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Abstract—The classification of tissue samples based on gene expression data is an important problem in medical diagnosis of
diseases such as cancer. In gene expression data, the number of genes is usually very high (in the thousands) compared to the
number of data samples (in the tens or low hundreds); that is, the data dimension is large compared to the number of data points (such
data is said to be undersampled). To cope with performance and accuracy problems associated with high dimensionality, it is
commonplace to apply a preprocessing step that transforms the data to a space of significantly lower dimension with limited loss of the
information present in the original data. Linear Discriminant Analysis (LDA) is a well-known technique for dimension reduction and
feature extraction, but it is not applicable for undersampled data due to singularity problems associated with the matrices in the
underlying representation. This paper presents a dimension reduction and feature extraction scheme, called Uncorrelated Linear
Discriminant Analysis (ULDA), for undersampled problems and illustrates its utility on gene expression data. ULDA employs the
Generalized Singular Value Decomposition method to handle undersampled data and the features that it produces in the transformed
space are uncorrelated, which makes it attractive for gene expression data. The properties of ULDA are established rigorously and
extensive experimental results on gene expression data are presented to illustrate its effectiveness in classifying tissue samples.
These results provide a comparative study of various state-of-the-art classification methods on well-known gene expression data sets.

Index Terms—Microarray data analysis, discriminant analysis, generalized singular value decomposition, classification.
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1 INTRODUCTION

DNA microarrays, pioneered in [7], [10], are novel
technologies that are designed to measure gene

expression levels of tens of thousands of genes in a single
experiment. The ability to measure gene expression levels
for a very large number of genes, covering the entire
genome in the case of some small organisms, raises the
issue of characterizing cells in terms of gene expression
levels, that is, using gene expression data to determine the
state and functions of the cells. The most fundamental of the
characterization problems is that of identifying a set of
genes and their expression patterns that either characterize
a certain cell state or predict a certain cell state in the future.
A key step in this direction is the development of tools for
classifying tissue samples according to their gene expres-
sion levels. Specifically, given a collection of gene expres-
sion data, grouped into classes according to, say, disease
type, the goal is to decide which class a new tissue sample
likely belongs to. Further discussion on this can be found in
[1], [3], [5], [9], [11], [13], [15], [22], [25], [35].

Gene expression data possess characteristics that makes
the task of classification quite challenging. Expression data
usually contains a large number of genes (typically, in the
thousands) and a small number of samples (typically, in the

tens or low hundreds). In machine learning terminology,
these data sets are said to have high dimension and small
sample size (i.e., undersampled data sets). Many methods
have been proposed in the past to reduce the data
dimensionality by selecting only a subset of the most
relevant genes. In expression data, many gene groups
interact closely. Gene interactions are important biologically
and may contribute to class distinctions. Ignoring them is
not desirable. Most gene selection methods, however, rely
on rank-based schemes [8] and tend to ignore correlations
between genes [23].

Linear Discriminant Analysis [12], [16] is a well-known
scheme for feature extraction and dimension reduction. It
has been used widely in many applications such as face
recognition [4], text classification [17], [32], microarray data
classification [8], etc. Given a set of high-dimensional data
grouped into classes, classical LDA aims to find an optimal
transformation that maps the data into a lower-dimensional
space (while preserving the class structure) that minimizes
the within-class distance and simultaneously maximizes the
between-class distance, thus achieving maximum discrimi-
nation. The optimal transformation is readily computed by
applying the eigen-decomposition on the scatter matrices.
An intrinsic limitation of classical LDA is that its objective
function requires that at least one of the scatter matrices be
nonsingular. However, for many applications, such as
microarray data classification, face recognition, and text
classification, all scatter matrices in question can be singular
since the data are from a very high-dimensional space and,
in general, the dimension exceeds the sample size. This is
known as the undersampled or singularity problem. More
details can be found in [20], [32].

