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ABSTRACT

Clustering is the problem of identifying the distributiohpatterns and in-
trinsic correlations in large data sets by partitioning tzg¢a points into
similarity classes. This paper studies the problem of etirgg binary data.
This is the case for market basket datasets where the ttamsacon-
tain items and for document datasets where the documentaicdhag of
words”. The contribution of the paper is three-fold. Firgieneral binary
data clustering model is presented. The model treats tlzeattat features
equally, based on their symmetric association relationd, explicitly de-
scribes the data assignments as well as feature assignriéatsharacter-
ize several variations with different optimization proaees for the general
model. Second, we also establish the connections betweetiustering
model with other existing clustering methods. Third, wepaléscuss the
problem for determining the number of clusters for binagystéring. Ex-
perimental results show the effectiveness of the proposestiecing model.

Categories and Subject Descriptors

1.2 [Artificial Intelligence ]: Learning; 1.5.3 Pattern Recognitior]: Clus-
tering

General Terms

Algorithms, Experimentation, Theory

Keywords

Clustering, Binary Data, Matrix Approximation, General ti

1. INTRODUCTION

The problem of clustering data arises in many disciplineshas
a wide range of applications. Intuitively, clustering ig throblem
of partitioning a finite set of points in a multi-dimensiorsgdace
into classes (called clusters) so that (i) the points befantp the
same class arsimilar and (ii) the points belonging to differen

t

classes ardissimilar. The clustering problem has been studied

extensively in machine learning, databases, and statistm var-
ious perspectives and with various approaches and focuses.

In this paper, we focus our attention on binary datasetsafgin : ¢ ¢ ) e

analysis. Typical applications for binary data clusteringlude
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market basket data clustering and document clusteringmigdket
basket data, each data transaction can be represented r@ara bi
vector where each element indicates whether or not any afdhe
responding item/product was purchased. For documentecingt

each document can be represented as a binary vector whére eac

element indicates whether a given word/term was presenttor n
The first contribution of the paper is the introduction of age
eral model for binary clustering. A distinctive characséd of the
binary data is that the features (attributes) they incluaeshthe
same nature as the data they intend to account for: both rraeybi
The characteristic suggests a new clustering model wherdata
and features are treated equally. The new clustering medel,
plicitly describes the data assignments (assigning dataspmto
clusters) as well as feature assignments (assigning &sataoto
clusters). The clustering problem is then formulated as &ixna
approximation problem where the clustering objective isniai-
mize the approximation error between the original data imatrd
the reconstructed matrix based on the cluster structumegemn-
eral, the approximation can be solved via an iterative rzdting
least-squares optimization procedure. The optimizatimegdure
simultaneously performs two tasks: data reduction (agsigtdata
points into clusters) and feature identification (identifyfeatures
associated with each cluster). By explicit feature assimis) the
clustering model produces interpretable descriptionhefresult-
ing clusters. In addition, by iterative feature identifioat the clus-
tering model performs an implicit adaptive feature setectt each
iteration and flexibly measures the distances between dadtasp
Therefore it works well for high-dimensional data [18]. Foany
cases, there is usually a symmetric association relatiehgeen
the data and features in binary clustering: if the set of gatats
is associated to the set of features, then the set of atshatas-
sociated to the set of data points and vice versa. This syriumet
association motivates a block diagonal variant of the ggdmeodel.
The second contribution of this paper is the presentatioa of
unified view for binary data clustering. In particular, weshthat
our new clustering model provides a general framework foakyi
data clustering based on matrix approximation. Many prestio

derived from the general framework with different consttsiand
relaxations. Thus our general model provides an elegait tuass-
tablish the connections between various methods whileligigh
ing their differences. In addition, we also examine thetretes
between our clustering model with other binary clusteriragsis.
As a third contribution, we examine the problem of deternmrthe
number of clusters with our binary clustering model.
The rest of the paper is organized as follows: Section 2 -ntro

duces the general clustering model and describes the depra
mization procedure, Section 3 presents the block diagarénts



of the general model, Section 4 provides the unified view oatyi
clustering. Section 5 discusses the method for decidinguhgber
of clusters; Section 6 shows our experimental results. iGeadt
surveys the related work. Finally, Section 8 presents ounclee
sions.

2. AGENERALCLUSTERING MODELFOR
BINARY DATA

2.1 Notations and Formalization
The notations used in the paper are introduced in Table 1.

W = (Wij )nxm The binary data set

D = (dy,d2,--- ,dn) Set of data points

F=(f,f2, fm) Set of features

K Number of clusters for data points

C Number of clusters for features

P={P,P, - P} Partition ofD into K clusters

ieP,1<k<K i-th data point in clustef,

P1, P2, , Pk Sizes for theK data clusters

Q={Q1,Q2,---,Qc} | Partition ofF into C clusters

01,02, ,0c Sizes for theC feature clusters

j€Qcl<c<C j-th feature in cluste€.

A= (aik)nxK Matrix designating the data membership

B = (bjc)mxc Matrix designating the feature membership

X = (Xke)kxC Matrix specifies/indicates the association betwe
data and features or the cluster representation

TracgM) Trace of the Matrix M

Table 1: Notations used throughout the paper.

