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Abstract

The accumulation calculus (AC for short) [6] is an interval based temporal logic to specify
and reason about hybrid real-time systems. This paper presents a formal proof system for
AC, and proves that the system is complete relative to that of Interval Temporal Logic (ITL
for short) on real domain [1].
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1 Introduction

Since the landmark paper[5], various types of temporal logics have been developed and then
applied to specific computer science areas [3, 2, 4, 7]. Lamport’s TLA is the generalization of
Pnueli’s simple logic by allowing actions as atomic formulas; ITL on real domain reasons about
temporal variables, which are functions from intervals to reals: Intv — R , where Intv is the
set of all closed intervals, including point intervals. The duration calculus is an extension of ITL
and real arithmetic, which allows description of finitely variable Boolean functions of time, in
terms of their integrals in bounded closed intervals.

AC investigates finitely variable real valued functions of time instead of Boolean valued step
functions of time, which find application in specifying and reasoning about ‘quantitative’ prop-
erties of hybrid real-time systems. For example, a home heating system consists of a control
system, a gas burner and a room. One performance requirement is that during the period of
normal working of the heater, the room temperature should be kept within ¢ units of the re-
quired temperature T;.. Let T'(t), Hin(t), Hout(t) be room temperature, rate of heat inflow
from gas burner, and rate of heat outflow from the room at time ¢ respectively. The physical
law which governs the room temperature is

T(e) = T(b) + /b " Hin(t) dt — /b " Hout(t) dt

By introducing the notion of sampling in AC, the performance requirement can be simply spec-
ified [6].



To reason out such kind of requirements, a formal deduction system for AC is needed. The
aim of this paper is to present a formal proof system for AC, and prove that the proof system of
AC is complete relative to that of ITL. For detailed presentation of I'TL, the reader is referred to
[1]. Section 2 presents formal definition of AC; Section 3 gives the proof of relative completeness;
Section 4 summaries the paper.

2 The Accumulation Calculus

2.1 Syntax
Accumulation calculus is a modal logic with alphabet of symbols:
e the global variables: z, x1, z2, ...
e the state variables: v, v1, vo, ...
e the n-ary function symbols: f, fi, fo, ...
e the n-ary predicate symbols: p, p1, p2, ...
e the connectives: —, V, A, =, &, ;, O, O
e the quantifiers: V, 3
e the truth symbols: true, false
e special symbols: |, [, £, [, +, —, *, ), (

The sets of global variables, state variables, function symbols and predicate symbols are denoted
by X, V, F, and Pr respectively, each of which can be infinite.

Definition 2.1 (States) The set S of states is inductively defined by:
o Fuvery constant is a state;
e Fvery state variable is a state;
e If r1, o are states, so are (r1 + 7r2), (r1 — 7r2), and (r1 * T9).

Definition 2.2 (Accumulations) For any state r , [T is an accumulation.

Definition 2.3 (Terms) The set TERM of terms is inductively defined by:

(1) Accumulations, and global variables are terms;

(2) If t1,...,t, are terms and f €F is an n-ary function symbol, then f(ti,....,t,) is also a
term.

Definition 2.4 (Formulas) The set WFF of all (well-formed) formulas is inductively defined
by:
(1) The truth symbols true and false are formulas;
Every propositional constant from Pr is a formula;
Ift,...,t, € TERM and p € Pr is a n-ary predicate symbol, then p(ti,...,t,) is a formula.
(2) If w is a formula, then (—w) is a formula;
If w is a formula and z€X, then (Vz.w) is a formula;
If wy and wy are formulas, then so are (w1 V we) and (wi;ws).



Remarks For legibility, conventions in accordance with mathematical logic usage are permit-
ted. In addition, there are following abbreviations:

oﬁdéffl

o [r=u1x] def O(fr=xz+£)A(£>0)

o [7] e dz.[r = z]

2.2 Semantics

Definition 2.5 (Interpretation) An interpretation is a pair I=(R , Iy), where R is the set
of real numbers and Iy is a mapping which assigns

e to every constant c€F an element Iy(c) € R ;
e to every function symbol f € F of arity n> 1 a total function Iy(f)R™ - R ;
e to every propositional constant a€ Pr an element Iy(a)€ Bool;

e to every predicate symbol p€ Pr of arity n> 1 a predicate Iy(p):R ™ — Bool.

We assume standard meanings associated with ordinary function symbols and predicate symbols.
In many cases, we use the same symbols for both syntactic entities and semantic ones, i.e. we
allow for overload of symbols when it does not cause confusion. For example, '+’ is used as
both syntactic symbol and semantic symbol, whose meaning (interpretation) is the ordinary
arithmetic addition.