This paper proposes ULDA, a feature extraction and
dimension reduction algorithm based on discriminant
analysis. This method has several advantages. First, the
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transformed features obtained via ULDA are linear combi-
nations of the original genes. In other words, ULDA takes
the relationship between different genes into consideration.
Second, we show theoretically that the features in the
transformed space are uncorrelated, thus ensuring mini-
mum redundancy among the features in the reduced space.
Third, as we know, classical discriminant analysis fails if the
within-class scatter matrix is singular [12]. For gene
expression data, the within-class scatter matrix is usually
singular owing to the large number of genes and the small
size of observations. ULDA utilizes Generalized Singular
Value Decomposition [14] to overcome this undersampling
problems. Recent extensions of ULDA, as well as more
detailed theoretical analysis can be found in [30], [31].

The rest of the paper is organized as follows: Section 2
provides background on related work. Classical Linear
Discriminant Analysis is introduced in Section 3. Section 4
proposes ULDA for the special case, where the scatter
matrix is nonsingular. Section 5 presents ULDA for the
general case, which deals with the undersampled problems.
Experimental results are presented in Section 6. Finally,
Section 7 offers conclusions and further discussion.

2 RELATED WORK

There has been extensive research in tissue classification
based on gene expression data. These methods include K-
Nearest Neighbor (KNN), decision tree, naive Bayesian,
bagging, boosting, discriminant analysis, Diagonal Linear
Discriminant Analysis, Nearest Shrunken Centroid classi-
fier, Support Vector Machines, and Multicategory Support
Vector Machines (see, for example, [8], [21], [28]). In the
following, we give a brief overview of four methods used
in our empirical study.

K-Nearest Neighbor (KNN): KNN is a nonparametric
classifier and theoretical studies have shown that its error
is asymptotically at most twice that of the Bayesian error
rate. KNN finds the K-nearest neighbors among training
samples and uses the categories of the K neighbors to
determine the category of the test sample. The parameter
K for the number of neighbors is usually quite small
(usuallyK ¼ 1) due to the small size of the data sets. KNN
was previously studied for tumor classification in [8].

Diagonal Linear Discriminant Analysis (DLDA): Diagonal
Linear Discriminant Analysis [8] is a simplification of
classical LDA, which applies the common diagonal
covariance matrix to all classes. It is computationally
more efficient than other LDA-based algorithms. Inter-
estingly, the “weighted voting scheme” for binary
classification proposed in [15] can be shown to be a
variant of DLDA.

Nearest Shrunken Centroid (NSC): Nearest Shrunken
Centroid classification [28] is an extension of standard
nearest centroid classification. It “shrinks” each of the
class centroids toward the overall centroid by an amount
called the threshold. This shrinking consists of moving the
centroid toward zero by the threshold amount, and
setting it equal to zero if it hits zero. After shrinking the
centroids, the new sample is classified by the usual
nearest centroid rule, but using the shrunken class
centroids. This shrinking has two advantages: 1) it can
make the classifier more accurate by reducing the noise,
and 2) it does automatic gene selection. However, the
choice of the threshold using cross-validation for a range

of threshold values can be expensive, especially for large
and high-dimensional data.

Support Vector Machines (SVM): Support Vector Ma-
chines (SVMs) [6], [29] have shown superb performance
in binary classification tasks. Basically, Support Vector
Machine computes a hyperplane that separates two
classes of data with so-called maximum margin. To
extend SVM to multicategory classification tasks, several
methods have been proposed including those solving
multiclass SVM in one step, and those based on binary
classifications, such as one-against-all, one-against-one,
and directed acyclic graph SVM (DAGSVM). Hsu and
Lin did extensive experiments in [18] showing that the
one-against-one and DAG methods are more suitable for
practical use than the other methods. We therefore use
the one-against-one scheme in our comparative studies.

3 CLASSICAL LINEAR DISCRIMINANT ANALYSIS

The notations used in the remainder of this paper are listed

in Table 1.
Given a gene expression data matrix A ¼ ðaijÞ 2 IRp�n,

where each column corresponds to a sample and each row
corresponds to a particular gene, we consider finding a
linear transformation G 2 IRp�‘ (‘ < p) that maps each
column ai of A, for 1 � i � n, in the p-dimensional space to
zi in the ‘-dimensional space. That is,

G : ai 2 IRp ! zi ¼ GT � ai 2 IR‘: ð1Þ

The resulting data matrix AL ¼ GT �A 2 IR‘�n contains
‘ rows, i.e., there are ‘ features for each sample in the
reduced (transformed) space. The features in the reduced
space are linear combinations of the features in the
original high-dimensional space, where the coefficients
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of the linear combinations depend on the transformation
matrix G.