We first present a general model for binary clustering probie
The model is formally specified as follows:

W =AXB" +E (1)

where matrixE denotes the error component. The first tex¥B"
characterizes the information ®¥ that can be described by the
cluster structuresA andB explicitly designate the cluster member-
ships for data points and features, respectivalyspecifies clus-
ter representation. L&V denote the approximatiohXB" and the
goal of clustering is to minimize the approximation error §am-
of-squared-erroy

O(AX.B) = HWfVAVI\E—Trace{(WfW)(WfW)T]
= Zi Z Wij — le 2
K C
= Zi Z Wij — Z a|kbjcxkc) (3
Note that the Frobenius normi,M ||r, of a matrixM = (Mj;) is

given by M [le= | /57 M2

2.2 General Optimization Procedure
In general, the model leads to the formulation of two-sides<l
tering, i.e., the problem of simultaneously clusteringiddta points
(rows) and features (columns) of a data matrix [7, 17].
Suppos@ = (aik),aik € {0,1}, TK_; ax =1, andB = (bj¢), bjc €
{0,1},5S ; bjc =1 (i.e.,AandB denote the data and feature mem-

11t should be noted that: although the clustering model priese
here is motivated from the characteristics of binary détamodel
can be generalized to other data types as well.

189

Research Track Paper

berships, respectively). Thus, based on Equation 3, werpbta

m

L5

Z’k (Wij —Xkc
k 1c=1ieRje

For fixed P andQg, it is easy to check that the optimuk is
obtained by

K C
Z z aikbjcxkc

4)

1
Pkc i;de

In other words, X can be thought as the matrix of centroids for
the two-side clustering problem and it represents the &ssmts
between the data clusters and the feature clustersQ6j, X, B)
can then be minimized via an iterative procedure of the ¥alhg
steps

Xic = Wij (%)

1. GivenX andB, then the feature partitioR is fixed,O(A, X, B)
is minimized by

1305 jeqWj—j)? < 3S1 3 jeq (Wi —Xj)?
k= forl=1,--- ,K,I £k
0 Otherwise
(6)

2. Similarly, GivenX andA, then the data partitioR is fixed,
O(A, X,B) is minimized by

. 1 if 5 Sien W —%ic)? < Sic g Sien (Wij —xi)
bjc = forl=1,---,C/l#c
0 Otherwise
(7)

3. GivenA andB, X can be computed using Equation 5.

This is a natural extensions of the K-means type algorithm fo
two-side case [3, 6, 27]. The clustering procedure is showhl-i
gorithm 1.

Algorithm 1 General Clustering Procedure

Input: Whxm, K andC)
Output: A: cluster assignment;
B: feature assignment;

begin

1 Initialize A andB;

2 ComputeX based on Equation 5.

3. Iteration: Do while the stop criterion is not met
begin

3.1 UpdateA based on Equation 6

3.2 UpdateB based on Equation 7

2.3 ComputeX based on Equation 5
end

3. OutputA andB

end

3. BLOCK DIAGONAL CLUSTERING

As mentioned in Section 2, in generXlrepresents the associa-
tions between the data clusters and the feature clusterirary
data clustering, in many cases, there is usually a symmeetgo-
ciation relations between the data and features: if the fséaim
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points is associated to the set of features, then the setriffudits
is associated to the set of data points and vice versa. Tinmsy-
ric association motivates a variant of the general modelrevXe
is an identity matrix. Then in the general model, we h@ve K,

i.e., both data points and features have the same numberstérs.
The assumption also implies that, after appropriate peatiout of

the rows and columns, the approximation data take the form of

block diagonal matrix [15].

In this caseAB' can then be interpreted as the approximation of

the original datdV. The goal of clustering is then to find(A, B)
that minimizes the squared error betw&¥rand its approximation
ABT.

O(A,B) = |W —AB |2, ®)

3.1 Optimization Procedure
The objective criterion can be expressed as

O(AB) = |W-ABT|Z
nom K 2
_ Wi — abyi
53 (- g
n K m 2
= aik y (Wij —byj)
2,2, 2, (W =
n K m 5
_ . Wi — Vs
i;kgla'k Zl( ij ij)
K m
+ 3 Y (v — b))%, )
= =]

whereyyj = n—lk Siqaxwij andn = 3T, ay (note that we usky;
to denote the entry dB'.). The objective function can be min-

imized via an alternating least-squares procedure bynatieely
optimizing one ofA or B while fixing the other.

procedure monotonically decreases the objective criteftacon-
verges to a local optimum. The clustering procedure is shiown
Algorithm 2. A preliminary report of the block diagonal ctesing
is presented in [25].

Algorithm 2 Block Diagonal Clustering Procedure

Input: (data pointsi\h«m, # of classesK)
Output: A: cluster assignment;
B: feature assignment;

begin
. Initialization:
11 Initialize A
1.2 ComputeB based on Equation 11
1.3 Computedy = O(A,B)
2. Iteration:
begin
21 UpdateA givenB (via Equation 10)
2.2 ComputeB givenA (via Equation 11)
2.3 Compute the value @; = O(A, B);
2.4 if 01 < Og
2.4.1 Op=0q
2.4.2 Repeat from 2.1
25 else
251 break; (Converges)
end
3. Return A, B;
end

4. A UNIFIED VIEW BINARY DATA
CLUSTERING

In this section, we present a unified view for binary datatelis
ing. In particular, we show that our new clustering modebjates
a general framework for binary data clustering based onixpr