Definition 2.6 (Valuation) A valuation ¢ is a functional of signature:
p:V—-R - R)
We require that each ¢(v) is a step function.

Definition 2.7 (Assignment) An assignment v is a function giving values to global variables,
i.e. v:X—R. The set of all valuations is denoted by L.

Two assignments v and +' are called z-equivalent if they associate the same value with any
global variable y different from x.

Definition 2.8 (Structure) A structure 0 of the calculus is a triple 6=(I1,4,).

Semantics of States The meaning of states in an interpretation and a valuation is a functional
of signature:

S (R —-R).
The value of state r at time t in ¢ of I (denoted as ¢;(r)(t)) is defined by:

¢r(c)(t) = Io(c)
d1(v)(t) = d(v)(t)
b1(r1*12)(t) = ¢r(r1)(t) * ¢1(r2)(t), where x € {+, —, *}.



Semantics of Terms The meaning of terms in structure € is a functional of signature:
TERM — (Intv - R ),

where Intv is the set of all closed intervals. We use 0, () to denote the functional value for

term t in the structure # and time interval [b,e]. The semantics of terms is defined by:

o[b,e](x) = ()

0[1),6](@) —e—b

Ope)(S 1) = Jy ¢1(r)(t)dt

O, (f (1,5 tn)) = Lo(f) (Op,e)(B1), - Opp,e) (En))

Semantics of formulas The meaning of formulas in structure 8 is a functional of signature:
WFF— (Intv — Bool).

We use 0 ¢ (w) to denote the functional value for formula w in the structure 6 and time interval

[b,e]. The semantics of formulas is defined by:

H[b’e](true) = tt

O, (false) = f f

Op,¢)(P) = To(p)

Op,e)(P(t15 -1 tn)) = To(P) (Op,e)(t1): -5 Oppe) ()

Opp,e) (—w) = tt if f Op,e)(w) = ff

Opp,e)(w1 Vwz) =t iff Opglwi) =1t or Ope(wa) =t
Opp,e)(wisw2) =t if f Opmi(wi) = tt and Oy, ¢)(we) = t,

for some m € [b, €]
Opp,e)(Vzw) =1t iff be’e](w) =tt, for all ¢ = (I,¢,7"),
where ' is assignment x — equivalent to .

Definition 2.9 (Valid) A formula w is called valid in an valuation ¢ of I (denoted by ¢ Ew)
if Ope)(w)=tt for any time interval [b, e] and for any assignment. A formula is called valid
(denoted by |=w) if it is valid in all valuations of L.

2.3 Proof System

As AC is an extension of ITL, which is an extension of modal logic, which again is an extension
of predicate logic of reals, we adopt all axioms and inference rules from these calculi. In addition,
there are several axioms and rules which are specific to AC. They are given as follow.

Axioms and Rules We list the axioms and proof rules of AC. Let r range over states. We
will list some simple theorems of mathematical analysis, which are sufficiently useful to be taken
as axioms in AC.

Axiom 1 [¢ = cx/

Axiom 2 [(ri+1r2) = [ri+ [r

Axiom 3 [(r1 —re) = [r1— [

An axiom about the ‘*’ operator for states is as follows.
Axiom 4 [ri|A[ra] = (* [(r1*712) = [r1% [19)

The basic axiom relating ¢;” and ‘[’ is that the accumulation of a state in an interval is the sum
of its accumulation in its parts.



Axiom 5 ([r=z;[r=y)= [r=z+y

There are two induction rules which extend hypotheses over adjacent sub-intervals. These rules
are based on the assumption that states have finite variability.

Induction Rules: Let R(X) be an accumulation formula containing the formula letter X, and
let 7 be any state.

e If - R([ ]) and R(X) F R(X V ([r]; X)), then R(true).
e If R([ ]) and R(X) F R(X V (X;[r])), then R(true).
Following the induction rules, we have theorem:

Theorem 2.10 For any state r,

[TV ([r];true),
and [ |V (true;[r]) .

3 Completeness of the Accumulation Calculus
Before proving completeness of AC, we give the soundness theorem, some definitions and lemmas.
Theorem 3.1 (Soundness) If - W then = W

The proof of soundness is by induction on the axioms and rules, which is quite conventional
and is omitted. Now we sketch out the proof of relative completeness of AC. The main idea
is to prove that for each AC formula W we find a corresponding ITL formula Fy such that

FWiff | Fw.
Definition 3.2 (Subexpression) u is a subexpression of a state w if
e y=uw, or
e w=wi*wy and u is a subexpression of wy or of wa, where x € {+, —, x}.