A common way to compute the transformation matrix G
is through classical Linear Discriminant Analysis (LDA).
Classical LDA aims to compute the optimal transformation
matrix G such that the class structure is preserved. More
details are given below.

Assume that there are k classes in the data set. Suppose
that mi, Si, Pi are the centroid, covariance matrix, and a
prior probability of the ith class, respectively, and that m is
the global centroid. Then, the between-class scatter matrix
Sb, the within-class scatter matrix Sw, and the total scatter
matrix St are defined as follows [12]:

Sb ¼
Xk
i¼1

Piðmi �mÞðmi �mÞT ; ð2Þ

Sw ¼ 1

n

Xk
i¼1

Si; ð3Þ

St ¼ Sb þ Sw: ð4Þ

The covariance matrix Si of the ith class can be
decomposed as Si ¼ ~AAi

~AAT
i , where each column of ~AAi

corresponds to a data point from the ith class from which
centroid mi has been subtracted.

Define the matrices

Hw ¼ 1ffiffiffi
n

p ½ ~AA1; � � � ; ~AAk�;

Hb ¼ ½
ffiffiffiffiffi
P1

p
ðm1 �mÞ; � � � ;

ffiffiffiffiffiffi
Pk

p
ðmk �mÞ�:

ð5Þ

Then, the scatter matrices Sw and Sb can be expressed as

Sb ¼ HbH
T
b ; Sw ¼ HwH

T
w: ð6Þ

The traces of the within-class and between-class scatter
matrices can be computed as follows:

traceðSbÞ ¼
Xk
i¼1

Pijjmi �mjj2;

traceðSwÞ ¼
1

n

Xk
i¼1

jj ~AAijj2F :

Hence, traceðSwÞ measures the closeness of the vectors
within the classes, while traceðSbÞ measures the separation
between the classes.

In the lower-dimensional space resulting from the linear
transformation G, the within-class and between-class scatter
matrices become

SL
w ¼ ðGTHwÞðGTHwÞT ¼ GTSwG;

SL
b ¼ ðGTHbÞðGTHbÞT ¼ GTSbG:

An optimal transformation G would maximize traceðSL
b Þ

and minimize traceðSL
wÞ. A common optimization for

computing optimal G in classical LDA is

G ¼ argmax
G

trace GTSwG
� ��1

GTSbG
� �

: ð7Þ

The solution can be readily computed by applying an eigen-
decomposition on S�1

w Sb, provided that the within-class
scatter matrix Sw is nonsingular. Since the rank of the
between-class scatter matrix is bounded from above by

k� 1, there are at most k� 1 discriminant vectors by
classical LDA.

Note that a limitation of classical discriminant analysis in
many applications involving small sample data, including
gene expression data, is that the matrix Sw can be singular.
This is knownas theundersampledor singularityproblems [20].

4 UNCORRELATED DISCRIMINANT ANALYSIS FOR

NONSINGULAR Sw

Consider a variant of classical LDA in (7) as follows:

G ¼ arg max
G2IRp�‘

:GTStG¼I‘

F ðGÞ; ð8Þ

where

F ðGÞ ¼ trace GTSwG
� ��1

GTSbG
� �

:

From linear algebra, there exists a nonsingular matrix X
such that

XTSwX ¼ Ip;

XTSbX ¼ � ¼ diagð�1; � � � ; �pÞ;
ð9Þ

where �1 � �2 � � � � � �p � 0.
It can be shown that the matrix consisting of the first

q columns of X (with normalizations) solves the optimiza-
tion problem in (8), where q is the rank of the matrix Sb, as
stated in the following theorem (the proof is attached in the
Appendix).