Given an estimate @, new least-squares estimates of the entries proximation and illustrate several variations that can beved
of A can be determined by assigning each data point to the closestfrom the general model in Section 4.1, and examine the ogigti

cluster as follows:

1 if zrjn:l(wij fbkj)z < zrjn:l(wij fb” )2
forl=1,--- K, £k

0 Otherwise

& = (10

WhenA is fixed, Oa g can be minimized with respect ® by
minimizing the second part of Equation 9:

K m
o®B) =Y n Zl()’kj —byj)%.
= =

Note thatyyj can be thought of as the probability that th¢h

feature is present in theth cluster. Since eadb; is binaryz, i.e.,
either 0 or 1,0/(B) is minimized by:

By — 1 ify>1/2
kKi=1 0 Otherwise
In practice, if a feature has similar association to all Ets

then it is viewed as an outlier at the current stage. The opaition
procedure for minimizing Equation 9 alternates betweeratipd

(11

among between our clustering model with other binary chirsge
models in Section 4.2. The discussions are summarized uné-ig

General Binary Clustering Model

Congtrantson B

Entriesof A and B are postive,

Xisidentityatrix > .
Y One-side Clustering

Iterative Data and Feature Clustering

. Congsfent optimization riteria
Block Diagonal Model "

Spectral'Relaxation

Minimum Description Length(DL)

Disarceefiton Information-Theoretic Clustering

Likelihood and Encoding
Disimilarity Coefficients

Maximum Likelihood

Figure 1: A Unified View on Binary Clustering. The lines rep-

Abased on Equation 10 and assigning features using Equdtion 1 eqent relations. Note that the relations between maximum

After each iteration, we compute the value of the objectiite€

likelihood principle and minimum description length (MDL) ,

rion O(A,B). If the value is decreased, we then repeat the process; shown as the dotted line, are well-known facts in machine lea-

otherwise, the process has arrived at a local minimum. Simee

2|f the entries ofB are arbitrary, then the optimization here can be

performed via singular value decomposition.
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4.1 Variations of the General Model

4.1.1 One-Side K-means Clustering

Consider the case wheh = m, then each feature is a cluster
by itself andB = Ijh«m. The model thus reduces to popular one-
side clustering, i.e., grouping the data points into clsstelere we
only discuss the one-side clustering for data points. lukhbe
note that, similarly, we can derive one-side feature chirsgevhen
K=nA=I.

SupposéA = (ak),ak € {0,1}, zle ax =1 (i.e.,Adenotes the
data membership), then the model reduces to

O(A,X) W —AX
Trace{(W —AX)(W

Zl z Wij — zlaikxkj)2
igikzla‘k

530

wherepy = ) ai andykj = — ) axWij
i; T i; !

—AX)T]

(wij —ij)

M 3

1

BW

Z Wij — YKJ

K m
Z Z Yij — X J-é)

Given A, the objective criteriorD is minimized by setting; =
Ykj = & >4 aiwij . Without loss of generality, we assume that the

rows belong to a particular cluster are contiguous, so thalasa
points belonging to the first cluster appear first and thersctus-

r1 o0 (0
1 0 0
© 0 0
01 0
ter next, eté. ThenAcan be represented As= 01 0
00 1
L0 O 1 ]
pp O 0
T 0 0 | ooy .
NotethatA' A= | ~ ™™ | isadiagonal matrix with
0 0 Pk

the cluster size on the diagonal. The inverseAbA serves as a
weight matrix to compute the centroids. Thus we have theysl|
ing equation for representing centroids

X = (ATA) 1AW, (13)
On the other hand, giveX, O(A, X) is minimized by
i Lif 3T (wij —Ykj)? < 3Ty (Wi — i)
ik = forl=1,--- K, £k (14)
0 Otherwise

The alternative minimization leads to traditional the Kans clus-
tering procedure [19].

In fact, there are some other variations that can be deroethé
one-side clustering. For example, if we prefer a low-dinnemel

3This can be achieved by multiplyiy with a permutation matrix
if necessary.
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representation of the cluster structure by restrictRankX) =

t,t <= min(K —1,m), the general model can lead to the one-Side
low dimensional clustering [35]. We can also put non-negatbn-
straints on bot andX for other variations [38, 32, 11].

4.1.2 lterative Feature and Data Clustering

When X is identity matrix and if we allow entries ok and B
to be any positive values, this leads to the cluster modedridesi
in [23]. The objective function can be rewritten as

O(A,X,B) | W —ABT) ||2= Trace(W —ABT)(W —AB™)T)
TracdWW'") — 2TracéWAB' ) + Tracg AB' AB"))

Note that if we relaxA andB and let them be arbitrary matrices,
then based on

00

Y - _WB+AB'B 15
A + (15)
% = —-WTA+BATA (16)

we would get the optimization rule& = WB(B'B)~! and B =
WTA(ATA)-L. By imposing orthogonal requirements, we could
obtain two simplified updating rules which has a naturalrimteta-
tion analogous to the HITS ranking algorithm [21].

B=WTA, andA=WB.

Basically, the optimizing rules show a mutually reinfoigirela-
tionship between the data and the features for binary datdseh
can be naturally expressed as follows: if a featfi{er, data point
d) is shared by many points (or, features) that have high vi®igh
associated with a cluster then featuref (or, data poind) has a
high weight associated with The clustering approach also share
some commonalities with non-negative matrix factorizatja2]
and concept factorization [11, 37].

