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Graphs and Paths

Figure 14.1 A directed graph

The following vertices are adjacent to V3. V,, V,,, Vg, Vg. For thisgraph, [V| = 7
and |E| = 12; here, |S representsthe size of set S.

A pathis a se- A path in a graph is a sequence of vertices wy, w,, ..., wy, such that
quence of vertices  (w;, w; , 4 )O E for 1<i <N. The length of such a path is the number of edges
that are con- on the path, namely, N—1. This is cdled the unweighted path length. The

nectedby edges.  weighted path length is the sum of the asts of the edges on the path. As an exam-

ple, Vq, V3, Vg isapath from vertex V, to V. The path length is two edges, and
% the weighted path length is 9 — this is the shortest path between V, and V;.

However, if the st isimportant, then the weighted shortest path between these
vertices has cost 6 andis V, V3, Vg, V5. A path may exist from avertex to itself.
If this path contains no edges, then the path length is 0. Thisis a convenient way
to define an otherwise special case. A simple path is a path in which all vertices
are distinct, except that the first and last can be the same.

A cyclein a di- A cycleinadireded graphis apath of length at least 1 suchthat w; = wy;

rected graph is @ this cycle is smple if the path is smple. A directed acyclic graph, sometimes

path that begins referred to by its abbreviation, DAG, is adireded graph with no cycles.

and ends at the An example of ared-life situation that can be modeled by a graphis the ar-

same vertex and . . . .

contains af least port system. Ead1 airportis a}vertex. If there is a norstop flight between the cor-

one edge. respondng airports, two vertices are mnneded by an edge. The edge could have
aweight, representing time, distance, or the ast of the flight. Generally, an edge
(v, w) would imply an edge (w, v). But it is reasonable to asauume that the aosts
of the edges might be different, since flying in different diredions might take
longer (depending on pevailing winds) or cost more (depending onlocd taxes).
Naturally, we want to quickly determine the best fli ght between any two airports;
“best” could mean the path with the fewest number of edges or could be taken
with resped to one, or al, of the weight measures (distance, cost, and so on).

A seaond example of ared-life situtation that can be modeled by agraphis
the routing of eledronic mail through computer networks. Vertices represent
computers, the alges represent links between pairs of computers, and the edge
costs represent communication costs (phone bills per megabytes), delay costs
(seands per megabyte), or combinations of these and ather factors.
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