Theorem 4.1. Let the matrix X be defined in (9), and
q ¼ rankðSbÞ. Let

G� ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �1

p X1; � � � ;
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ �q

p Xq

" #
;

whereXi is the ith column of the matrixX and �i is defined in
(9). Then, G� solves the optimization problem in (8).

An efficient algorithm for computing fXigqi¼1 through
QR decomposition is given in Algorithm 1.
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A nice property of the proposed LDA algorithm is that
the features in the transformed space are uncorrelated, as
stated in the following theorem (the proof is attached in the
Appendix).

Theorem 4.2. Let G� be defined as in Theorem 4.1 and let Y be
the original feature vector. The transformed feature of Y is
denoted as Z ¼ GTY . Let the ith feature component of Z is
Zi ¼ XT

i Y . Then, Zi and Zj are mutually uncorrelated, for
any i 6¼ j.

5 UNCORRELATED DISCRIMINANT ANALYSIS FOR

THE GENERAL CASE

In Section 4, a variant of classical LDA is presented in (8).
An efficient algorithm through QR decomposition is
presented, provided that Sw is nonsingular. The key to the
efficiency of the algorithm is the simultaneous diagonaliza-
tion of the matrices Sw and Sb. In this section, we extend the
algorithm to the case when Sw is singular.

In numerical linear algebra, a common way to diagona-
lize two matrices together is through the Generalized
Singular Value Decomposition (GSVD). More details on
GSVD can be found in [14].

Let

� ¼ HT
b

HT
w

� �
;

which is an ðnþ kÞ by pmatrix. By the Generalized Singular
Value Decomposition, there exist orthogonal matrices
U 2 IRk�k, V 2 IRn�n, and a nonsingular matrix X 2 IRp�p,
such that

U 0
0 V

� �T
�X ¼ �1 0

�2 0

� �
; ð10Þ

where

�1 ¼
Ib 0 0
0 Db 0
0 0 0b

2
4

3
5; �2 ¼

0w 0 0
0 Dw 0
0 0 Iw

2
4

3
5:

Here,

Ib 2 IRr�r and Iw 2 IRðt�r�sÞ�ðt�r�sÞ

are identity matrices,

0b 2 IRðk�r�sÞ�ðt�r�sÞ and 0w 2 IRðn�tþrÞ�r

are zero matrices with

r ¼ rankð�Þ � rankðHwÞ;
s ¼ rankðHbÞ þ rankðHwÞ � rankð�Þ;

and

Db ¼ diagð�rþ1; � � � ; �rþsÞ;
Dw ¼ diagð�rþ1; � � � ; �rþsÞ

are diagonal matrices satisfying

1 > �rþ1 �; � � � ;� �rþs > 0;

0 < �rþ1 �; � � � ;� �rþs < 1;

and �2
i þ �2

i ¼ 1 for i ¼ rþ 1; � � � ; rþ s.

From (10), we have

HT
b X ¼ U �1 0½ �

HT
wX ¼ V �2 0½ �

and

XTHbH
T
b X ¼ �T

1 �1 0

0 0

� �
� D1;

XTHwH
T
wX ¼ �T

2 �2 0

0 0

� �
� D2:

Hence, a natural extension of the proposed LDA
algorithm in Section 4 is to choose the first q ¼ rþ s
columns of the matrix X in (10) as the transformation
matrix G. Note that no normalization is required here since
�T

1 �1 þ �T
2 �2 is an identity matrix. The main algorithm is

given in Algorithm 2.

The following result is straightforward from Theorem 4.1.

Theorem 5.1. Let G� ¼ ½X1; � � � ; Xq�, where Xi is computed by
GSVD as in (10), and let Y be the original feature vector. The
transformed feature of Y is denoted as Z ¼ GTY . Let the ith
feature component of Z is Zi ¼ XT

i Y . Then, Zi and Zj are
mutually uncorrelated, for any i 6¼ j.

6 EXPERIMENTAL RESULTS AND ANALYSIS

The ULDA algorithm is implemented in MATLAB. The
source code and all the data sets used in the following
experiments can be accessed at http://www.cs.umn.edu/
~jieping/ULDA.