4.1.3 Spectral Relaxation

In general, ifA andB denote the cluster membership, thdm =
diag(ps,---, p) andBT B=diag(qy, - - - , c) are two diagonal ma-
trices. If we relax the conditions of andB, requiringAT A = Ik
andBTB = I, we would obtain a new variation of two-side clus-
tering algorithm. Note that

O(A,X,B) | W —AXB' ||2= Trace (W — AXB")(W — AXB")T)
TracdWW") + TracgXXT ) — 2Tracd AXBTWT)
Since Trac@VW') is constant, hence minimizin@(A,X,B) is
equivalent to minimizing
O'(A X,B) = TraceX X" ) — 2TracéAXB'WT).  (17)

The minimum of Equation 17 is achieved whete= ATWB as
% =X-ATWB

PluggingX = ATW Binto Equation 17, we have
O'(AX,B) TracgXX") — 2Tracd AXB'WT)
Tracd ATWBB'WT A) — 2Tracé AATWBB'WT)
TracWW' ) — 2Tracd ATWBB'WT A)
Since the first term Tra¢@&/W" ) is constant, minimizin@' (A, X, B)
is thus equivalent to maximizingracg ATWBB'WTA). If we ig-
nore the special structure AfB and let them be arbitrary orthonor-
mal matrices, the clustering problem then reduced to tlee traax-
imization problem which can be solved by eigenvalue deca@inpo
tion [39].

A summary of different variations of the general model igelis
in Table 2.
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Methods B A X Optimization Procedure
K SIT1 30 aikbjcwij ;

The General Model bjc €{0,1} | ax€{0,1},Tak=1 | Xc= 'ziin‘zim Algorithm 1

ZjC:c bjc =1
Block Diagonal Clustering b € {0,1} ay € {0,1} X =lkxk Algorithm 2

Sikbie=1 S @k =

One-Side K-Means B=I ax€1{0,1},5F jax =1 X=(ATAIATW Alternating Least Square

Iterative Feature Data Clustering Arbitrary Arbitrary X =lkxk Mutually Reinforcing Optimization
Spectral Relaxation Orthonormal Orthonormal X=ATWB Two-Side Trace Maximization

Table 2: Summary on Different Variations of the General Modd for Binary Data clustering. Each row lists a variation and its

associated constraints.

4.2 Relations with Other Clustering Models

In this section, we examine the relations among between our

clustering model with other binary clustering models.

421

Information-Theoretic Clustering

Recently, an information-theoretic clustering framewappli-
cable to empirical joint probability distributions was éésped for
two-dimensional contingency table or co-occurrence mafd].

In this framework, the (scaled)

data matvikis viewed as a joint

probability distribution between row and column randomiaales
taking values over the rows and columns. The clusteringctig

is to seek a hard-clustering of b
tual information (W) — (W), w
matrix, is minimized [34].

Here we explore the relatio

model and the information-theoretic framework.

oth dimensions such thatitosu-
hereW denotes the reduced data

ns between our general clusterin
If we viemr e

tries of W as values of a joint probability distribution between row

and column random variables
. +<m - .
wherew; = > Wij andw
Once we have a simplifield x

, thi)
=Ly Wij.

_<h m - Wij
=3ita Yl Wijloggy

C matrix\W, we can construct an

n x mmatrix\W as the approximation of original mat¥ by

Wi j= ch(

Wi
W

W j

(=

W (18)

wherei € P, j € Qc andw, = 5 ; Wye andwc = SK | Wie. As

the approximation preserves m
check that

arginal probability [10¢aih easily

Wie = ; Wij = Z’k Wij (19)
iER j€Qc i€R jeQe

Wi Wi (20)

Wi = Wj (21)

Hence we have

Wij Iog
53

n

M

n m v
Njilog—
;121 ! ng

m
Wijlog—
le WkA(W"

Wi )VVC(

(Based on Equations 20 and 21)

" ch

|J Wie
)

W

(Based on Equation 18)

n m I
= w;jlog _WkE (Based on Equation 19) (22)
i
== Wik W.c
K C o
= z _kclog —— (Based on Equation 19)  (23)
1 Wi We
= W) (24)
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So
L(W)—I(W) = I(W) —1(W) (Based on Equation 24)
W
= lew,llog ZzW”WkV\jc
(Based on Equatlon 22)
n
= ZZw.jlog Z ”W.W,
(Based on Equatlon 18)
n m Wij
= Z z wijlogw—r
~ s (Wi — Wy ) (25)

235 M

The last step from the above derivation is based on powegsseri
approximation of logarithm. The approximation is validhktab-
solute differencgwjj — Wij| are not large as compared with; .

The right side of Equation 25 can be thought as a weighted ver-
sion of the right side of Equation 2. Thus minimizing the exibn
O(A, X,B) is conceptually consistent with the lossrofitual infor-
mation i.e.,| (W) —(W).