Let an arbitrary accumulation formula W be given. Let Sub denote the set of all the subex-
pressions of states occurring in W. We select |Sub| many temporal variables and put them in
one-to-one correspondence with these subexpressions !. We can index the selected variables with
these subexpressions. A finite set of interval formulas is then constructed as follows.

H; def {v[c] = cx 4| c€ Sub}

Ho ™ {0 1ra] = Vi) + Vppay | (71 +72) € Sub}

H; def {v[rl_”] = V[ry] — Vlry] | (r1 —r2) € Sub}

Hy & {Topg] A Top]] = (€% 0prars] = Vpa] * V) | (11 % 72) € Sub}
H; def Vo, y.(vp) = 250 =y = v =7 +y) | r € Sub}

He ¥ {77V ([oy];true) | r € Sub}

Hy © (T 7V (true; [oy]) | r € Sub}

!|Sub| denotes the cardinality of the set Sub, which is obviously finite.




where we define [v})] by 3z.0(vj =z * £) AL > 0.

Define H to be conjunction of all the formulas in H; to H7, and let F be the interval formula
obtained from W by replacing each accumulation [r with ;- Define Fyy to be OH = F. In
the following we assume I is the interpretation given as in Section 2.2.

Definition 3.3 (H-pair) We call (¢,[b,e]) an H-pair in I if
Olc,a) (BOH) = tt,
for every assignment v and subinterval [c,d] of [b,e], where 8 = (I, ¢,7).

Lemma 3.4 Given an H-pair ($,[b,e]) in I . For any subezpression r € Sub and time interval
[b,e], b < e, there is a finite partition b =1ty < t1 < ... <tn, =e of [b,e] such that

O (o) = tt, for every assignment v, i =1, ... ,n.
where 0 = (I, ¢,7).

Proof: For any t : b < t < e, there are ( by Hg and H; ) t' and ¢” such that
b<t <t<t’<eand

O ([vp]) =
O ([vp]) = tt } (1)

Thus there is an open interval (¢',¢”) covering ¢ (but not b and e) such that the closed interval
[t',t"] has the property ().

For the left end point b, there is ( by Hg) a t” such that b < ¢” < e and

O, ([v]) = (s)

Thus there is an open interval (¢',¢”) covering b such that the closed interval [b,¢”] has the above
property (f;) . (Select arbitrary t' < b.)

Similarly for e there is (by Hy) a t’ such that b < < e and

O e)([vpy]) = 2t (te)

Thus there is an open interval (¢',t”) covering e such that the closed interval [t', €] has the above
property (f.). (Select arbitrary t” > e)

So we have an infinite collection of open intervals covering the closed and bounded interval
[b, €]. Then by Heine-Borels theorem there is a finite sub-collection C = {I, .. I;;,;} of the open
intervals covering [b, e].

STEP 1: Select the open interval I; = (a;,b;) from C covering b. Then the closed interval
[b, b;] satisfies by (1;): H[b,bi]([v[rﬂ) = it

STEP 2: If b; = e we have proved the lemma.

Otherwise b; < e. Select an open interval I; = (a;, b;) from C covering b;.

If e < bj, then by (f.) the closed interval [b;, e] satisfies: O, ¢j([v]) = tt and the lemma
is proved.

If b; < e, then the closed interval [b;, b;] will by (}) satisfy one of the followings

L Opp, ;) ([opry]) =
2. O, m)([vp]) = tt and O 1([vpy]) = tt, for some m: b <m < b,

Repeat now STEP 2, until the required partition of [b, €] is achieved. This terminates since
there is a finite number m of the open intervals in C.
=



Lemma 3.5 Given an H-pair ($,[b,€]) in I. There is a valuation ¢' such that for any subez-
pression r € Sub and time interval [b,e], b < e, there is a finite partition b =1ty <t; < ...t, =e
of [b,e] such that

Ot _111([vp]) = tt, for every assignment vy, i =1, ... ,n.
and, for any t € [b,e], there is an i € {1, ... n} such that t;_1 <t < t; and

Pr(r)(t) = =, if O, g (vp)) = 2% (B — o).
where 6 = (I, $,7).