6.1 The Data Sets

We use a wide range of publicly available data sets and we
expect these data sets would provide us enough insights on
the behavior of ULDA.

. TheALL/AML database contains the gene expression
profiles of two acute cases of leukemia: acute
lymphoblastic leukemia (ALL for short) and acute
myeloblastic leukemia (AML for short). The ALL part
of the data set comes from two sample types, B-cell
andT-cell, and theAMLpart is split into bonemarrow
samples and peripheral blood. This data set was first
studied in the seminal paper ofGolub et al. [15].Golub
et al. studied this problem to address the binary
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classification problem between the AML samples and
the ALL samples. However, due to the bipartition of
each component, it can be treated as a three-class data
set (B-cell, T-cell, and AML) or as a four-class data set
(B-cell, T-cell,AML-BM, andAML PB). The three-class
version is referred to here as ALL-AML-3 and the
four-class version as ALL-AML-4.

. The LEUKEMIA data set comes from a study of
gene expression in two types of acute leukemias:
acute lymphoblastic leukemia (ALL) and acute
myeloblastic leukemia (AML), and is available at
http://www.genome.wi.mit.edu/MPR. It was stu-
died in [8], [15].

. The ALL data set [34] covers six subtypes of acute
lymphoblastic leukemia. The data set is available at
http://www.stjuderesearch.org/data/ALL1.

. The GCM data set consists of 198 human tumor
samples spanning fourteen different cancer types.
The data set was first studied in [24], [33].

. SRBCT [19] is the data set of small, round blue cell
tumors of childhood and can be downloaded at
http://research.nhgri.nih.gov/microarray/Supple
ment. This data set consists of 83 samples spanning
four classes (excluding five samples as done in [27]).

. LYMPHOMA is a data set of the three most
prevalent adult lymphoid malignancies and is
available at http://genome-www.stanford.edu/
lymphoma. The data set was first studied in [1].

. The COLON data set in [2] consists of 40 tumor and
22 normal colon tissues. The data set is available at
http://microarray.princeton.edu/oncology.

. The PROSTATE data set in [26] contains 52 prostate
tumor samples and 50 nontumor prostate samples. It
is available at http://www.broad.mit.edu/cgi-bin/
cancer/data sets.cgi.

The characteristics of the above data sets are summarized
in Table 2.

We performed our benchmark study by repeated
random splitting into learning and test sets exactly as in
[8]. The data was partitioned randomly into a learning set
consisting of two-thirds of the whole set and a test set
consisting of one-third of the whole set. To reduce the
variability, the splitting was repeated 50 times and the
resulting accuracies were averaged.

6.2 Experimental Setup

We used the classification accuracy on the test set as the
performance measure. All of our experiments were per-
formed on a P4 2GHz machine with 512M memory running
Linux 2.4.9-31. Classification is done via the K-Nearest
Neighbor (KNN) algorithm with K ¼ 1.

6.3 Gene Selection

As we discussed in Section 3, ULDA sets an upper limit on
the number dimensions in the transformed space due to the
rank issues. For KNN and DLDA, the classification results
from using selected features are reported. The feature
selection is based on the BW ratio described in [8]. Basically,
for a gene j, the BW ratio is

BWðjÞ ¼
P

i

P
k Iðyi ¼ kÞðmkðjÞ �mðjÞÞ2P

i

P
k Iðyi ¼ kÞðaij �mkðjÞÞ2

;

where mðjÞ and mkðjÞ denote the average expression level
of gene j across all samples and across samples belonging to
class k only, yi is the class label for the ith sample, and aij is
the expression level of gene j in the ith sample. Ið�Þ denotes
the indicator function, which equals 1 if the condition of the
indicator function in the parenthesis is true and 0 otherwise.
The number of genes selected is based on cross-validation.
All the genes in the data set are used in ULDA and SVM
and, thus, gene selection was not applied for these two
methods.