4.2.2 Binary Dissimilarity Coefficients

In this section, we show the relations between the blockadiag
nal model with the binary dissimilarity coefficients A popular
partition-based criterion (within-cluster) for one-sidestering is
to minimize the summation of distances/dissimilaritiesidie the
cluster. The within-cluster criterion can be described a&snmz-

ing

K
1
SC)=\ = o(wi,wir), (26)
k; Mk i.i%ck o
or®
K
S(C) = S(wi, wir ), (27)
kzli,igck
whered(w;, w;) is the distance measure betwegnandw;. We

usew; as a point variable and we writec B to mean that thé-

th vector belongs to thk-th data class. For binary clustering, the

dissimilarity coefficients are popular measures of theadises.
Various Coefficients: Given two binary data pointsy andw/,

there are four fundamental quantities that can be used toadsifin-

ilarity between the two [4J.a = ||{j | wj = V\/J =1}, b=|{j |

4More discussions on binary dissimilarity coefficients caridund
in [24].
SEquation 26 computes the weighted sum using the clustes.size




wj = 1Aw; =0}, c = [I{j [ wj = 0Aw] = 1}[|, andd = |[{] |
wj = V\/J = 0}||, where 1< j <r. It has been shown in [4] that
the presence/absence based dissimilarity measure cambelte
written asD(a,b,c,d) = wﬁiﬁm' wherea > 0 andf3 > 0. Ta-
ble 3 shows several common dissimilarity coefficients amdctr-
responding similarity coefficients.

Name Similarity Dissimilarity | Metric
Simple Matching Coeff. a+gig+d EH»Eing Y
Jaccard's Coeff. Eé@lﬁl ﬁ% Y
. @ 2a b+-C N
Dice's Coeff. 2a+bic 2atbic
Russel&Rao’s Coeff. atbiC+d aigitgd Y
5 (a+d
Rogers&Tanimoto's Coeff. T 2 ( ) T btc Y
§(a+‘f)+b+° 3(a+d)+b+c
sa
Sokal&Sneath’s Coeff. | T 2 b T b+t:: Y
52 ?+ ;)c 5:’:}: -+C
] a+ +C
Sokal&Sneath's Coeff. Il 2(a+d)+b+c 2<a+d)+b+C N

Table 3: Binary dissimilarity and similarity coefficients. The
“Metric” column indicates whether the given dissimilarity co-
efficient is metric or not. A 'Y’ stands for 'YES’ while an 'N’
stands for 'No'.

In cluster applications, the rankings based on a dissiityileo-
efficient is often of more interest than the actual value efdissim-
ilarity coefficient. It has been shown that [4], if the paiadzbences
are ignored in the calculation of dissimilarity values,rthibere is
only one single dissimilarity coefficient modulo the glolmabtier
equivalence:ﬁg—ic. Thus our following discussion is based on the
single dissimilarity coefficient.

Relation With Dissimilarity Coefficients: For block diagonal
clustering model, given representatioh B), basically,A denotes
the assignments of data points associated into clusters ami-
cates the feature representations of clusters. Obsere tha

O(A,B)

IW—ABT|E = /3 (wij — (ABT)ij)2

]
K
\/IZ ; wij — (ABT)jj|2 = ;;k wij — el

(28)

K
; d(wi, &),

whereex = (b1, -+ ,bkm),i = 1,---,K is the cluster “representa-
tive” of clusterB. Thus minimizing Equation 28 is the same as
minimizing Equation 27 where the distance is defined(as, ex) =

¥ i Iwij — (&)ij |2 = Y i Iwij — (&)ij| (the last equation holds since
wij and (e)ij are all binary.) In fact, given two binary vectoxs
andY, 3, |X — Y| calculates their mismatches, which is the numer-
ator of their dissimilarity coefficients.

4.2.3 Minimum Description Length

Minimum Description length(MDL) aims at searching for a rebd
that provides the most compact encoding for data transom$31].
As described in Section 2, in block diagonal clustering, dhigi-
nal matrixW can be approximated by the matrix productA® .
Instead of encoding the elementsWfalone, we then encode the
model, A, B, and the data given the modéi/|ABT). The overall
code length is thus can be expressed as

L(W,A,B) = L(W) +L(A) +L(W|AB").

193

Research Track Paper

In the Bayesian frameworlt,(A) andL(B) are negative log priors
for AandB andL(W|AB') is a negative log likelihood dV given
AandB. If we assume that the prior probabilities of all the elersent
of AandB are uniform (i.e.%), thenL(A) andL(B) are fixed given
the dataséetV. In other words, we need to use one bit to represent
each element oA andB irrespective of the number of 1's and 0’s.
Hence, minimizind_(W, A, B) reduces to minimizing. (W|ABT).

PROPOSITION 1. minimizing LW/|ABT) is equivalent to mini-
mizing QA,B) = 3(|W —ABT 2.

Proposition 1 establishes the connections between MDL and o
clustering model. The proof of the proposition is presefimefp-
pendix.

500 f: - JESIE NI TR R S i
BO0p - 5 L e e

700 T LT ST

1000 b
50

L i I L | | L
150 200 250 300 350 400 450

(a) Original Dataset

- L
100

T

400F-"

1000

50 100 150 200 250 300 350 400 450

(b) Dataset after Reordering

Figure 2: Visualization of the original document-data matrix
and the reordered document-data matrix. The shaded region
represents non-zero entries.

