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230 Sorting Algorithms

In the worst case,
Shell’s increments
give quadratic
behavior,

If consecutive incre-

ments are relatively
prime, the perfor-
mance of Shellsort is
improved.

Dividing by 2.2 gives
excellent perfor-
mance in practice.

When Shell’s increments are used, the worst case can be proven to be
O(N?2). This bourd is achievable if N is an exact power of 2, al the large de-
ments are in even-indexed array positions, and all the small elements are in odd
indexed array positions. When the final passisreadcied, all the large dements wil|
still bein the even-indexed array positions, and all the small elements will still be
in the odd-indexed array positions. A cdculation o the number of remaining
inversions hows that the final passwill require quadratic time. The fad that this
is the worst that can happen foll ows from the fadt that an h, -sort consists of h,
insertion sorts of roughly N/ h, elements. Consequently, the cost of ead passis
O(h(N/hy)?), or O(N%/h, ). When we sum this over all the passes, we obtain
O(N2y 1/ hy ). Since the increments are roughly a geometric series, the sum is
bounded bya cnstant. The result isaquadratic worst-case running time. One can
also prove via acomplex argument that when N is an exad power of 2, the aser-
age runningtimeis O(N3/2). Thus, on average, Shell’sincrements give asignif-
icant improvement over insertion sort.

A minor change to the increment sequence can prevent the quadratic worst
case from occurring. If we divide gap by 2 and it becomes even, then we can add
1 to make it odd. We can then prove that the worst case is not quadratic but only
O(N?3/2), Although the proof is complicated, the basis for it is that in this new
increment sequence, consecutive increments sare no common factors (whereas
in Shell’ s increment sequence they do). Any sequence that satisfies this property
(and whose increments deaease roughly geometrically) will have aworst-case
running time of at most O(N3/2).1 The average performance of the algorithm
with these new increments is unknown but seems to be O(N>/4), based on
simulations.

A third sequence, which performs well in pradice but has no theoretical
basis, isto divide by 2.2 instead of 2. This appeas to bring the aserage running
timeto below O(N5/4) (perhapsto O(N7/6)), but thisis completely urresolved.
For 100,000to 1,000,000 items, it typicdly improves performance by about 25to
35 percent, although nobody knawvs why. A Shellsort implementation with this
increment sequence is coded in Figure 8.4. The complicated code at line 8 is nec
essry to avoid prematurely setting gap equal to 0. If that happens, then the dgo-
rithm is broken because we never see al-sort. Line 8 ensuresthat if gap is2 and
isabout tobesetto O, it isreset to 1

The table in Figure 8.5 compares the performance of insertion sort and
Shellsort, with various gap sequences. These results were obtained on a reason-
ably fast machine. The test is clearly biased against the origina gap sequence
because N is chosen to be 125times an exad power of 2. Thus, rounding up to an
odd number is particularly beneficial, espedally as N gets large. We could easily
conclude that Shellsort, even with the simplest gap sequence, provides a signifi-
cant improvement over the insertion sort, at a cost of little additional code com-
plexity. A simple change to the gap sequence can further improve performance

L To appredate the subtlety involved, note that subtrading 1instead of adding 1 does not work. For instance, if
N is 186, the resulting sequenceis 93, 45, 21, 9, 3, 1, dl of which share the common fador 3.
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