6.4 Experimental Results

Gene selection is applied as the preprocessing step for both
KNN and DLDA, where the optimal number of selected
genes is determined by cross-validation. Fig. 1 shows the
effect of gene selection on the classification performance of
KNN (left) and DLDA (right). The horizontal axis denotes
the data sets and the vertical axis denotes the classification
accuracy. We can observe that gene selection improves the
performance of both KNN and DLDA. The improvement is
more significant for DLDA, which is related to the
estimation scheme of the covariance matrix applied in
DLDA. We also applied gene selection for ULDA and SVM,
and the results show that the improvement of classification
accuracy is small. In the following experiments, we report
the results on KNN and DLDA with gene selection.

The number of reduced dimensions in ULDA is set to be
q ¼ rankðHbÞ. (See line 4 of Algorithm 2.) However, the last
few dimensions may have been contributed by the noise in
the data set. To verify this, we run ULDA by keeping the
first ~qq dimensions only, where 1 � ~qq � q. The classification
results on the GCM data set are shown in Fig. 2, where the
horizontal axis is the number of reduced dimensions and
the vertical axis is the classification accuracy. We can
observe that the accuracy monotonically increases when the
number of reduced dimensions increases, until the max-
imum possible value q ¼ rankðHbÞ is reached. Similar trends
have been observed from other data sets, so the results are
omitted. In the following experiment, we keep all the
q dimensions for ULDA.
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Table 3 presents the experimental results and show

performance comparisons. Boxplots of classification accura-

cies for different algorithms are presented in Figs. 3, 4, 5, 6,

and 7. It can be seen that ULDA is close to the best classifier

in all cases. We can also observe that for many data sets, the

performance of different algorithms are close to one

another. However, the optimal values of the parameters

involved in KNN, DLDA, NSC, and SVM seem to be

problem-dependent. It may be expensive to choose the

optimal parameters via cross-validation, whereas ULDA

has the advantage of not involving any parameters.
We showed theoretically in Section 4 and Section 5 that the

features extracted by ULDA are uncorrelated, i.e., ULDA

removes the redundancy in the original features while

keeping themost discriminative information. This theoretical

result is further confirmed by the comparative results in

Table 3. For most data sets used in the experiments, the

original dimensions are in the thousands or tens of

thousands, while the reduced dimensions by ULDA are less

than 10 inmost cases. ULDA is able to extract a small number

of discriminative features without loss of classification

accuracy (ULDA is competitive to KNN in all data sets).

Let us take a closer look at DLDA. The key difference

between DLDA and ULDA is that DLDA only uses a subset

of genes, while ULDA utilizes the information from all the

genes and removes the redundant features. As mentioned

in Section 1, in expression data, many gene groups interact

closely. Gene interactions are important biologically and

may contribute to class distinctions. This is confirmed by

the competitive performance of ULDA over DLDA. How-

ever, it is interesting to note that a simple classifier such as

DLDA performs reasonably well. For large and high-

dimensional gene expression data, DLDA is advantageous,

due to its high efficiency.
The competitive performance of ULDA over SVM is

partly due to the high dimension of the gene expression

data. In general, high dimension leads to high possibility of

linear separability between different classes. It is worth-

while to note that SVM involves the tuning of certain

parameters, which are usually data-dependent and can be

expensive, while ULDA is parameter-free.
We now take a close look at the results obtained byULDA.

On ALL-AML-3 and ALL-AML-4, errors were made in

distinguishingbetween the subtypesofALL (B-cellandT-cell)

and the subtypes of AML (AML-BM and AML-PB). This is

understandable due to the extremely small size of the

subtypes. The performance on GCM is not good for all the

classifiers. As discussed in [24], multiclass distinctions

among highly related tumor types are intrinsically difficult.

The low accuracy is probably due to the small sample size

versus the relative large number of classes. In addition, the

effects of biological and measurement noise, contaminating

nonmalignant tumor components, and inclusion of geneti-

cally heterogeneous samples within clinically defined tumor

classes may all effectively decrease predictive power [24].

Increasing both gene and sample numbers would be a

plausible solution for better prediction.
In summary, our ULDA algorithm is an effective method

for tissue classification. The experimental results along with

the theoretical proofs show that ULDA provides a good

choice for practical classification problems.
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Fig. 2. Effect of the number of reduced dimensions on the classification

performance of ULDA for the GCM data set.