Proof: Define a valuation ¢' as follows: For any state variable Y ¢ Sub let ¢'(Y)(¢ ) 0
for t € R . For any state variable X € Sub , there is by lemma 3.4 a finite partition b = ¢35 <
t1 < ... <ty =ceof [be] such that

a[tiil,ti]([U[Xﬂ) = tt, for 1 = 1,
where 6 = (I, $,7). Let
¢’(X)(t) = zift,;1 <t<t; and e[tiil’ti](’u[X}) =% (ti — ti_1), for some i € {1, ,n}.
Each such function has only a finite number of discontinuity points in any time interval, so ¢’
is a valuation.

We prove the remain parts of the lemma by structural induction on r € Sub. If r € Sub
there is nothing to prove, so assume below that » € Sub. The cases when r is constant ¢ or state
variable X are trivial, so consider the following cases.

e CASE 1: r has the form r{ + 9.
By combination of the induction hypotheses for r; and ro , we get a finite partition
b=ty <t < ... tp of [b,e] and in each [t;_1,t;] there exist z and y such that

tl 1,@(“ ) = zx(ti —tim1),
1&Z 1,t] (U ) = y*(tz_tz—l)a
¢'(r)(t) =
¢'(ro)(t) =

where t € [t;_1,t;]-

By H27

g[ti_l,ti](v[r])

= 0,1 01 (Vpr1) + 0,12 (Vo))

= (.’L‘ + y) * (ti — ti—l)

and

P(r)(t) = ¢'(r1 +r2)(t) = ¢'(r1)(t) + ¢'(r)(t) =z +y
e CASE 2: r has the form rq — 7o.

Similar to CASE 1.

e CASE 3: r has the form 7y * ro.
Similar to CASE 1 and CASE 2.

|0

Lemma 3.6 For a given H-pair (¢, [b,e]) in I, let ¢' be the valuation given by lemma 3.5. Then
any assignment vy in ¢’ satisfies

OalS 1) = Ppea(vp)
where §' = (I,¢,7), r € Sub and [c,d] is a sub-interval of [b,€].



Proof: Suppose ¢ = d. Then ch’d](f r) = 0. From Hy, we have ¢ 4(vj)) = z*(d—c) = 0.
The lemma is proved.
Suppose ¢ < d. Since (v, [b,e]) is an H-pair in ¢, so is (v,[c,d]). By lemma 3.5, there is a
finite partition ¢ =ty < t; < ... <t, =d of [¢,d] such that
H[ti_l,ti]([v[rﬂ) = tt, for i = 1, e 5 T
and, for any ¢ € [c,d], there is an i € {1, ... n} such that #,_; < < ¢; and
Pr(r)(t) = =, if Oy 4)(vp)) = @ = (8 — tia).
Thus [;*  ¢7(r)(t)dt = ¢y, ) (vp), for i =1, ... ,n, and by Hs:

n

O, / 1) =Y bt V) = Bl (V)

i=1
|0

Lemma 3.7 W iff EOH=TF

Proof: We first prove that = W implies | OH = F. Suppose = OH = F, i.e. there is
an H-pair (¢, [b,e]) in I such that 8}, (F) = ff. By lemma 3.6, there is a valuation ¢’ and an
assignment +' such that for any r € Sub

Ol / ) = Pedq(vp),

for any sub-interval [c, d] of [b, ], where 6’ = (I,¢/,7"). Since O} (F) = ff we have O} (W) =
ff and hence = W.

We now prove that = OH = F implies = W. Suppose [~ W, i.e. there is a valuation ¢ and
an assignment v such that 0y, (W) = ff, where 6 = (I, $,7). Construct a valuation ¢’ such
that ng'[c,d} (V) = Ope,q([ ) for all r € Sub and interval [c,d]. By construction, Hfb,e](F) =ff,
where §' = (I,¢',v), and from the soundness theorem of AC, we have Ofb, e](DH ) = tt. So
£ OH = F.
|0

The following completeness theorem we name relative completeness since we assume that
valid interval formulas of the form (OH) = F are provable. That is, we assume a new rule for
the calculus:

If F' is a valid interval formula, in which only the temporal variables: vj. }, ... V[,
occur, we take

w
as an axiom, where W is obtained from F' by replace each temporal variable vy
with an accumulation [ 7;.

Theorem 3.8 (Relative completeness) = W implies W .

Proof: Suppose = W. By lemma 3.7 we get |= OH = F. Let H' be obtained from H by
replacing each v,y by [r. Thus H " is a conjunction of axioms of AC. By the O-generalization



of modal logic, we have - OH'. By the above assumption we have - OH' = W. Therefore by
modus ponens - W.
|O

4 Summary

AC is an interval based temporal logic introduced in [6] to specify and reason about hybrid real-
time systems. This paper presents a formal proof system for AC, and proves that the system is
complete relative to that of ITL on real domain.
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