5. DECIDING THENUMBER OF CLUSTERS

We have seen in the previous section the equivalence among va
ious clustering criteria. In this section, we investigdte problem
of determining the number of clusters for binary clustesiriti our
general model. The symmetric association relationshiwéen the
data and features provides a novel method for determinmguim-
ber of clusters for binary data.
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5.1 An Example

Given a binary datase¥, how many possible clusters in the
dataset? Let’s look at the case where the approximationtdkga
the form of a block diagonal matrix. Based on the symmetric re
lations between the data and features in binary clustetireggata
points in a cluster share many features and vice versa. Hiénee
arrange rows and columns @f based on the cluster assignments
(that is, the points and features in the first cluster appest; the
points and features in the second cluster appear nexhd.tre
points and features in the last cluster appear at the eral), wle
would get a block diagonal structure.

An example is given in Figure 2 based on CSTR datiseghich
contains 476 technical report abstracts with 4 differensters.
Each abstract is represented using a 1000-dimension bimary
tor. For this example, due to large number of terms, it is o
constrain the features so a term may belong to one clustgr onl
Figure 2(a) shows the original word-document matrix of CSTR
and Figure 2(b) shows the reordered matrix obtained by gfran
ing rows and columns based on the cluster assignments. The fo
block diagonals in Figure 2(b) correspond to the four chsstand
the dense region at the bottom of the figure identifies thaifeat
outliers (which are distributed uniformly across the techhre-
ports. The rough block diagonal sub-structures observeidate
the cluster structure relation between documents and words

5.2 Number of Clusters

Without loss of generality, we assume that the rows beloray to
particular cluster are contiguous, so that all data poielsriging to
the first cluster appear first and the second cluster nexf, &mn-
ilarly, we also ordered the featureswhaccording to which cluster
they are in, so that all features belonging to the first chusppear
first and the second cluster next, etc. HeBd&as a similar format
asA. Note thatAB' is a block diagonal matrix. AssunW hask
clusters. Sinc#/ = ABT +E, W can be regarded as the addition of

W, 0 0
two matrices:W = L + E wherelL = : : : €
0 0 W
1 1
R™M W = [ : | € RW™ andE € R™Mis a matrix
1 1

with a small value in each entry, i.&,= O(g).

The following theorem gives a way to deciding the number of
clusters. The proof of the theorem follows from the standeasdlts
in matrix computations (see [14, Theorem 8.3.4. on page)429]

THEOREM 2. Let M= L +E where L and E are matrices de-
scribed above, then M has dominant k singular values.

Since the permutation does not change the spectral preperti
we then could decide the number of clusters based on thelaingu
values ofW. In essential, we try to look for a large gap between the
singular values, andoy, 1 of the related matrices. We note here
that the above conclusion can also be derived from matrituper
bation theory [9, 20].

6The detailed description of the dataset can be found in Ge6ti

"This can be achieved by multiplyiy with a permutation matrix
if necessary.
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6. EXPERIMENTS

6.1 Evaluation Measures

There are many ways to measure how accurately clustering al-
gorithm performs. One is theonfusion matri{1]. Entry (o,i) of
a confusion matrix is the number of data points assigned tioubu
classo and generated from input classThepurity [40] that mea-
sures the extend to which each cluster contained data foimts
primarily one class is also a good metric for cluster qualifye
purity of a clustering solution is obtained as a weighted séimdi-
vidual cluster purities and is given Burity = ZiK:1 % P(S),P(S) =
niimaxj (n}) whereS is a particular cluster of siza, n/ is the num-
ber of documents of thieth input class that were assigned to the
j-th cluster,K is the number of clusters andis the total number
of points®. A high purity value implies that the clusters are “pure”
subsets of the input classes. In general, the larger thevalti
purity, the better the clustering solution is.

6.2 Zoo Dataset

In this section, we evaluate the performance of the gengral o
timization procedure in Section 2.2 on the zoo databasdaiei
at the UC Irvine Machine Learning Repository. The database c
tains 100 animals, each of which has 15 boolean attributdslan
categorical attribufe We translate the numeric attribute, “legs”,
into six features, which correspond to 0, 2, 4, 5, 6, and 8,legs
respectively. Table 4 shows the confusion matrix of thiseexp
ment. In the confusion matrix, we find that the clusters withrge
number of animals are likely to be correctly clustered. €hae
7 different types in zoo dataset and the animal numbers fon ea
type are 41,20,5,13,3,8,10 respectively. Our proceddiggrithm
1, identifies 5 clusters in the datasets and doesn't idenyife 13
(with 5 animals) and type 5 (with 3 animals) due to the limited
number of samples. Figure 3 shows the original zoo datasktan
reordered dataset by arranging rows based on their cluger-m
berships. We can observe the associations between the mthta a
features. For instance, in Figure 3(b), feature 1 is a digoative
feature for cluster 1, feature 8 is a discriminative feaforeboth
cluster 1 and cluster 3 and feature 7 is an outlier featuré dis-i
tributes uniformly across all the clusters. Our algorithxplizitly
explore the association relationship between data andrésaand
tends to yield better clustering solution. The purity vabfeour
approach, obtained by averaging the results of 10 tria%.94. In
comparison, the value is 0.76 for K-means approach.

Input
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OTMmMmOO >
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Table 4: Confusion matrix of the zoo data.

6.3 Clustering Documents

In this section, we apply our clustering algorithm to cluskecu-
ments and compare its performance with other standardeciogt

8P(S) is also called the individual cluster purity.