7 CONCLUSIONS

In this paper, we have presented an algorithm, called
ULDA for gene expression data classification. The features
in the transformed spaces of ULDA are uncorrelated. In
addition, ULDA utilizes GSVD to handle the undersampled
problems. As a result, ULDA shows good discriminating
power in gene expression data analysis. Extensive experi-
ments clearly demonstrate its effectiveness.

There are several natural avenues for future research.
First, we could incorporate prediction strength [15] in
ULDA. The prediction strength can be naturally defined as
a function of the distance between the new instance and the
class center in the transformed space of ULDA. Second,
since the features in the transformed space obtained via
ULDA are uncorrelated, combining other methods with
ULDA is a promising direction for further investigation.

Third, ULDA basically performs dimension reduction by

transforming the original data into a low-dimensional

space. In the transformed space, each feature is a linear

combination of the original features (genes). We plan to

explore the relationship between the coefficients of the

transformation matrix and the discriminating power of

genes.

APPENDIX

Proof of Theorem 4.1. It is clear that ðG�ÞTStG
� is an

identity matrix, i.e., the constraint in (8) is satisfied. Next,

we only need to show that the minimum of F ðGÞ is

obtained at G�.
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Comparison of Classification Accuracy Rate for Five Classifiers and Nine Data Sets

The mean and standard deviation (in parenthesis) of accuracies from 50 runs are reported.

Fig. 3. Boxplots of classification accuracies for Uncorrelated Linear Discriminant Analysis (ULDA), K-Nearest Neighbor (KNN), Diagonal Linear

Discriminant Analysis (DLDA), Nearest Shrunken Centroid (NSC), and Support Vector Machines (SVM) on the ALL-AML-3 and ALL-AML-4 data

sets.



F ðGÞ ¼ trace GTSwG
� ��1

GTSbG
� �� �

¼ trace ~GG ~GGT
� ��1 ~GG� ~GGT

� �� �
;

where ~GG ¼ X�1Gð ÞT and � is defined in (9). Let ~GGT ¼ QR

be the reduced QR factorization of ~GGT , where Q 2 IRp�‘

has orthonormal columns and R is nonsingular. Using

the fact that traceðABÞ ¼ traceðBAÞ, for any matrices A

and B, we have

F ðGÞ ¼ trace RTR
� ��1

RTQT�QR
� �� �

¼ trace R�1QT�QR
� �

¼ trace QT�QRR�1
� �

¼ trace QT�Q
� �

� �1 þ � � � þ �q;

where the inequality becomes equality for

Q ¼ I‘
0

� 	
or G ¼ X

I‘
0

� 	
R;

when the reduced dimension ‘ ¼ q. Note that R is an

arbitrary nonsingular matrix and G� corresponds to the

case when we choose R to be

R ¼ diag
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ �1

p ; � � � ; 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �q

p
 !

:

This completes the proof of the theorem. tu
Proof of Theorem 4.2. It is easy to check that the covariance

between Zi and Zj can be computed as

CovðZi; ZjÞ ¼ EðZi � EZiÞðZj � EZjÞ
¼ XT

i fEðY � EY ÞðY �EY ÞTgXj

¼ XT
i StXj:

ð11Þ

Hence, their correlation coefficient is

CorðZi; ZjÞ ¼
XT

i StXjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XT

i StXi

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XT

j StXj

q : ð12Þ
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Fig. 4. Boxplots of classification accuracies for ULDA, KNN, DLDA, NSC, and SVM on the LEUKEMIA and ALL data sets.

Fig. 5. Boxplots of classification accuracies for ULDA, KNN, DLDA, NSC, and SVM on the GCM and SRBCT data sets.



Since XT
i StXj ¼ 0, for i 6¼ j, we have CorðZi; ZjÞ ¼ 0,

for i 6¼ j. That is, the components of the vectors
transformed by the proposed LDA algorithm are
mutually uncorrelated. This completes the proof of the
theorem. tu
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