand
Index is set between[0, 1] [10]. The higher the Adjusted
Rand Index, the better the clustering quality is.

The Adjusted Rand Index, Entropy, Purity of clustering re-
sults are shown in Figure 5. MeanVar1, MeanVar2, Min-
Max, and MinMax’ represent raw yeast galactose data by
interval data. Mean is the mean value of four repeated ex-
periments. Measure 1, Measure 2, Measure 3, and Mea-
sure 4 represent a single experimental value based on four
measurements, respectively. We use modified interval k-
means to cluster the former four representatives by modi-
fiedL2 dissimilarity, and traditional k-means to cluster the
rest ones by traditionalL2.

Figure 5.Performance Comparisons of the Clustering Results on
Yeast galactose Dataset. Results are obtained by averaging15
trials.
From performance comparisons, we observe that gen-

erally all interval approaches yield better results than
traditional approaches. To get a better understanding of
the advantages of interval approaches, we take a a closer
look at some examples from experimental results. For
instance, GeneRPS8Aand GeneRPL23Aare supposed to
be categorized into the same class while GeneRPS6Bstays
in different class according to external knowledge. Using
the modified interval approach on MinMax, GeneRPS8A
and GeneRPL23A are perfectly assigned to the same
cluster. However, using the traditional approach based
on Mean, GeneRPL23A and GeneRPS6Bare grouped
together and GeneRPS3Ais separated from GeneRPL23A.
In other word, DInter(RPS8A, RPL23A) =
18.7492 < DInter(RPL23A, RPS6B) = 21.5498,
whereas DTra(RPL23A, RPS6B) = 9.47405 <

DTra(RPS8A, RPL23A) = 20.3835.

In general, modified interval dissimilarity measures explic-
itly consider the structure of interval data and yield better
clustering results. Moreover, another advantage of mod-
ified interval approaches over traditional ones is that the
output cluster prototypes are represented by intervals which
are more descriptive than simple quantitative values.

5.3. Two-Stage Approach

In this section, we illustrate the two-stage approach for
clustering interval data. Figure 6 illustrate a small example
of the two-stage approach on the fish dataset. In the first
stage, we partition the dataset based on traditionalL1 dis-
tance(rough and cheap distance metric) into three clusters
(partitions) as shown in the second bar of Figure 6. In the
second stage, B is further divided into into two clusters us-
ing modifiedL1 distance(rigorous and expensive distance
metric) as shown in the third bar of Figure 6.

1         2         3         4        5         6         7         8         9        10       11       12


The correct categorization of fish data


Traditional clustering with 3 partitions


Split cluster B by modified interval distance


Cluster A
 Cluster D
Cluster C
Cluster B


Figure 6.An Example of the Two-stage Approach.
We also apply the two-stage approach on Yeast Galactose
Data. We compare the direct clustering approach and two-
stage approach to cluster yeast galactose data. Direct clus-
tering approach partitions MinMax’ interval objects based
on modifiedL2 until the desired number of clusters is
formed. In this experiment, as the number of known classes
is four, we then cluster data into four clusters by direct
clustering. Two-stage clustering combines the traditional
distance and the modified interval distance to make clus-



tering both effective and efficient. In our experiment, we
firstly partition the dataset into three groups based on tra-
ditional L2, and then modified interval distance is used to
divide the cluster with the largest diameter further into two
clusters. Table 3 compares the clustering quality of direct
clustering and two-stage clustering Furthermore, the aver-
age running time of these two clustering approaches are
also compared. As you can see from the Table 3, the clus-
tering performance of the two-stage approach is very close
to that of the direct clustering. The performance difference
is very small: the entropy of two-stage clustering is0.204
and the entropy of direct clustering is0.182; the purity of
two-stage clustering is0.763 and the entropy of direct clus-
tering is0.754; the ARI of two-stage clustering is0.900
and the entropy of direct clustering is0.915. However, the
time saving is significant: the running time for two-stage
is 74.8ms while the running time for direct clustering is
255.1ms. In summary, the two-stage clustering saves com-
putation time without losing clustering quality.

Methods Entropy ARI Purity Time
Two-Stage 0.204 0.763 0.900 74.8
Direct Clustering 0.182 0.754 0.915 255.1

Table 3.Comparisons of Direct Clustering with Two-Stage Ap-
proach. ARI stands for Adjusted Rand Index. Time is reportedin
millisecond.

6. Conclusion

In this paper, we study the problem of clustering inter-
val data. We discuss various interval data distance mea-
sures and present a comparative study on clustering inter-
val data. Our experimental results show that extended in-
terval data clustering achieves better performance than tra-
ditional ones, and extended interval approaches excel the
traditional ones by taking fully advantages of repeated val-
ues. In addition, two-stage approach makes clustering both
efficient and exact. Interval data analysis can be extended
to summarize standard objects to a single interval object.
For example, objects in the same cluster, or the same class,
can be combined to form one object. The values which de-
scribe the same attribute of these objects can be dealt with
as repeated values as in 5.2. The methods for extracting
interval objects from classical data include clustering, dis-
crimination, factorial analysis, or decision tree.
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