9The original data set has 101 data points but one animalg“fro
appears twice. So we eliminated one of them. We also elimihat
two attributes, “animal name” and “type.”



algorithms. In our experiments, documents are represersieg
binary vector-space model where each document is a binatgive
in the term space and each element of the vector indicatgs¢lse
ence of the corresponding term. Since there is usually a gtrion
association between the documents and words, we use theddoc
agonal clustering model described in Section 3 in our erpants.

25 T
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40

(a) Zoo Dataset

L L L
0 10 20 30

25 T T T T T

Feature for Cluster 1 ‘ [ Feature outier

(b) Zoo Dataset after Clustering

Figure 3: Visualization of the zoo dataset and the reordered
dataset after clustering. X-axis indicates the animals an-axis
indicates the features. The shaded region represents noe
entries.

6.3.1 Document Datasets

We use the following datasets in our experiments and Table 5
summarizes the characteristics of the datasets.

CSTR: This is the dataset of the abstracts of technical reports
(TRs) published in the Department of Computer Science dtttie
versity of Rochester between 1991 and 2002. The TRs areblail
at http://www.cs.rochester.edu/trsThe dataset contained 476 ab-
stracts, which were divided into four research areas: dhtLan-
guage Processing(NLP), Robotics/Vision, Systems, andiijhe

WebKB: The WebKB dataset contains webpages gathered from
university computer science departments. There are al28Q 8
documents and they are divided into 7 categories: studant, f
ulty, staff, course, project, department and other. Thetewis
about 27MB. Among these 7 categories, student, facultyrseou
and project are four most populous entity-representinggates.
The associated subset is typically calM@bKB4. In this paper,
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contains documents collected from the Reuters newswir®&7.1
Itis a standard text categorization benchmark and conidib<at-
egories. In our experiments, we use a subsets of the da&ctoi
which include the 10 most frequent categories among thed;35 t
ics and we call iReuters-top 10

K-dataset: The K-dataset was from WebACE project [16] and
it was used in [5] for document clustering. The K-datasetaios
2340 documents consisting news articles from Reuters nexicee
via the Web in October 1997. These documents are divide®hto
classes.

To pre-process the datasets, we remove the stop words wse a st
dard stop list, all HTML tags are skipped and all header fields
cept subject and organization of the posted article arerggholn
all our experiments, we first select the top 1000 words by alutu
information with class labels. The feature selection isedwith
the rainbow package [28].

Datasets # documents|| # class
CSTR 476 4
WebKB4 4199 4
WebKkB 8,280 7
Reuters-top 10 2,900 10
K-dataset 2,340 20

Table 5: Document DataSets Descriptions.

6.3.2 Experimental Results

In our experiments, we compare the performance of our approa
on the datasets with the algorithms provided in CLUTO paek4@].
Figure 4 shows the performance comparison. Each value g@the
rity of the corresponding column algorithm on the row dataBé&
is a multi-level partitioning method which tries to maximithe
cosine similarity between each document and the clusteraidn
The criterion ofP2 is similar to minimizing the intra-scatter matrix
in discriminant analysis. Hierarchical column shows theutes of
hierarchical clustering algorithm’®. We observe that the perfor-
mance of Algorithm 2 is always either the winner or very clase
the winner. The comparison shows that, although there isngbes
winner on all the datasets, our clustering approach is deviatd
competitive algorithm for binary clustering.

mAlg 2
mK-means
oP1

ap2

W Hierarchical

CSTR WebKB4 WebKB Reuters-

top10

K-dataset

Datasets

Figure 4: Purity comparisons on various document datasets.

7. RELATED WORK

In this section, we review the clustering methods that aosedy

related to our approach (see Figure 5 for a summary).

10The results reported are the largest values of three difféierar-

we did experiments on both 7-category and 4-category datase  chical clustering algorithms using single-linkage, coetellinkage
Reuters: The Reuters-21578 Text Categorization Test collection and UPGMA aggregating policies.
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First of all, our clustering model can be regarded as an iateg
tion of K-means and boolean factor analysis [29]. It shahes t
alternating optimization procedure common to K-means alge-
rithms. The procedure for feature assignment can be thasyah
approximation of boolean factor analysis.

Our clustering model is also loosely related to additivestating
where the similarities among the data points are being densil
instead of the content of the features [8, 33]. In additivestring,
a similarity model is postulated that expresses the obdesiveilar-
ities of data points in terms of their underlying featuresrrially,
additive clustering tries to preforms the following matdecom-
position: S= PW P', whereSis the similarity matrix,W is a di-
agonal matrix indicating the weights of each clusters, Brid a
binary matrix indicating the cluster membership of the qutnts.
The matrixP in additive clustering corresponds to the mathiin
our model. However, additive clustering works on similarta-
trix instead of the original data matrix and does not admatdes
assignments.

Our clustering model performs binary matrix decompositiod

can be thought as a special case of positive matrix decomposi

tion [22, 30, 38]. The positive matrix factorization techueés place
non-negativity constraints on the data model for optinmaratThe
binary constraints in our model optimization is a speciaecaf
non-negativity. The clustering model also shares some ammm
characteristics with probability matrix decomposition dets in
[26].

Our clustering model is similar to the data and feature maps i
troduced in [41]. In [41], data and feature maps are two fionst

from the data and feature sets to the number of clusters and th

clustering algorithm is based dfaximum Likelihood Principleia
co-learning between feature and data maps.

The simultaneous optimization in both directions of data faa-
ture used in our clustering model is similar to the optimaapro-
cedure in co-clustering. Govaert [15] studies simultaselock
clustering of the rows and columns of contingency tablesli@h
et al. [10] propose an information-theoretic co-clustgnmethod
for two-dimensional contingency table. The relation betweur
cluster model with the information-theoretic co-clusteriis dis-

cussed in section 4.2.1.
K-Means Clustering
(Jain & Dubes, 1988)

Boolean Factor Analysis

Additive Clustering (Mickey etal. 1988)

(Shepard et al., 1979; Desarbo,1982)

Alternating
Optimization

Similarity Becomposition Co-Clustering

(Hartigan, 1975; Govaert, 1985
Cheng e} al., 2000; Dhillon, 2001

Dhillon et.al, 2003)

Probability Matrix Decomposition
(Boeck et al., 1988; Maris et al., 1996)

~negative Matrix Factorization
(Paaterg et al., 1994; Lee et al., 1999
Xuetal, 2003)

Information Bottleneck

(Tishby et al., 1999;
Slonim et al., 2000; Slonig et al., 2001)

Data and
Feature
Representation

Adaptive Dimension Reduction
(Ding et al., 2002; Carlotta et al.; 2002)

Subspace Clustering

(Agrawal et al., 1998
ler Aggarwal et al, 1999)

Data and Feature Clustering
{Zhu etal., 2002; Li et al., 2004)

Adptive Dimensior

Fe
Reduction Data/Feature Model

General Binary Clustering Model

Figure 5: Summary of related work. The arrows show connec-
tions.

Since our clustering method explicitly models the clustarcs
ture at each iteration, it is viewed as an adaptive subsgaseet
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ing. CLIQUE [2] is an automatic subspace clustering algonit It
uses equal-size cells and cell density to find dense regioeach
subspace in a high dimensional space, where cell size armtkthe
sity threshold are given as a part of the input. Aggarwal efHl
introduce projected clustering and present algorithmslirover-
ing interesting patterns in subspaces of high dimensigpates.
The core idea is a generalization of feature selection waicibles
selecting different sets of dimensions for different stbsd# the
data sets. Our clustering method adaptively computes diardie
measures and the number of dimensions for each class. dadso
not require all projected classes to have the same numbénehe
sions.

By iteratively updating, our clustering method performsimn
plicit adaptive feature selection at each iteration andsbase com-
mon ideas with adaptive feature selection methods. Ding Et2
propose an adaptive dimension reduction clustering algariThe
basic idea is to adaptively update the initial feature selrdased
on intermediate results during the clustering process hagto-
cess is repeated until the best results are obtained. Dooréni
et al. [13] use a Chi-squared distance analysis to compugxia fl
ble metric for producing neighborhoods that are highly sigdago
query locations. Neighborhoods are elongated along |ésgare
feature dimensions and constricted along most influentieto

As discussed in Section 4.2.1, our clustering model candaegthit
of as an approximate iterative information bottleneck rodthirhe
information bottleneck (IB) framework is first introducear fone-
sided clustering [36]. The core idea of IB is as follows: gitbe
empirical joint distribution of two variable€X,Y), one variable is
compressed so that the mutual information about the othareis
served as much as possible. The IB algorithm in [36] triesitd-m
mize the quantity (X; X) while maximizingl (X;Y), wherel is the
mutual information an is the cluster representation Xf

8. CONCLUSION

In this paper, we introduce a general binary clustering ribé
allows explicit modeling of the feature structure assadaivith
each cluster. An alternating optimization procedure is leyga
to perform two tasks: optimization of the cluster structanel up-
dating of the clusters. We provide several variants of theegs
clustering model using different characterizations. Ve alrovide
a unified view on binary clustering by establishing the catioas
among various clustering approaches. Experimental esultioc-
ument datasets suggest the effectiveness of our approach.
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Appendix: Proof of Proposition 1

Proof: UseW to denote the generated data matrixAgndB. For alli,
1<i<n, j,1<j<mbe{0,1}, andc e {0,1}, we considemp(x;j =b]|
Wij (A,B) = c), the probability of the original dat&{; = b conditioned upon
the generated datah)ij, via ABT, is c. Note that

Noc
Ne’

Here Ny is the number of elements &% which have valueb where the
corresponding value faW is c, andN_ is the number of elements ¥
which have value. Then the code length far(W,A B) is

L(W,AB) = —;NbclogP(w,J7b\w.,(AB)7c)

p(wij = b [Wj(A,B) =c)=

fnmg Nbe log % = nmHW/|W(A,B))

So minimizing the coding length is equivalent to minimizihg conditional
entropy. Denotepye = p(wij = b | Wij (A,B) =c). We wish to find the
probability vectorsp = (poo, Po1, P10, P11) that minimize

H(WW(AB)) = — % pij log pij (29)
i,jefo,1}

Since —pjj logpij > 0, with the equality holding apj; = 0 or 1, the only
possible probability vectors which minimizé(W/|\W (D, F)) are those with
pij = 1 for somei, j and pj,j, = 0, (i1, j1) # (i,]). SinceW is an approx-
imation of W, it is natural to require thapgo and p;1 be close to 1 and
po1 and p1p be close to 0. This is equivalent to minimizing the mismasche
betweerW andW, i.e., minimizingO(A,B) = ||W — ABT||2. [J



